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KYBERNETIKA — VOLUME 5 (1979), NUMBER 5

A New Generalization of Entropy
and its Characterization

BHU DEV SHARMA, ISHWAR SINGH

We generalize branching property by considering the difference of entropies before and after
grouping as nonhomogeneous functions of group probability. Starting from a suitable set of
axioms which are modifications of those considered by Fadeev and later by Vajda for studying
Shannon’s entropy and degree a-entropy, new entropy is obtained, which is quite general and
contains several parameters. Functional equations resulting from such an approach have also
been formed.

1. INTRODUCTION

Shannon [6], in his fundamental paper introduced a quantitative measure of in-
formation, called entropy, which, for a discrete probability distribution

n

P=(pisPs--r by Pi20, Ypi=1,

i=1
is given by

(1) Hy(P) = ~i§1pi log p,

Shannon characterized this measure taking a reasonable set of postulates. The quantity
has been subsequently characterized in various ways by several authors (see Aczel [1]).
By suitably changing the postulates and sometimes otherwise, generalizations of
this measure have been studied.

Among several ways of characterization two elegant approaches are to be found
in the work of Fadeev [4] and Chaundy and McLeod [2] Basic postulate in Fadeev’s
approach is the branching property, viz:

(12 H(p1> P2s - Pn) = Hoos(P1 + D2s D3y -+ 2 Pa) +

+(ps + p2) Hy <—-£‘———» ; —L>
Pi+p2 P+ D2



n = 3,4, ... for the distribution

P=(pipes-p) P20, Ypi=1.
i=1
Both of the above mentioned approaches have been extensively employed and
generalized (refer Sharma and Taneja {7]). A generalization of (1.2) taken by Havrda
and Charvat [4] is

(13) Hpi, D2y s P) = Hyoy(py + P2y Pas s 1) +
+(P1+Pz)u”z( pl*,'—p}"-), a>0, a=+1.
Py +py Pt P2

In Section 2, of this paper we consider a broad generalization of branching pro-
perty and in Section 3 we obtain the form of entropy resulting from it. In Section 4,
we obtain a functional equation arising from the generalized branching property
taken in Section 2.

2. GENERALIZED BRANCHING PROPERTY

A close observation of (1.2) and (1.3) reveals that it is equivalent to tacitly assum-
ing that, difference of the entropies before and after grouping the events, i.e.

(21 Hoilpis o Pus s 21 — @) — Hpys - 2,

is a homogeneous linear function of p,(group probability) for Shannon’s entropy
and of positive degree o & 1) for Havrda-Charvét’s entropy.

Taneja [9] has considered a unified form of the lincar and degree o branching
property by considering

(2:2) Hoi(pys P2s -+ o> Patls 21 — 9)) =

= H,(py» P2» - > P) + 9(pa) Ha(g, 1 — q)

and has shown that under continuity, symmetry and boundary conditions:
H,(3.3) = 1, Hy(1,0) = 0, g(p) can take only two forms viz. g(p) = p and g(p) =
=p% a=+1, a>0 leading to the two cases, viz. Shannon’s measure and
Havrda-Charvat’s measure

Tri—t
2.3 HP)="A—— ) a>0, a1,
23 (7) = S

a

This measure has been studied later by Vajda [10] and Daroczy [3].
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As a natural generalization, it occurs to examine the case when the difference
of entropies before and after grouping is not necessarily a homogeneous function
of the group probability. In this situation we may consider that (2.1) is a function
of the type

(24 HoPa ho(@) + wipi hi(a) + ... + wpi hia),
oo, >0, a1, I=21,

where ho(q), ,(q), . . ., h,{q) are some suitable functions of g and the y's are arbitrary
constants. In other words we can take the branching property in the form

(2:5) H,o Py, Pae -« 2as PAL — @) = HAp1, Dy -, D) +
+ toPu ho(@) + w0} ha(@) + ... + wpl hi(g) .

In fact we start with an apparently more general form of branching property
given by

(2.6) Hyoi(pos P2y -0 2 PalL — @) =

!
=HJp\» p2s -+ Pa) + Zou, g{p.) h(q)
£

and consider that 1,(q) is the same as H¥*9%(q, 1 — q), an information type measure
of the probability distribution (g, 1 — q) depending on a parameter 1. Further, to
indicate the dependence of the measure H,(p;, ..., p,) on the constants y’s and the
functions g’s, in what follows, we write Ho#598(p - p)in place of just
H/p,, ..., p,)- Thus we can announce axioms for the measure H® o #s00: 90
.(p1, .- -, pa) as follows:

(i) The measure H{o#190-90(p, ., p ) is a symmetric function of p,, ..., p,.

(i) The measure Hew#udod(p . p) is a continuous function of its
arguments.

(iii) The measure H{o#5%-99(p, . p,) satisfies the branching property
H,(,‘fi'“’"“go"“'y”(l’x, v Pic s Vit Vis Pig1s s Pn) =

! vy U;
(2.7) - H;uuu..,m:.qo,,.',m)(pl, Do oo os Pn) + Z.uzgr(pi) . H(zu:.gt) (; , pZ)
t=0 i i

wherevy + v, =p; >0, i=1,2,...,n.
(2.8) “v) H(Z‘“’""'”';”D""'g')(%,%

)
H(zuo,---,m;yn...,‘qn(l’ 0) =0.



Before coming to the characterization of entropy under the above axioms, we need
to examine the nature of measures HY*9)(g, 1 — q) and the functions go, ..., g:

As a first step let us take po = g+ 0and py = g, = py = ... =0, g,(x) = g(x).
The resulting measure H{*"(p, ..., p,) satisfies then the relation
(2.10) HYE(Pys s s P 2L — 0)) =

= H!py, ..., p) + ng(p) HE"(a, 1 — q).

This measure is also to be symmetric and continuous in its arguments. If we set
w HE(q, 1 = q) = I'(g) in (2.10) then (2.10) reduces to

(2.11) HY (e oy pa) = HE(pys o 1) + 9(pa) B(a)
which (refers Taneja [9]) requires that
(2.12) 9(pa) = 9(p) 9(a)

and the function k' is to be one of the following forms:

(2.13) n(q) = ho(g) = —qlog, g — (1 — g)log, (1 — q)
when g(p) = p,
and
(q) = 9@+l —q) =1
(2.14) K(q) = 20(3) - 1

when g(p) = p*, « + L.
The result (2.13) which we obtain for g(p) = p is in fact limiting form of the one
in (2.14). To see this let us write (2.14) as

: , ¢+ (1 —-qr-1
215 W) = °
@15 (o) = AL

when g(p) = p* « = I, then lim h'(q) = hy(q).
a—>1
For the purpose of achieving compact representation, hy(q) will also be written as

(2.16) o) + 9ol —q) _ "+ (- —1 _

o) =1 e 21
= —qlog, g — (1 — q)log, (1 - q)

so that for the purposes of writing results finally we have symbolic representation
—qlog g for go(q) and go(1) = 0.
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3. CHARACTERIZATION
Theorem. The axioms (1) to (4) determine the measure, which for a probability
distribution P = (py, ..., p,), p; 2 0, p; = 1, is given by
i=1

n

e - 0o

(3.1) HL#D ----- Ilv:@o,...,gl)(Pl’ o pn) ’ =1 ,
IZO”:[Z!]:(%) - g,(l)]

where

(3.2). ~ 9dpa) = 94p) 9.(a)

fort=0,1,2,..., L
Before proving the theorem, we prove, in the lemmas below, some intermediary
results based on the above axioms.

Lemma 1. If v, 2 0, k = 1,2, ..., m; Y v, = p; > 0 then
k=1

(3.3) H o080 Dy 1a Uty <o U Piss - s P) =

! )
— H:}uu,m.u:;gow.,qﬂ(p‘, o ]7,,) + z 1, gx(Pi) ll’(:uy:) (Z‘, ey Uﬁ) R
=0 Di Di

Proof. The result will be proved by induction. The statement clearly holds for
m = 2, in view of axiom (iii). Let us suppose that the result is true for integers less
than or equal to m. We have

(H04ee s 11,005 -0-,91) 5 =
H'en (Pl: e Dic1s Ut o s Ugys Pivs - oo Pn) =

0
=}1§z‘$1 #1190 m(ph”npi—nvh vai+ls~--’pn)+

1
Uy Uy Om+1
+ Y gL Hyw o (=2, 2,0, ),
,Zo’ AL) iy L' L L
where L= v, + v3 + ... + v,4+; > 0. Hence

(1O 11380 ,---,91) _
HJ 2 reee 1(p15 ces Pie1s Vi - Ut Pits ""pn) =

1
- H(nl‘u;u.,“I:QO.«»ugl)(p" o Pn) + Z U, g’(p‘_) H(Z""”‘) (ﬂ s E’) +
=0 p: D:

! v v,
£ gy e (22,0 ),
,go”‘g‘( ) L’ L L

where p; = v, + L<O0.



In view of (3.2), the terms in the two summations on the right are 371

! ) o\
2. wegdpd) | HEo0 (917’ £> e L) Hyeod (22, Ene
t=0 Pi Pi p; L L

1
v v v
Y 1 gp)) HY32 ( Vo _)
t=0 Pi Di Di

as from (2.11) it is easy to prove (see Taneja [8]) that
(3.4)

Howso (01 m’vﬂy) = g (U1 L) n g'<L,> Heso (P2 Omer)
Pi Pi pi P pi L L

Thus the result is proved by induction. Now by repeated application of Lemma 1,
we have

mi n
Lemma 2 If v;20, j=1,2,...,m, Y vo;=psi=12..,n % p=1
then Jj=1 i=1
(3.9) HYo 5080, 01y s Bamgs - s Unts =+ 05 Do) =
i s v v;
— H}[uo.u..ul;go ..... m)(pl, o p") + Z#:Zg,(m) Hf,‘,‘"'g‘) (_Ll e Zimg )
=0 i=1 P; Di '
Next let
(3.6) F(n) = [Wor-aB g0 80) l . l .
! n n

The value of F(n) is given in Lemma 4 below. However we shall need the following
result due to Taneja [9].

Lemma 3. If
F(""”‘)(n) = H(’f;'lg‘) l R L) s
" n n,
then
(3.7) F(““"‘)(n) =) [gz(l) — ng, <£>]
n
where

A= [‘ut[g,(l) -4 gr(‘%)]] ‘
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Lemma 4. The function F(n) defined in (3.6) is given by

(8) Fn) = Kzlo o [g,(l) ~ g, G)]
where ’
(9) K = [ 3 o) ~ 20011
Proof. In the result of lemma 2, replace m; by m and set v;; = 1/mn, i = 1,2, ...

..n, j=12,...,m where m and n are some positive integers. This, using
symmetry, gives

(3.10) F(mn) = F(n) + n Z U g, (l> F*e39(m),

(3.11) F(mn) = F(m) + m Z i, g, ( 1>F(u: 9(n) .

Putting m = 1 in (3.11) and using the fact that F(1) = 0, (from (2.9)), we get

1
(3.12) F(n) = Zou, 9(1) s (n)
=
Expressions (3.12) and (3.7) prove the result (3.8). The value of K is determined
by (2.8).

This completes the proof of lemma 4.

Proof of the Theorem. We next prove the theorem for rational numbers: the
result, in general, then follows for real numbers for continuity axiom (ii). So let
n

r,»/m = p; where r; 2 0 and m > O are integers, Z rp=m, i=12...,n By
Lemma 2 we have =1

F(m) = HHossttigo, g1 (_1 e, L s l e l.) =
F

n m m m
(O NE—
L8} Ty
= HE,”""""“;“""‘”’)(p L s Pn + Z MZ g!(p ) H“" g:)( N l)
Ty T,

or
(13 Hpo iy, ) = Flm) = 31, 0p) F (),

where
1

(3.14) F(r) = H¥% <i, —).
Ty



Expressions (3.13) and (3.8) give 373

Hyowbisonead(p by K;"'[Q‘(l) e <'1’;):| B
_ Kéu,iigz(l’f) [gt(l) g (iﬂ -

r

= K,Zl:g”' [g,(l) —mg, (i) —':‘lg,(p,-) +i;m9: <?)J =
= KY 3 0p) ~ 000,

where K is as determined earlier.
This completes the proof of the theorem.

Particular Cases

(i) If we take pto + 0 and all other y’s = 0, then (3.1) reduces to

n

2 go(p:) — g0(1) "

(3.15) HEopy, ooy ) = 72 ——— = =Y plogp;,
' 290(4) ~ go(1) i

what is Shannon’s entropy.
As explained earlier, here we have used symbolic representation explained in (2.16)
according to which in the final result we have

9o(p:) = —pilog p;,
go(1) =0.

(ii) Next take g, = g + 0, and other p’s = 0. If we take g,(p;} = pj, &« > 0, & + 1,
then (3.1) reduces to Havrda - Charvat entropy given in (2.15).

(iti) Also if we take p, = 2, p; = —2 and all other p’s = 0, g,(p,) = p}, 9a(p;) =

= pf, then (3.1) reduces to entropy of type (, B) (refer [67)

Hyps, - Py B) = (2177 = 2“”)",th1>"5 - ).
i

a+pf, ,f>0.

4. FUNCTIONAL EQUATION

n
Given a complete probability distribution P = (p,, ..., p,); p; 20, Y p,=1
S1

of a discrete finite random variable X = (X1, X,, ..., %,), let the generalized entropy
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be taken so as to satisfy the axioms given in Section 2. Applying branching property
for n = 3, and writing generalized entropy with several parameters x’s and functions

g's obtained earlier as simply H"(p,, s Pn), we get
1
(4.1)  Hypy + po ps) + X s adpy + p) HE? (fpk— , ~p—2~> =
=0 Pyt Py Pyt P
d P p
= Hy(py + ps. p2) + 3 s, glpy + pp) HY9O (*‘— ——lw>
=0 Pt +p3 Pyt ops
Let us define
4.2) f(x) = Hy(1 — x, x),
(43) SFU9(x) = HP99(1 — x, x).

So that setting p; = x, p, = y and p; + p, + p; = 1 the relations (4.1), (4.2) and
(4.3) lead to the functional equation

(4.4)
f(x) +‘§Ou, g1 — x)f¥e (I—L> =f(» +éuu, gt — y) fes <~X—>

- X 1—-y

From the symmetry of measures in (3.1) and (4.3), (4.4) we also have

(45) f(x) =50 - %),
(4.6) J#9(x) = U991 — x) .

Fuﬁher, expressions (4.6), (4.5) and (2.9) give the boundary conditions
.7) 1(1) =1(0) =0,

(48) FE(1) = f#99(0) .

The measure H{*#5990(p, . p) for P may now be defined in terms
of the solutions of (4.4), (4.5), (4.6) when (4.7) and (4.8) hold, as

1] n
(49) g, )= T3 a6 s (),
=0 i= f
where 5; = p, + Pt and g satisfies the equation
(4.10) 9{pa) = 9.(p) 949

(c.f. Daroczy [3] (1970)). Detailed studies in this direction will be reported in a forth-

coming paper.
(Received March 28, 1978.)
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