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PREFACE

This work provides a new algebraic theory of optimal control for discrete linear constant
systems. The author has developed the essentials of this approach in a series of recent papers
dealing with single-variable systems. Here is a natural but nontrivial generalization to multi-
variable systems.

The subject is divided into six chapters. In Chapter 1 (Preliminaries) the author builds a new
mathematical machinery for analysis and synthesis of discrete linear constant systems. It is
essentially the polynomial algebra and algebra of polynomial matrices. Further, a matrix linear
Diophantine equation is introduced, the solvability criterion established, and an algorithm to
find its general solution is presented. It will turn out that all probiems of optimal control and
stabilization will reduce to solving such an equation.

In Chapter 2 (Systems) we shall define, in an axiomatic way, a finite dimensional, linear,
discrete, constant system over an arbitrary field and give the relations to its input-output de-
scription by a transfer function matrix. Further some important factorizations of polynomials
and matrices, needed in the sequel, are defined and the associated computational aspects are
briefly discussed.

Chapter 3 (Open-Loop Control) is devoted to the simplest and basic problem of control. The
open-loop configuration is defined and optimal control problems in the sense of minimum transfer
time and least squares of the error are posed and solved. The solution is complete, contains the
existence condition, and is not restricted to stable systems.

Chapter 4 (Closed-Loop Stability) contains the basic preliminary material for synthesizing
closed-loop systems. The explicit formulas for the characteristic and invariant polynomials of the
closed-loop system are established. They make it possible to formulate and solve the problem of
assigning desired invariant polynomials (and hence a characteristic polynomial) to the closed-loop
system by dynamical output feedback. The main result is the fundamental necessary and sufficient
condition of stability for the closed-loop system. This condition takes on the form of two coupled
linear Diophantine equations and it is indispensable in the closed-loop system theory.

In Chapter 5 (Closed-Loop Control) we discuss the most common control problem. The usual
closed-loop configuration is considered and optimal control problems are posed and solved in
the sense of minimum transfer time and least squares of the error. A particular emphasis is placed
on stability of the closed-loop system. The solution is complete, contains the existence condition,
and it is not restricted to stable systems.

In Chapter 6 (Dzcoupling a Multivariable System) we focus our attention on some problems
intrinsically refevant to multivariable systems. We first discuss the invertibility of a system, find
a mininmum-delay inverse of minimal dimension, and then pose and solve the stable decoupling
problem. The ultimate purpose of decoupling is to control the system and hence all usual control
problems are solved for the decoupled system.

For the sake of better orientation we shall summarize here soms notation conventions.
Throughout the paper, unless otherwise stated, the following notation is used:

rings, flelds

numbers (in a field)
malrices over numbers
polynomials, integers
polyncmial matrices
rational functions
rational matrices

state vectors

state matrices

systzms, s:ts
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1. PRELIMINARIES

1.1. Introduction

There are two major approaches to the analysis and synthesis of control systems.
It is the complex-domain approach and the time-domain approach. Either methods
has its own advantages and objections and its own fields of applications. An attempt
to compare the two methods has been made in [29, 33].

In the former approach [9, 15, 48, 55, 56, 60] we transform the problem into the
language of functions of a complex variable. This simplifies and visualizes the manipu-
lations but requires a rather advanced mathematical tool (the theory of analytic
functions, contour integration, the residue theorem, the principle of argument,
the Z-transform theory, etc.) to lend mathematical respectability to those methods.
Moreover, we are not able to give a rigorous definition of a system within this frame-
work since we are confined to input-output properties. This usually leads to con-
sidering stable systems only. Further, this theory does not apply to systems defined
over arbitrary fields and is limited to linear constant systems. From the engineering
point of view, a great advantage of this method consists in the fact that it requires
just the available output information to implement the optimal control. However,
the computations associated with obtaining the optimal control are burdensome and
not suited for machine processing.

On the other hand, the latter approach [ 1, 8, 17, 18,19, 23, 24, 49, 51, 65] introduces
the idea of state thus making an exact definition of a system possible. It works with
the notion of state space and profits from the theory of recursive equations in matrix
form. Finite automata and related systems become a special part of the theory. This
approach is particularly useful for nonconstant or nonlinear systems. However,
a control engineer may be disappointed. The state of a system is in general an abstract
entity and frequently not accessible in a real system. In applications the state must be,
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therefore, recovered by an observer [23] and the overall system becomes unnecessarily
complex. Another objection involves computational aspects. Though the computa-
tions can easily be algorithmized, the use of matrices leads to superfluous operations
[25, 26, 27, 28, 29].

The new algebraic approach reflects the most recent trend in linear system theory
[21, 22, 23]. To find the optimal control for single-variable systems [30, 31, 32, 33,
34, 35] we work with the input-output responses viewed as ratios of two abstract
polynomials. The whole theory is based on polynomial algebra and the synthesis
procedure reduces to solving linear Diophantine equations in polynomials. This is
conceptually simple, requires no advanced mathematical background, applies to
systems defined over an arbitrary field no matter they are stable or unstable, and
yields effective and unified computational algorithms. The algebraic approach also
retains the advantage of utilizing only the available output information for control.
However, the method does not seem to generalize for nonconstant or nonlinear
systems.

The input-output response of a multivariable system is a matrix, not a single
function, and hence it should be viewed as a product of a polynomial matrix and the
inverse of another polynomial matrix in order that the algebraic approach may be
applicable. Once this is appropriately done, the multivariable theory becomes a natural
generalization of the single-variable theory. Even though the generalization is natural,
it is by no means trivial. Matrix multiplication is not commutative unlike the multi-
plication of polynomials and hence the order in which a signal enters two systems
in cascade is essential. Another complication stems from the fact that matrices often
contain some degrees of freedom in their structure and hence the solution is, as
a rule, not unique. This is a double-edged property. It makes the synthesis procedure
depend upon somewhat arbitrary choices and, therefore, more complicated and less
suited for machine processing. On the other hand, it leaves more room for the
engineer to realize.the optimal system according to additional requirements.

1.2, Rings and fields

In [30] we have defined a commutative ring as a basic algebraic structure relevant
to the description of single-variable systems. To develop an adequate mathematical
machinery for multivariable systems, we shall need the following more general
concepts [5, 6, 7, 12, 38, 39, 40, 41, 66].

A set € in which two laws of composition are given, the first written additively
and the second multiplicatively, is called a (noncommutative) ring if the following
axioms hold. :

A, (closedness): a,be €impliesa + be €,

A, (associativity):  a,b,ce Gimpliesa + (b + ¢) = (a + b) + ¢,
A, (commutativily): a,be €impliesa + b = b + a,



3 (zero element): a € €, there exists 0 € € such that 0 + a = a,
+ (additive inverse): a € €, there exists —a € € such that —a + a = 0,
o (closedness): a, b e € implies ab € €,
| (associativity):  a, b, c € & implies a(bc) = (ab) c,
(
(

> >

=

M
M, (identity clement): a € G, there exists 1 € € such that la = al = a,
D (distributivity): @, b, c € € implies a(b + ¢) = ab + ac and

(a + b)c = ac + be.

We do not exclude the possibility that 0 = 1. Then for any a € € we have a =
= la = Oa = 0 so that the ring contains just the element 0.

If an element e € & has a multiplicative inverse, i.c. an element ™! e & exists
such that ee™! = e~ 'e = 1, we call e a unit of €.

If every nonzero element of € has a multiplicative inverse, if multiplication is
commutative, and if 0 % 1 we call, € a field.

Consider elements a, b € €. If a = be,, where e, is a unit of €, the elements a
and b are called right associates in € and if a = e;b where e, is a unit of €, the a
and b are called left associates in €. If a = e;be,, where e;, ¢, are units of €, the a
and b are called simply associates in €.

It is seen that a ring is not closed under division. Consider elements a, b e €,
b # 0. We say that b divides a on the left if there exists an element ¢, € € such that
a = bc, and we say that b divides a on the right if there exists an element ¢; € €
such that a = ¢, b. Finally, we simply say that b divides a and write b | a, if there exist
elements ¢, ¢, € € such that a = c3be,. The b is called respectively a left divisor,
a right divisor, and a divisor of a.

An element a € €is a divisor of zero if there exists a b € €, b + 0 such that either
ab =0or ba = 0.

Consider elements a, b € €. A greatest common left divisor of a and b is element
d, € € such that
(a) d, divides both a and b on the left,

(b) ¢, € €, ¢, divides both a and b on the left implies that ¢, divides d, on the left.
A greatest common right divisor of a and b is an element d, € € such that

(a) d, divides both a and b on the right,

(b) ¢, € €, ¢, divides both a and b on the right implies that ¢, divides d, on the right.
Finally, a greatest common divisor of a and b is an element d € €, denoted by (a, b),
such that

(a) d|a, d|b,

(b) ce € c|a, c|bimplies ¢ | d.

It is to be noted that if d is a greatest common (left, right) divisor of @, b € € then
all (left, right) divisors of a and b are (right, left) associates of d in €.

Consider elements a, b e €. If all greatest common left divisors of a and b are
units of €, the a and b are said to be left coprime in €. If all greatest common right

8



divisors of a and b are units of &, the a and b are said to be right coprime in €.
If all greatest common divisors of a and b are units of &, i.e. when (a, b) = 1 up to
a unit of €, the a and b are said to be coprime in €.

A nonzero, nonunit element pe € is prime in € if a [ p implies that a is either
a unit of € or an associate of p.

For example, the set 3 of integers constitute a commutative ring. The units of 3
are +1, the only divisor of zero is 0, and the primes of 3 are prime numbers. The
rationals RQ, algebraic numbers 2, reals R, and complex numbers € all form fields.
The set 3, of residue classes of integers modulo an integer n is an example of a finite
ring. To recall, u, v € 3 belong to the same residue class modulo n if n ‘ u — v, which
is written as # = v mod n. Each residue class contains exactly one element less than n.
Hence the 3, is (as a set) isomophic with the set of integers {0, 1, ..., n — 1}. The
units of 3, are integers coprime with n while the divisors of zero are integers not
coprime with n. If n = p, a prime integer, the 3, becomes a (finite) field.

We shall give further examples of commutative rings. Given a field §, the poly-
nomials

a =04+ o2+ ...+, GeEF, n<w0
over & in the indeterminate z with the usual definition of addition and multiplication
constitute a ring %[z], see [30]. If o, % O the n is the degree of a, denoted as da.
By convention, §0 = — . If o, = 1 then the a is a monic polynomial. The units
of & z] are polynomials of zero degree (which are viewed as isomorphic with i?), the
only divisor of zero is 0, and the primes of §[z] are polynomials irreducible in & z].

The set §[z], of residue classes of polynomials of [z] modulo a polynomial
a € §[z] is also a ring. To recall, two polynomials u, v e 8'[2] belong to the same
residue class modulo a if a | u — v, which is written as 4 = v mod a. In each residue
class there is exactly one polynomial with degree less than da. Hence the F[z], is
(as a set) isomorphic with the set of all polynomials of §[z] with degree less than da.
The units of §[z], are polynomials coprime with a, while the divisors of zero are
polynomials not coprime with a. If a = p, a polynomial prime in §[z], the §[z],
is a field.

It is well-known that the field Q of rationals is the quotient field of the ring 3
of integers, i.e. the set of all ratios g/p, where g € 3, pe 3 — {0}. Similarly, denote
&(z™*) the quotient field of F[z]. It is called the field of rational functions over §
and its elements have the form

a-? gedfsl. peald- ()

or
a=0z2"4 0,2 "+ ., 0eF, nel,

which is obtained by formal long division g[p into ascending powers of z~'. If
o, =% 0 the n is the order of a, denoted as @a. In fact, Oa = dop — 0q.



Now consider the set of rational functions over § with nonnegative order. They
form a ring denoted by §{z !} with elements of the form

(11) a=% aq<op
14
or
(1.2) a=oy ezt daz? 4., g ef.

The F{z™'} is sometimes called the ring of realizable rational functions. The units
of F{z7'} are elements of order 0, the only divisor of zero is 0, and the only prime
of F{z ™'} is z7'. All elements of §{z7*} having the same order are associates.

Further consider a subset of §{z"'} consisting of elements (1.2) such that the
sequence {og, 2y, o;, .. } converges to zero. They constitute a ring of stable realizable
rational functions, which will be denoted as F*{z~*}.

This motivates the following fundamental definition. A polynomial ae Ty[z]
is said to be stable if 1/a € §*{z'}. Then we can characterize the units of F*{z~'}
as elements (1.]) for which @a = 0 and ¢ is stable.

Of course, §[z] is a subring of F*{z~'} and F"{z~'} is a subring of F{z~'}
which, in turn, is contained in the field 8(2‘1).

1.3. Matrix polynomials and rational functions

Given a field §, the set &, ,, of m x m matrices over § is an example of a non-
commutative ring if m > 1. For m = 1 the &, ; is viewed as isomorphic with .
The identity and zero elements of the ring &, .., are respectively the identity matrix
I, and the zero matrix 0, A matrix 4 is a unit of §,, ,, if Qet A*0 (such an A is said
to be nonsingular)and it is a divisor of zero in §,, . if det 4 = 0 (such an A4 is called
singular). On the other hand, the set &, ,, of [ x m matrices over § is not a ring since
the product of two ! x m matrices is not defined whenever [ = m and hence axiom
M, is not satisfied.

Given a field §, consider the set §,,[z] of I x m matrices over the ring §[z].
These polynomial matrices are not a ring, either, unless / = m. The identity and zero
elements of the ring §,, /2] are the I, and 0,, respectively. A matrix A € §p..[z]
is a unit of &, ,[z] if and only if det A is a unit of &[z].ie.ifdet A e F, det 4 % 0.
On the other hand, the A is a divisor of zero in %,,.,,,,]:3] if and only if det A4 is a divisor
of zero in §[z], i.e. if det 4 = O. .

A polynoniial matrix A € & .[z] may also be viewed as a polynomial

A=Ay + Az + ...+ 42", A €Fim, n< 0

10



over §,,, in the indeterminate z, called a matrix polynomial. For example,

A={1-z 0O]l=[1o0]+]-10]z+[0 o]z2.
z 1 -z 01 i0 0 —~1
0 22 00 00 0 1

If A, # 0 the n is the degree of A, denoted as 6A. We define 80 = — w. If [ = m
and det 4, + 0, then the A is said to be a regular matrix polynomial. Observe the
following property: if 4, B € F,nlz], then 64B £ 04 + 8B the equality holding
if and only if 4 and/or B is a regular matrix polynomial.

We can say that a matrix polynomialis the same thing as a polynomial matrix. This
interpretation of polynomial matrices makes it obvious that essentially the same math-
ematical machinery is being used for both multivariable and single-variable systems.

Even though the & ,[z] is not a ring, many concepts can be defined similarly.
Consider matrices A, B€ &, ,[z]. If A = BE, where E, is a unit of §,, .[z], the 4
and Bare called right associates and if A = EB, where E, is a unit of §; [z], the 4
and B are called left associates. If A = E,BE,, where Ej is a unit of &, [z] and
E, is a unit of ,, ,[z], the 4 and B are called simply associates.

If Ae &, ,[z], Be F10lz], B + 0 we say that B divides A on the left if there
exists a matrix C, € §y,n[2] such that 4 = BC,. If A€ &, ,[z], Be Fpnlz]. B+ 0
we say that B divides 4 on the right if there exists a matrix C, € §, ,[z] such that
A=CB If Ae§ 7], BeF,q[z], B+ 0 we say that B divides A, and write
B | 4, if there exist matrices Cs € & ,[z] and Cy € §, ,[7] such that A4 = C5BC,.

Given matrices 4 € §1.,[z], B € §1,[z], a greatest common left divisor of 4 and B
is a matrix D, € §, [z] such that
(2) D, divides both 4 and B on the left,

(b) Cy € &, [z], C, divides both 4 and B on the left implies that C, divides D,
on the left.

Given matrices A€ §mlz), BEF, . 2], a greatest common right divisor of A

and B is a matrix D, € &, | z] such that

(2) D, divides both 4 and B on the right,

(b) C; € Fmm[z], C, divides both 4 and B on the right implies that C, divides

D, on the right.

Given matrices 4, B € &, 2], @ greatest common divisor of A and B is a matrix
De§, ,[z], denoted by (4, B), such that

() D[4, D|B,

(b) Ce,nlz]. C|A, C| B implies C| D.

If all greatest common left divisors of 4 € §,,,[z] and Be §, [z] are units of
&..[z], the A and B are said to be left coprime. If all greatest common right
divisors of A € §, .[z] and Be &, ,[z] are units of §,, [z], the A and B are said
to be right coprime. If, finally, all greatest common divisors of 4, B € §,..l2] are
units of §,, ,[z], the 4 and B are said to be coprime.
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For convenience, given a polynomial b e §[z] and a matrix 4 e §,.[z] with
elements a;; € §[z], we define b | 4 if and only if b|ay, i =1,2,...0 and j =

=1,2,...,m Also (b, 4) = (b, (ay, ay3, ..., ayn)).

In [30] we have applied the well-known division algorithm in §[z], viz. given
a, b e F[z], polynomials g, r exist in §[z] such that

ijs

a=bg+r

and they are uniquely determined by dr < db. In a like manner, given matrices
A€ §, [z] and B e &, [z], B regular, we can perform the left division algorithm

A4 =BQ, + Ry,

where matrices Q;, Ry € &,.m[Z] are uniquely determined by R, < ¢B. Similarly,
given matrices 4 € & ,[z] and Be §, ,[z], B regular, we can perform the right
division algorithm

A=0,B+R,,

where matrices Q,, R, € &, [ 2] are uniquely determined by 4R, < 8B. See [12] for
proofs and further details.

Unfortunately, the euclidean algorithm is not defined over §,,,[z] since repeated
left or right division may not be executable (the divisor may not be regular) [4].

The structure of polynomial matrices is given by the classical invariant-factor
theorem [12]. An arbitrary matrix 4 e §, ,[z] is associated with a matrix

diag {ay, as, ..., 4,,0, ..., 0} € &, .[z]

all of whose elements are zero except those on the main diagonal, which are a,,
a,, ..., a,, possibly followed by zeros.

The ay, as, ..., a, belong to Ly[ ] and ak[akﬂ, k=1,2,...,r — 1. They are
uniquely determined by A to within units of 43[2] and are called the invariant poly-
nomials of A. The integer r is the rank of A.

The a, may be computed directly as

uk,i",, k=1,2,..,r
di—s
where
dy = 1 by convention,
d, = greatest common divisor of all £ x k minors of 4.

The representation
(1.3) A = E, diag{a,, a,,...,a,,0,...,0} E,

is called the canonical representation of A. Not only are the units E, € §1.[z] and
E, %, m[g] not unique, but they may be of arbitrarily high degree.

12



Example:

B X I i [ P

The largest monic invariant polynomial a, of 4 is called the minimal polynomial
of 4 and is denoted by mpA.

It is instructive to describe an algorithm for obtaining representation (3). The
algorithm is based on the elementary matrix transformations [12] of the following
three types.

(a) Multiplying the ith row (jth column) by a unit e of F[z]. It is effected by premul-
tiplying A by the {diagonal) matrix

1 ‘l
: .. . I
e. |
o
B
ith column
(postmultiplying A by the matrix
' }
! SRR ,
! [ ] .jth row).
| 1
L |
L 1

(b) Interchanging the ith and jth rows (columns). This is effected by premultiplying
(postmultiplying) A4 by the matrix

(c) Adding the ith row (column) multiplied by a polynomial g € §[z] to the jth
row (column). This is effected by premultiplying 4 by the matrix

13



1
q ... 1
......... o
_ o1
ith  jth
columns
(postmultiplying A by the matrix
K 1
e, l
1 ...qg... I ith row

- |..jth row).

Denoting the ith row jth column element of 4 as a;;, the canonical representation
of A is obtained as follows. Among all nonzero elements of A take the one having
least degree and make it a,, by reordering the rows and columns of A. Carry out the
divisions

a; = gpudy + ry, Ory <day, i=2,3,...1,
and
;= ay1qy; + ry, Ory;<day, j=2,3..,m.

If at least one of the r;’s or r;’s, say the ry;, is nonzero add the first column
multiplied by —q,, to the kth column in order to replace the a,, by the element r;
with smaller degree. Now we can again reduce the upper left-hand corner element by
locating there an element of A with least degree.

If all the r;;’s and ry;’s are zero we add the first row multiplied by —g;, to the ith
row, i = 1,2,..., 1, and the first column multiplied by —q,; to the jth column,
j =1,2,...,m, to bring 4 on the form

(1.4) a, 0 ...0
0 afy ... %
0 afp all)

Should not some a‘i}’ be divisible by a,; we add the respective column to the first
column and again we can start reducing the degree of a,;.

14



After a finite number of steps we shall obtain the matrix

a; 0 0
(2) (2)

0 aj Aam

0 al? a®

in which a; divides all the remaining elements. If at least one a(if-) is nonzero, we can

repeat the whole process for the rows i = 2, 3, ..., and the columns j = 2,3,...,m
to bring 4 on the form

a, 0 0 0 7
0 a, 0 |
0 0 o af)
o 0 o aly

where a, divides a, and a, divides all the remaining elements. Continuing the process
we shall finally arrive at the matrix

diag {a,, az, ..., a,, 0, ..., 0} .

Using (a) we can scale the coefficients of the invariant polynomials and make them
monic.

Representing each step of the algorithm by the corresponding elementary matrix
we get

E\AE, = diag {a,, ..., a,,0, ..., 0},

where E; is the product of all left elementary transformations and E, is the product
of all right elementary transformations. As determinants of the elementary matrices

are units of F[z], the same is true of E; and E,. Consequently, E, = E; ' and
E, = E".

Example 1.1. Compute a canonical representa‘ion for the matrix
A=[-z42 0
1 -2z 1 —z?
—z2 423 4 2% ozt
over the fizld R.

First we put 1 — z2 to the upper left-hand corner by means of the elementary matrices

100 10

EV =[010], E§2>=[0 1].
001

15



Tha result is

1—-22 1 -2
0 —z +2°
242z -z 42048
Since
z+z2t=(-1-2)(1 -z +1+2z,
we obtain
1-z2 1-2°
0 —z+ 1z
14z 1
by applying
i EP =1 00
0 10
1+2201

Now we make 1 into the upper left-hand corner element by using

E®=[0o01], E®=[01].
010 10
100

Thus we gzt
1 1+z
—z+22 0
1—2z% 1~z
Since

—z4 2 =(~z+2)1+0,
1-2=(1-2%1 +0,
1+z =(1+z)1 +0,

the transformations

EO =] 1 00 EP=f1 -1-:z
z~-210 0 1
-14+z201},

will bring 4 on thz form

1 0
0 z+2z2—-2%-2z*
0 —z—2z2+2%+ 24
As 1 divides the other elements, we can start operating exclusively on them. We have

2=+ 2+t =(-)(z+22 -2 -2+ 0

16



and hence

E®=[100
010
011
yields the final form
1 0
0 z+4z%—-2%—2*
0 0
where
a, =1,
a, =z 4+ 2% — 2% — z*.
Therefore,
E, = EPEPEPMEPVE®D =01 + 22 1 ,
1z-2° z — 23

lz—z2242> -1 +2z

E =EPEPED =70 1
[1 -1 - z]

and, in turn,

E =E'=[-z+7 1 0
123 -1 1
—z22 423425 1422 -1 -2

. 1+z 1].

1 0
A=[1-2z 0

0 1+z

over the fisld 9, find a canonical representation.

We are already given A in the form (1.4) but 1 — z does not divide 1 + z. Therefore, we add
the second column to the first one using

EM =T10
11
1-2z 0 .
1+z 142

L+ z=(=1)(1 -2) +2,

]
)
I
=y
1
I

Example 1.2, Given

to obtain

Since

17



we get

1-2z 0
2 14z

on applying
E§2) =[10].
]
Now
EP=f01
[t
yields
2 14z
[1 -z 0 ]
and, since

the matrices

E® =T 1 0], EO=[1 —-}-1z
-1+4z 1 0 1

will successively bring A on the form
2 0 .
0 —%+ 322

E® =[1 0
0 2

we can scale the leading coefficients of the invariant polynomials to unity. Therefore,

Using

a; =1,

a, = 2>~ 1
and

=
|

= EMEPED = [1 1 ]

E, = ENECES® = l:% -1- z].
1
2

1t follows that

18



EZ:[]—Z 1+z:|.
~1 1
2 2

In view of the invariant factor theorem a matrix 4 € &, n[2] is 2 unit of Fn .[2]
if and only if all invariant polynomials of 4 are units of i‘}[z] and the A4 is a divisor
of zero in §,, .l 2] if and only if rank 4 < m.

Further matrices 4, Be i?,,,,,[z] are associates if and only if the invariant poly-
nomials a,, of 4 and b, of B are associates in §[z], k = 1,2, ... . Otherwise speaking,
ay = by, k = 1,2, ... modulo units of [z].

Given matrices A € &, ,,[z] and Be §, [z], we have B| 4 if and only if b, | a,,
k = 1,2,... where a, and b, are invariant polynomials of 4 and B respectively {22].

A matrix D, € &, [z] is a greatest common left divisor of A€ &, fz] and Be
€ §1,,[z] il and only if the matrices

[4 B] and [D, 0]

are right associates; a matrix D, € &, .[z] is a greatest common right divisor of
Ae§, ,[z] and Be §,,[z] if and only if the matrices

Al and | D,

B 0
are left associates. A matrix D € §,,.[z] is a greatest common divisor of 4, Be
€ §wml 2] if and only if the matrices

diag {(a;, by)s (@2, b2), .-, (@, b)) and D
are associates.
If follows that matrices A € &, ..[2] and B e §, [ z] are left coprime if and only if
the matrices

[AB] and [1,0]

are associates, matrices 4 € §,,,[z] and Be §, ,[z] are right coprime if and only if

the matrices
"A7 and [I,
BJ 0

are associates, and matrices A, B € Ty,,,,m[z] are coprime if and only if g, and b, are
coprime in F[z].

At last, given a polynomial b e §[z] and a matrix 4 € §;,.[z], we have b | A if
and only if b | a,. It follows that (b, 4) = (b, a;).

Given a field §, we can also consider the set & .(z"')} of I x m matrices over
&(z™1). They are called rational matrices and they can be written in the form

Q

4= QeFalz], pedlz] - {0}
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or in the form
A=A4z"+ Az 4+ L AeF,,, nel.

If 4, # 0 then n is called the order of A, denoted as 0A. In fact, 04 = dp — 3Q.
The &, ,(z7") is not a field and it is not even a ring unless I = m. A matrix A4 is a unit
of the ring &, .(z*) if and only if det 4 + 0 and it is a divisor of zero in &, .(z™")
if and only if det 4 = 0.

The set of I x m matrices over §{z™'} will be denoted by & .{z"'} and its
elements can be written in the form

a=2 s
p

or in the form

A=Ay + Az + Az + ..., AeTim-

The §,,,{z 7"} is sometimes called the set of realizable rational matrices and it is
not a ring unless / = m. A matrix

A=Ay + A4z + . eFpulz™}

is a unit in Fy, .{z "'} if and only if 4, is a unitin ,, .
Similarly & {z ™'} denotes the set of [ x m matrices over F*{z7'}, called stable
realizable rational matrices. They can again be written in the form

4= Q, 9Q < dp, pstable.
p
The &;',{z"} is not a ring unless I = m. An element

A= 2 = Ay + Alz_1 + ... € gm,m{z_l}
p

is a unit in §,; ,{z7*} if and only if Aq is a unit in ., and det Q is a stable poly-
nomial.

Of course, &, .[z] is a subring of y .{z"*} and . .{z7'} is a subring of
Fommiz "'} which, in turn, is a subring of &, .(z"").

It is to be emphasized that we regard a polynomial or rational matrix as an
algebraic object, not as a function of a complex variable z or z™!. They are simply
an alternate way of viewing finite or infinite sequences in &, ,, the indeterminate z
or z~1 being just a position-marker.
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1.4. Matrix linear Diophantine Equations

Consider the equation
(1.5) AX +YB = C,
where Ae &, [z], Be F,ulz], CeFialz] are given matrices and X € F,nlz],
Ye (”y,'q[z] are unknown matrices. By analogy with a similar equation in integers
[13, 42, 44] or polynomials [30, 35] we shall call (1.5) a matrix linear Diophantine
equation.

Any pair X, Y satisfying (1.5) will be called a solution. It is not a simple task to
obtain a solution of (1.5), in general. The approach presented here is based on
elementary transformations [50], thereby converting equation (1.5) to a set of
linear Diophantine equations over F[z].

Theorem 1.1. Equation (1.5) has a solution if and only if the matrices
{1.6) AC] and [A 0O
0 B 0 B
are associates in §p4q.prml 2]

Proof. Necessity: If X, Yis a solution of (1.5), we have
AC]|=[AAX +YB|=[L,Y]|[4 0][I, XT.
0 B 0 B 0,{l0 BJ|O0 I,

det[I, Y]=1, detfl,X]|=1,
01, 01,

matrices (1.6) are associates in &4y, pem 2]
Sufficicency: Assuming that matrices (1.6) are associates we are to prove the

existence of a solution for (1.5).
Let

(1.7) ) A = E, diag {a;, a;,...,a,0,...,0} E;,
B = E,y diag {by, by ... b, 0, ..., 0} E;

Since

be the canonical representations. Then equation (1.5) is equivalent to the equation
(1.8) diag {ay, ..., a,,0,...,0} X + Ydiag {b,,...,,,0,...,0} = C,
where
(1.9) X = E;iXEys, Y=EYE],
C = E4CEy,
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and also denote
AO0}=[E,O MJ[E,, 07,
0 B 0 E;g 0 E,;
AC]|=[E,40 N[E, 0 s
0 B 0 E; 0 E;p

M=[diag{a(,.A,,ar,O,...,O} 0 ],

where

0 diag {by, ..., by, 0, ..., 0}
N = I:diag {as, ..., a,,0,...,0} e .
. o - diag {by, ..., b, 0, ..., 0}

The M and N are associates by hypothesis.

Denote &;; the elements of C. In view of equation (1.8) we are to prove that
elements %;; of X and 7,; of Yexist in §[z] and satisfy the equations

(1.10) aX;; + Vb = C;
fori=1,2,...,rand j=1,2,...,s; the equations

(1.11) aX;; = Cij

J

fori=1,2,..,randj =35+ 1,..., m; the equations

(1.12) Fijbi =&
fori=r+1,..,landj=1,2,...,5; and that the remaining elements ¢;; for i =
=r+1,..,landj = s + 1, ..., m are identically zero.

To prove the existence of X;; and J,; in (1.10) we shall show that (a; b)) | &;.
Indeed, let w be any polynomial prime in §[z| which is common to q, and b,. Then
the invariant polynomials of A and B are

a

i=wla), 027 2/,

IIA

=S

by=wib;, 0<g,59,=... 2 ¢,,

respectively, where aj, b e §[z] are coprime with w. Consequently the invariant
polynomials of M (of N) are :

my, = whmj, 0

AN

hy Shy S S by

where h;’s is a permutation of the exponents f; and g; in nondescending order, and
where m;, € §[z] is coprime with w.
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Further let dy stand for a greatest common divisor of all k x k minors of M (and
i+j—1
of N). Then d;,;_y = ]| w™m. It contains the factor w/¢ of a; or the factor w®’
k=1
of b; for in forming the sequence {hy, hy, ..., hyy;_,} either all fy, fo, ..., f; or all
d1s 92, ---» g; must be taken in order to get its i + j — 1 terms. On the other hand,
both w'* and w/ cannot be factors of d;.;_; for both f; and g; cannot occur in the
sequence {hy, hy, ..., h,+1_1} which has only i + j — 1 terms. Hence h;;, the lesser
of f; and g, is in the sequence and d;, ;_, must contain whis,

Now let M® and N° be the matrices obtained from M and N respectively by deleting
their ith and (I + j)th rows and ith and (p + j)th columns, and let dy be their greatest
common divisor of all minors of order k. Notc that df,;_, will not contain w"#
because the rows and columns containing a; and b; were deleted in forming M°
and N° but it will contain as factors all the remaining powers of w that occurind,; ;.

Now ;;d,;_, is a minor of order i + j — 1 of N and as a consequence it is a mul-
i1
tiple of [] w", a factor of d;i ;1. Therefore &;; must be a multiple of w4, the
k=1
highest power of w which is common to a; and b;. Since w is any polynomial prime
in §[z] and common to a, and b, it follows that (a;, b;) | &;;.

To prove the existence of x m (1. H) we ihall show that a; Ic Indeed, d, .

= Hak]—[b must divide ¢; Hak H a, H b;, a minor of order r + s of N. It

k=1 k=i+1 =1

follows that a; | Cije

To prove the existence of ¥;; i ( .12) we shall show that b;
r -t

= 1_[ a H b, must divide &; H a, H b, H b,, another minor of order r + s of N.

k=1 1t=1 = t=j-
It follows that b; | ¢;
Finally, if any-¢;

- Indeed, d,,; =

ije
pl=r+1, land] = s+ 1,..., m were not identically zero,
N would have the nonzero minor &;; H a, H b, of order r + s + 1, which is impos-
sible. Hence these ¢;; are zero and the remaining elements X;; and ¥,;, which are not
coupled by equation (1.8), may be chosen arbitrarily within §[z].

The existence of a solution X, Y to (1.5) has been proved. [}

As a consequence of Theorem 1.1, a particular solution of equation (1.5) 1eads

(1.13) Xo = E54 ]:70,11 70,12] Epe&pmlz],
0 0

Yo = E1A [?0,11 0] E;l; e%l,q[z] ’
YO 21 0

where the elements X, ;; of Xo.11 € &, 5[z] and the elements 7, ;; of Yo11 € slz]
are particular solutions of (1. 10), the elements Xo,i; of Xo.12 € F, s 2] are particular

23



solutions of (1.11), and the elements Jo,;; of ¥5,21 € F1-, ,[z] are particular solutions
of (1.12).

An effective method of finding %, ;; and 3, ;; is presented in [30].

Theorem 1.2. If X,, Y, is a particular solution of equation (1.5) then all solutions
are of the form

(1.14) X =Xo + E;{TE sy,
Y = Yo ~ E4SEy

T=[T11 0 ] S = [su s,z].
Ty Taz 0 Sy

The elements of Ty, € §, [z] are t,{b;/(a;, b;)] and the elements of S, € &[]
are [a;f(a;, b))] t;;, where t;; is an arbitrary polynomial of §[z]. The matrices
Ty € Bprslz) Tr2 € Bpopm-o2] and S, €&, - [2], Syye 8l~r,q—s[z] are ar-
bitrary polynomial matrices.

where

Proof. Equation (1.5) can be converted into the set of equations (1.10), (1.11) and
(1.12). The general solutions of (1.10) read

2 Roy +1 b;

Xij = Xo,ij BT
J ir J (ab bj)’

= - a;

Yij = Yo,ij — m Lij»

where t;; are arbitrary elements of §[z], the general solutions of (1.11) read

Rij= %o = =i
a;
and the general solutions of (1.12) become
- _ C;:
Yij = Vo,ij = -,

f]
The remaining elements X;; and 7, if any, can be chosen arbitrarily within 3[2]
Hence our claim follows by virtue of (1.9).
To illustrate how the above theorems work we compute several examples.

Example 1.3. Consider equation (1.5) over the field R, where

A=|10 1 B=[0.z~-1], Cc=][10
0z—-10 0z-—1
10 1 1z-1
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The canonical representations of A and B are

=[100 10 0 1014, r=2,
010]]0z—10[|010
101 00 o[(001
B=[Z—-1 0] 011, s=1.
10
Hence we set
X=[10-1|XJo1], Y=[100]Y
01 o0 10 010
0 1 101
to obtain the set of equations
(1.15) X + )’7“(2 - 1) =0, X, =1,

(2—1)521 +j721(z—1)=z—1, (z—l))'c”=0.
Iz -1)=z-1,

It is seen that equations (1.15) are solvable, which is equivalent to saying that matrices (1.6)
are associates, and hence our equation has a solution.

By solving (1.15) we obtain

X=[0+(Ez-1Dt,; 1], ¥=[0-1,],
1+ 1y, 0 0— 1ty
t3q £7) 1

where 7., t,; € R[z] are arbitrary polynomials generating the general solutions of (1.15) and
131, 135 € R[z] are arbitrary polynomials which do not appear in (1.15).

Hence

Xo=110], Y,=]0
01 0
0 0" 1

by (1.13) and since
T=[(z-1Dty 0 |, S=]1,

ty; O tar |
I31 132 0

we end up with the general solution
X=[10]+]—tsz (z—=1)tgy — ts¢],

01 0 2y
00 1293 [
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Y=

0 1,
0 ty
1 ty,

In synthesizing the optimal systems we shall frequently encounter a special case of

equation (1.5), viz.

(1

16) AX +Yb=C,

where Ae§,,[z]. beF[z], CeFii[z] and X e F,,[z], Ye &, .[z] That is

m

= g = 1. We write

A = E;diag{ay,...,a,0,...,0} E, .

Then equation (1.16) is equivalent to the equation

=C,

)

diag {ay, ..., 4,,0,...,0} X +

where

X=EX, Y=EY, C=EC,

and which, in turn, yields the set of polynomial equations

(117) af +yb=8, i=L2..r,
and
(1.18) Fb=¢, i=r+1,..,1.

A particular solution X, Y, of (1.16) is then obtained as

Xo=E;' [Xo4],
0

Yo = E; I:?O,IJ >
?o,z

where the elements X%, ; of X, , € &,1[2] and the elements J, ; of ¥, ; & §, ,[z] are
particular solutions of (1.17), and the elements $o,; of Yoo € &:-,.1[z] are particular
solutions of (1.18).

The general solution of (1.16) then reads

(.
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where
(1.20) D = diag {(ay, b), .- (a,, 0), (0, b), ..., (0, b)} E; € &, ,[ 2]
and Tis an arbitrary matrix of &,,:[z].

In applications we often seek for a particular solution X°, Y° of (1.16) such that
the degree of one matrix polynomial, say Y?, is minimal.

Unfortunately, no general algorithm to solve for X°, Y° is available at present. If,
however, the AD™! is a regular matrix polynomial, we can use the left division
algorith. Write

Y=Y, — AD'T,
Y, = AD"'Qy + Ry, 0Ry < 84AD™'.
Then
Y=R, + AD7Y Qe — T)
and evidently,
Y =Ry, X°=X,+ D104b

is uniquely determined on setting T = Q,. The solution is not unique is general,
however.

Sometimes the solution X°, Y° satisfying 0Y° < 84 is useful. The two solutions
are identical whenever D is a unit of &, ,[z].

Example 1.4. We are to solve equation (1.16), where

A=[z* z 227, b=[1], C=[z22+z—1
z z z z+1

are matrices over R[z], for a solution X°, ¥° such that 2Y% = min.

The canonical representation of 4 is
A=[z —1}[z0 oj(1r11
|t 0][0z(z—1)0]|010
001

and sjnce matrices (1.6) are associates our equation has a solution. Setting

X=[1-1-1]X, ¥Y=[z -117,
0o 1 0 1 0
0 0 1

we are to solve equations

(1.21) 28+ =241,
1

i

Z(z - 1) %, + 7,
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obtaining

X=[1+t], Y=[1+z .
0+1, L+ 2z - 1)1,
i3

Here ¢4, t, € R[z] are arbitrary polynomials generating the general solutions of (1.21) and 13 €
€ R[z] is arbitrary due to its absence in (1.21).
Further

D =

O = =
—_ O
O O e

1001
010]¢0
001]1]0

[N
—_ O -

and, therefore, the general solution reads

X =1 +1 -1 1] |t

0 0 1 0f|¢

0 10 0 1]
Y=[z-1]|~-[2"zz 1 -1 -1{(¢#
[0] [z zz]0 1 0]it
0 0 1!t

on using (1.19).

The solution X°, ¥° satisfying Y% = min (and also aY°% < 8A) is obtained by an appropri-
ate choice of ¢, and 7,. It is seen that any ¢; = 1, = 7 € R will yield 8¥° = 1 regardless of 14
and no other choice will give Y° of less degree. Therefore

X =[1-15], Y°=|:—l+(1-—10)z:|.

To 1 =10z

I3
Note that this solution is not unique and that it cannot be obtain via the left division algorithm.
As far as the linear Diophantine equation

(1.22) ax + by = ¢

over §|z] is concerned, it may be thought a special case of (1.5) for Il =m = p =
= g = 1. Then the solvability condition of Theorem 1.1 reduces to the condition
(a, b) ] ¢, derived in [30]. Indeed, in this case

B (R Y

and the greatest common divisors d}f and d} of all k x k minors of M and N respec-
tively are
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=1, N =1
dy' = (a,b), dYf =((a,b),0),
¥ = ab, dy = ab.

The d;' and d}, k = 1,2 are associates if and only if (a, b) = ((a, b), ¢) i.c. when
(a,b)|c.

Also the general solution of (1.22) can be obtained, for instance, via (1.19). In this
case D = (a, b) and (1.19) becomes

X =X +Lt
[ (a,b),

y =Yy, - __E_,t
" @b
If the matrices appearing in (1.5) are not matrices over §[z] but, more generally,
over F{z7'} or F*{z7}, all results remain valid with §[z] replaced by F{z~'}
or §*{z71}. Consider, for instance, the following example.

Example 1.5. Find the general solution of equation (1.22) where
a=1-05z"", b=z1-05"2%, c=1

are elements of ‘81'{2‘1}.

First of ali (a, ) — 1 — 0-5z~ ! which is a unit of S‘L{z'l} and as such it divides ¢. As a result,
our equation has a solution.

A particular solution is evidently

% 1
0= 7 =
1 - 05271
Vo =0
and, therefore, the gznsral solution becomes
1 -
x=———"+:z"1,
1—05z71

= —t

for arbitrary ¢ € {§+{z_1}.

2. SYSTEMS
2.1. System Description

For a rigorous treatment of optimal control problems we cannot do with the intui-
tive engineering notion of a system. We shall give an axiomatic definition of the class
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of systems to be dealt with in the paper. It is understood that in this way we define
a mathematical model of a physical system and, therefore, the optimal control theory
deals with such models rather than with the actual physical systems [19; 23].

Following [22; 23; 30], let

I

J = time set = 3 = (ordered) set of integers,

% = input values = §™ = vector space of m-tuples over a field &,
% = output values = &,

Z = state space = §".

I

i

Then a finite dimensional, discrete, constant, linear, m-input, l-output system &
over a field § is a quadruple {A, B, C, D} of linear maps

AT -a,
B:u-Z,
C:¥-%,

D:%u->%.
The n is dimension of &.
We think of the quadruple {A, B, C, D} as defining the dynamical equations

X, 41 = Ax, + Bu,,
2
Y« = Cx, + Dy,

where ke 3,xeZ,ue%, andye¥.

We shall usually not make a distinction between A, B, C, and D as linear maps or
as matrices representing these maps with respect to a given basis.

The definition covers a fairly large class of systems. In particular, if § = R we have
a real sampled-data or intrinsically discrete linear system. If § = 3, or an algebraic
extension of 3,, we have a linear finite automaton. If / = m = 1 we have a single-
input single-output system.

The above definition gives the internal description of &, it is not confined to the
external behavior of the system.

The matrix
(2.1) . 8=CzL, - A "B+ DeF,{z7"}
is called the impulse response matrix of . It reflects just the input-output properties
of the system.

Conversely, any quadruple {A, B, C, D} satisfying (2.1) is called a realization
of S. Apparently, there are many realizations of S. A realization {A, B, C, D} is
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said to be completely reachable and completely observable, or equivalently, to be
a minimal realization of S, if

(2.2) rank [BAB ... A" 'B] = n,
rank | C =q.
CA
CA™-1

The minimal realization has least dimension among all realizations of § and it is
unique up to a coordinatization of its state space, see [20; 23]. We recall that there is
a one-to-one correspondence between § and its realization if and only if the realiza-
tion is minimal. Otherwise speaking, nonminimal realizations contain certain parts
which have no relation to §. That is why the notion of minimal realization is of
fundamental importance in the mathematical system theory.

The monic polynomials det (zI, — A) € §[z] and mp (zI, — A) € §[ ] are called
the characteristic and minimal polynomials of &, respectively. We have n =
= @det (z1, — A). Further, the & is defined to be stable if det (zI, — A) is stable, or
equivalently, if mp (zI, — A) is stable.

Defining

S, =D,
5, =CA'B, k=12..,
we can write
S=Zo+Zz7 '+ 2,277+ ., Si€Fm-
This is just another way of writing the impulse response matrix. The order of § can
be interpreted as the discrete-time delay of &.
Since S e {2z~ '}, it can be written as the ratio

(23) s=2
a
where B e §,,,[z] and d e F[] satisfy
4B =1,
0B < 9d

and where 4 is the least common denominator of all elements of .S.

The expression (2.3), however, tells very little about the structure and dynamical
behavior of . We have to refine (2.3) as follows. Let

B= E] diag {!jp Gases G 050y 0} Ez
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be the

canonical representation of B and let
5. b
L S
4 &

after cancelling common factors, i.c. (4, b;) = 1 up to a unit of F z]. Then

G- Banell,
a

4, 4,

s e

RN

, 0, ‘,.,O}Ez

and defining the matrices

24)

B, = E, diag{b,,b,,....5.,0,...,0} €& .[Z],
A, = B3 diag {dy, das vy Gy 1y 1} € Gl2] s
Ay = diag{dy, G5 .. 4 1, . I} ET € §, (2]

B, = diag {b,, by, .... b, 0,....0} B, €Fy[z].

we can write

(29)

These factorizations of the rational matrix § into two polynomial matrices are
fundamental ones and play the role analogous to the expression .S = b/d for single-
input single-output systems [30; 33]. The factorizations (2.5) enjoy the following

proper

(26)

@7
(28)

The

ties.
A, and B, are left coprime

while
B, and A, are right coprime.

The &, &, ..., d, and by, b,, ..., b, are uniquely determined by § modulo
units of §[z] and &, [ bt diry f G, k=1,2,..,r—1.

By construction, the d,, d,, ..., 4, and the nonunit invariant polynomials of
the matrix zI, — A € §,,[z] are associates in F[z] provided A belongs to
a minimal realization of S. If the d,, d,, ..., 4, are chosen to be monic poly-
nomials, they are called the invariant polynomials of &.

degree of a rdtional matrix S is defined as

85 = Y. 0d, = ddet A, = ddet 4, .

There are other ways to define &S; however, they are all equivalent [20].
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All these properties justify the following terminology:

B, = left matrix numerator of §

A, = right matrix denominator of §
A, = left matrix denominator of S
B, = right matrix numerator of S.

i

The characteristic and minimal polynomials of & have been defined as det (zI, —
— A) and mp (zI, — A) respectively. If % is a minimal realization of S, then, by
(2.4) and (2.8),

det (zI, — A) = det 4, = det 4,,
mp (zI, — A) = 4 = 4,

modulo units of f?[z]. Further, let ﬁk be the least common denominator of all minors
of § = C(zI, — A)~" B + D with order less than or equal to k. Then [10]

det (zI,, —A) = d,=d,,
mp (:I,, - A) = d;

modulo units of §[z]. It is to be noted that the two polynomials are different, in
general, and both are also different from the denominator of det S (if S is a square
matrix). Example:

S=]z-1 07,
z~—05 0-5
0 z—1
det(zI, — A) = (z — 0:5)(z — 1),
detS =1.

While the degree of the characteristic polynomial determines the dimeusion of the
system, it is the minimal polynomial that determines the dynamical behavior of the
system. Example:

S =

wo =
N

o
N

det (zI, — A) = 22,
mp (I, — A) =z,
and, indeed, no dynamical mode that would correspond to z? can be excited in the

system.
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It will be instructive to make the relation between the impulse response matrix §
and its minimal realization {A, B, C, D} explicit.

Given a quadruple {A, B, C, D}, the § can be determined simply by computing
(2.1). The converse problem is much more difficult, however. Given an S, a minimal
realization {A, B, C, D} of § can be obtained as follows [20; 23].

Consider the decomposition

5
a
defined in (2.3) and let
B=8"modad.
That is,
(2.9) B=58°+4D, 0B°<dd

for a suitable matrix D € &,
Compute a canonical representation of B°,

(2.10) B° = E diag {4, 43, .... 47,0, ..., 0} EJ.
Let
do=(dd), k=12.,r
and let
4 = 4,dy,
gi = dbp.

It is necessary to choose dj, so that the @, be a monic polynomial.

To each invariant polynomial
=P +aPz+ .+ a® ™, k=127,

we choose a cyclic matrix A, such that det (zL, — A;) = 4, c.g.

A= 0 1
01
1
k) k k
T

We recall that a matrix A € &, , is said to be cyclic if the polynomials det (zI, — A)
and mp (zI, — A) are identical. It means that the invariant polynomials of zI, — A
are

4y =dy=..=d,_,=1, d,=det(zl, - A).

By convention, a system whose matrix A is cyclic is called cyclic.
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Write
E, = kth columnof £7, k=1,2,..,1,

E}, = kth row of £, k=12 ...,m.
In view of our choice of A,, let us introduce the vectors

Vk =11 € &.k.l[z] 5

=1
2 0 me-2 . _me—1 ‘ - .
We =[P+ .+l 2?2 a0+ s 1] e 2],

and observe that

(2.11) af=L, — AY~! = VW, mod 4 .

Consider the system of equations

(2.12) CV, = Ejblmod d,, k=1,2,... r.
W/B, = Ej mod &, k=1.2,....r,

for B, € &y, and Cy € Fy
Since the right-hand sides of (2.12) can be taken to satisfy

AEBY) < dd,, @Ey <édy, k=1,2,.. r,
and since the elements of ¥, and W are linearly independent over §, equations (2.12)
have unique solutions B, and C,.
We get
E;kﬁI?Eék = f?k(ElkBgE'zk) =
= d(C.FW/B,) mod d,4,
by virtue of (2.12) and
EpdiEy = 3k[a‘kck(:In;( — A,) "' B;] mod did, =
= d[C{z1,, — A)”' B mod 4
on using (2.11). Hence, by (2.10),

B® =Y EgrEy mod d =
k=1
= G5 Gyl ~ A) ' Bymod 4.
51
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Since @B® < dd, we have equality not only mod 4 but also in the ordinary sense.
Using (2.9) we have

B =4y Cfed, — A) ' B, + dD
k=1
and hence

r

§=3 Cfel,, —A) !B, +D.

k=1

Therefore, the quadruple {A, B, C, D} with

c=[c,..c]

and D given by (2.9) is a realization of S; by construction, it is minimal. The dimension
of the minimal realization is given by

If | = m = 1 (single-input single-output system), we have
S=€erﬂ,
a

where ¢ is a monic polynomial, and the problem of minimal realization greatly
simplifies. We write

that is,

for a suitable d € § and hence
(2.13) D =[d].
There is just one invariant polynomial,

G=o0g+ @,z + ...+ oy 2"+ 2",
and we choose

(2.14) ' A= 0 1 1.
01
1
L =% — oy = Oy-y
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Equations (2.12) simplify to
CPy =6 =0+ iz + o+ fr 2",
WiB =1,

the solution being

(215) C (8 f.p-]. B=[0

The above quadruple {A, B, C, D} is a minimal realization of .

It is to be noted that the minimal realization has been obtained as a direct sum of
cyclic subsystems, each subsystem being generated by one invariant polynomial of
the impulse response matrix. This procedure makes clear the significance of the in-
variant polynomials. They fully describe the structure as well as dynamical behavior
of the system and show how the system can be decomposed into a direct sum of
subsystems which behave like single-input single-output systems.

Example 2.1. Find a minimal realization over R of the impulse response matrix

z+1 z—1
2242241 —1
1 z—1
§=t_ F7 ]
22
We have
RS z—1l=[z4+1 z=1]+z*[00
22 42241 -1 2z + 1 -1 10
1 zZ - 1 z—1 00
and hence

B°=[z41 z—1], D={00
z 41 -1 10
1 z—1 00
Computing a canonical representation of B° we obtain
E=lz+1 —z+1 05], ES=]1 z-17,
2z+1 =2z+1 1 0 1
0

2
1 0
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and

Therefore, we take

=
I

V4

Write
[1], Wy =[z 1].
Then C; and B, are given by

C,[1]=[ z+ t|mod z*,
z 2z + 1
1

[z 1]B, =[1 z—1]modz?,

which are also equalities in the ordinary sense and
C, =11}, By=[0 17.
12 1 -1
20

i72‘—‘[1]’ A :[1]'

Further write

Then C, and B, are given by

It

C, [1] — z+ 1}mod z,

-2z + 1
0

[1]B, =[0 1] mod z,
which yields the equalities

C.[1]

1
-

[1] B, =

i
—

<

-
[l

in the ordinary sense, and

C, =

S e
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Therefore, a minimal realization of S is given as {A, B, C, D} where

A=Jo1l0], B=f0o 17,
000 1 -1
65’2’6 0 1

cC=[11!1], p=[oo
121 10
100 00

This realization is shown in Fig. 1. Its dimension is # = 3 and it is exhibited as the direct sum
of two cyclic subsystems .y and &,.

Fig. 1. A minimal realization
of the system in Example 2.1.

Example 2.2. Find a minimal realization over £ of the impulse response
§=—* .
z2—z—1
Since
=z 4272 42273 4 327 #5270 8270 13277 L,
we may think of this problem as of realizing the Fibonacci sequence {o‘k},‘f:m where

gob=0, o, =1, o, =02 +0o-y, k=23 ...
We have
b=z, d=22-2z-1
and since

the quadruple {A, B, C, D} with
A=[O 1}, B =[0],
11 1
c=[01], D=[0]
is a minimal realization of S by virtue of (2.14) and (2.15), see Fig. 2.

39



Example 2.3. Find a minimal realization of the impulse response matrix

L z+1 z
z 0 z
soLztl z+1 Z4z]
z(z + 1)
describing a finite automaton over 3,.
We compute

B° =t z+1 z|, D=[0oo00
z 0 z 000
z+1 z4+1 0 001

sequence.

The canonical decomposition of B° yields

EY =1 0 o0}, ES=[1t z+1 Z],
z 1o 0o 1 1
z4+1 11 0 0 o

and
B =1, =1,
G =zt +z,d, =1
since r = 2.

Therefore, the system itself is cyclic with dimension # == 2 and we take
A =[01
01

?,:[1], Wy =[z+1 1].

z

Write

Then C and B, are given by

C, [1] =1 mod (2 + z),

[z+1 1] By =[1 z+1 z]mod(2* + 2),

40
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which are also equalities in the ordinary sense and

, B,=[0117.
101
Thus the {A, B, C, D}, where

A=[017, B=[011],
11 101

c =1
0
1

—_ O

c={to0], p=[0o00],
01 000
11 001
is a minimal realization of §. It is depicted in Fig. 3.
ik
P o
-
. N 5
712k > 1M
A 5 - . o
P I S 5 X Fig. 3. A minimal realization of the
Y3y * system in Example 2.3.

By definition, the impulse response matrix S belongs to &, {z~'}. The elements
of Fr..iz7"} can be written as ratios of two polynomials, but in two different ways.
If

S=Xy+ Xz '+ Iz + ezl

then
(2.16) s=2
d
where Be §,,[z]. 4 € §[z]and
(a,B)=1,
0B <dd,
as shown in (2.3). But also
~04 B
(2.17) s:{?z__dz_,
az"¢ a
where Be §,,[z71], ae F[z""] and
(a.B) =1,
(a,z7") = 1.
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The above procedure implies that
(2.18) a =z"%gG,
B=z"%8
and a is the least common denominator of all elements of
S=CzY(I,—z"'A)"'B+D.

To analyze the structure and dynamics of § we have employed representation
(2.16). However, it proves more profitable to use representation (2.17) when syn-
thesizing a system. The main advantage of this representation stems from the fact
that any matrix in &;,,[z '] can be realized as a system {A, B, C, D}. This is not
true of matrices in &;,[z]. To put it in other words, an impulse response matrix
in the indeierminate z must be manipulated as a whole, not as a ratio of two poly-
nomials. Otherwise the physical realizability of the synthesized system is at stake. If,
however, the impulse response matrix is written in the indeterminate - 7!, we can
take full advantage of manipulating the numerator and denominator polynomial
matrices individually while the physical realizability of the synthesized product is
inherently guaranteed. As a result, the algebra of rational matrices is reduced to
much simpler algebra of polynomial matrices.

The polynomials det (T, — z7'A) e F[z '] and mp (I, — z7*A) e F[z 1] will be
called the pseudocharacteristic and pseudominimal polynomials of &, respectively.

It is to be noted that even though

det (I, — z7'A) = z7"det (zI, — A),

the pseudocharacteristic (pseudominimal) polynomial may be quite different from
the characreristic (minimal) polynomial. Example:

A=1010},
000
000

det (zI, — A) = z*, det(I, — z7*A) =1,
mp(zl, — A) =z*, mp(I, — z7'A)=1.

The notion of stability for the polynomials of §[z7!] can be defined as follows.
Any polynomial a € §[z7'] can be written in the form

a=z"",, (anz"") =1

for some integer d = 0. Then the a is stable if and only if
(a)d =0,
(b) do = z%a, e F[z] is stable.

i
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In view of this definition the characteristic polynomial of a system is stable if and
only if its pseudocharacteristic polynomial is stable. Therefore, the pseudocharacte-
ristic polynomial can be used to check for stability of a system.

The matrix § = Bla € §,,,{z"'} can also be put into the canonical form. Let

B = E, diag {g,.93...1. 60, ..., 0O} E,

and let

Q_k=ﬂ, k=1,2,...r

a a

after cancelling common factors, i.c. (a, b)) = 1 up to a unit of [="*]. Then

3k diag{—bl RT3 0,...,0}}51
a a, a, a
and defining the matrices

(2.19) B, = E, diag {b,. by, ....b,. 0, ....0} e F . [z71],

Ay = E7 " diag{ay, as, ..o a, L, 1} €Bnanlz™"],

A, =diag{a,, as,....a, 1., 1} ET e [z7'].
B, = diag {b,, b, ..., b,.0. ... 0} E; € §,.[= 7],
we can write

2.20 S = B,A;' = 4] 'B, .
1412 1

These factorizations of the rational matrix S are, as a rule, different from those
obtained in (2.5). However, they are also very important, especially in the synthesis
of optimum control systems, and play the role similar to the expression s = bfa
for single-input single-output systems [30;33]. The factorizations {2.20) enjoy
the following properties.

(2.21) A4, and B, are left coprime while B, and A, are right coprime.

(2.22) The a,, a5 ..., a
units of F[=7'] and b, | Bt 1y Qs |ak, k=1,2,....r+1.

and by, by, ..., b, are uniquely determined by S modulo

r

(2.23) By construction, the a,, da,...,a, and the nonunit invariant polynomials
of the matrix I, — z7'A e &, ,[z71] are associates in §[z"'] provided A
belongs to a minimal realization of §. The ay, a,, ..., a, will be called the
pseudoinvariant polynomials of &.
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If & is a minimal realization of S, then by (2.19) and (2.23)
det (I, — z7'A) = det A, = det 4, ,
mp(¥, —z"'A) =a=a,

~—1

modulo units of F[z~']. Further, let d, be the least common denominator of all
minors of § = Cz"*(X, — z7'A)"' B + D with order less than or equal to k. Then

det(I, — z7'A)=d, = d,,,
mp (I, — z7'A) = d,

modulo units of 3[:_1], The two polynomials are different, in general, and both are
also different from the denominator of det § (if S is a square matrix).

To motivate why the polynomials a, ¢ [z '] have the prefix “pseudo”, we note
that they do not yield structural and dynamical invariants of the system, in general.
Indeed,

za"“ak + 4,
i.e. we cannot compute d, when given a,, and

da, + 04, = n, .

As a consequence, we cannot find a minimal realization of S by manipulating the
canonical decomposition of S over [z~ 1] in the same way as the canonical decompo-
sition of S over F[z]. Example:

n=4, n,=2, n=6;

-2 -2
b, =z"%, b, =2z"7%,
ag=1—-2"", a,=1-1z

We shall see, however, that the knowledge of all invariants is unnecessary when
synthesizing an optimal control system. It is just the information contained in the
pseudoinvariant polynomials that is needed.
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2.2. Valuation and Norms

The ground field § is the first thing to be specified in the definition of a system.
Roughly speaking, it defines the admissible numbers and the arithmetic operations
on them. The second thingis to endow the ground field with a metrics so that we may
investigate how a system response tends to zero, or to tell whether two responses are
equal or which one is better. This is done by introducing the concept of valuation
in a field [57; 66].

The value in a field § is a mapping ¥ : § — R which with every element « € §
associates an element ¥(«) € R, the ordered field of reals, satisfying the axioms

#(0) =0,
(1) >0, 240,
V() = ¥ () ¥ (B),
V(o + B) £ 77 () + ¥(B).
It immediately follows that
() =1,
¥ (~2) = ¥(a),

¥ (‘) L
o V(=)
There is a trivial valuation, viz.
(2.29) 77(0) =0,
() =1, 2#0,
which is valid in any field §.
If § = 3, or an algebraic extension 3,,[:]W of 3, where ¥ is a polynomial

prime in 3,[z], all nonzero clements of § are roots of unity [66], i.c.if x e F, a + 0
an integer n exists such that «” = 1. Then

I = "//(oz") = ¥"(0) = 'V(ct) =1

and no other valuation but the trivial one exists.

If & is a subfield of €, we can always take

>

(2.25) ¥ (a) = |a

the ordinary absolute value of possibly complex numbers. It is this valuation that
is implicitely assumed in most control problems. However, other valuations may be
taken.
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Consider the quotient field §(z 1) of the ring §[z] for any field & If a € Fz "),
we can take

(2.26) V(@) =0 %
for any real number ¢ > 1. In particular,
Y(0) =0 " =0.

We reiterate that valuation in a field induces a metrics relative to which the system
behaviour is investigated. A polynomial a e §[z] has been defined stable if
1jae F*{z71}, i.e. when the sequence obtained by the formal long division of 1/a
into ascending powers of z~! is a “zero sequence in & . In fact, it should have been
said “a zero sequence with respect to a valuation ¥~ in §”, since it is the valuation
" that determines the convergence of sequences in §. It is quite possible that a se-
quence converges to zero in one valuation and diverges from zero in another, see
Example 2.9.

Given a vector space %~ over &, we define the norm in %" as a mapping of #  into R
which with every element a € ¥ associates an element [[a]f € R such that [57]. [65]

Jol = .

[a] >0, a=+0,

Joa] = 3) [a] . 2e .
Ja+ o] = Lal+] 6]

Thus a valuation in & induces a norm in a vector space #~ over §.

The set E‘“{z’l} can be viewed as a vector space over & and can be normed as
follows. Let

a=oy+az t +azt 4+ eFt =",

then

P
fa? = % #3(a)-
k=0
More generally, the set &;',,{z ™!} is also a vector space over § and it can be normed
quite analogously. Let
A=Ag+ Az  + A7 + e Fa {27

Im I}

and let 4, have elements a;;, i = 1,2, ...,landj = 1,2, ..., m. Then

(21) =%, E .
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To distinguish this norm from other possible norms in ‘S',f,,,{z_’}, we shall call
it the quadratic norm. It will be used to compare system responses in the least

squares control problems.

For any field § valuated by (2.24) the norm (2.27) in §; ,(z ™'} can be interpreted

as the number of nonzero elements in the sequences over §; .

Now let § be a subfield of the field € of complex numbers valuated by (2.2

If xe &, then
& = complex conjugate of «
and if

A=Az" + A 27"+ L eFalzTh,
then
A" = transpose of 4,

irA =trace of 4,
(A> = A,. theterm of 4 at =%,
A= = A"+ A, 2" 4

It can directly be verified that

for any two suitably dimensioned matrices 4 and B over F(z™1).

The above definitions remain valid in the § .{z"'}, & n{z""}. and §,,.[=

since they are all subsets of &, ,(z7"). In particular, if
A=Ag+ Az 4+ Az " eFalz]
and if 64 = n = 0, we define the polynomial reciprocal to A as
(2.28) AT =A% = Aoz "+ Az L+ A e F a2

It follows that

0A” £ 04,
the equality sign holding if and only if 4, =+ 0.
Since § is a subfield of € and valuation (2.25) is taken, we can write

[1[2 = Go.

5).

1
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Then the quadratic norm of A4 can be written as
(2.29) "A“2 =1tr{4d'’"A4).
Indeed,
ATA™ o+ (A Ay + YA + )z +
+ (ApAg + 414, + ..) +
+ (oA, + A4, + )z 4

.

and since
{A'TAY = Ayl + AYA, + ...

1 m
tr A Ay =Y Y loal?,
R i=1 j=1
we obtain (2.29). In particular, *
I4]* = <4~ a5
forany A e §/ {z7'}.

The assumption that 4 € &;',,{z 7"} is essential. If 4 is not stable, [ 4]* goes to
infinity while tr (4’7 4> may remain finite. Example:

2zt
A="—"=2432"1 + 62774+ 1227% + ..eR{z"Y},
1—2z7"1

l4]? = <.

tr{A'’"A> = <2 i E;Z:i> =<y =1.

1 —2z1 -2zt

2.3. Matrix Factorizations

Throughout all parts of the paper we shall frequently use the following concepts.

Given a field § with valuation ¥, consider a nonzero polynomial pe §[z"'].
We define the factorization

p=p"p",
where p* is the stable (with respect to #7) factor of p having highest degree and
belonging to §[z~!]. Both factors are unique to within a unit'ee Fz"'], p =
— ()
It should be noted that the same polynomial viewed over different fields can have
different factorizations. Example:

p=1-2z""~2z72eQ[z7"], value (2.25); p* =1.
p=1-2""—2z2eR[z7"], value (2.25); p* =1 — (1 - 2)z7".
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The same is true of different valuations. Example:
p=2+z'eR[z7"], value (2.25); p* =2 + =71,
p=2+z teR[z7"], valuc (2.24); p* = 1.
Given a polynomial matrix P € §,,,[z'], P # 0, and let
P = E, diag {pl~ P2 P 000, ()} E,
be the canonical representation of P. Then we define the factorizations
(2.30) P=P[P; = P[P},
where
P{ = E, diag {p{. p3, - p" 1, ... JeFlz71].
Py =diag {p7. p7. P 0,.... 0} E; e F .[271].
P; = E,diag {p{. p7+--» P, -0,....0} e F .[z71].

PY =diag {p{.p5....p’ L. 1} Ese &, .[z71].

Observe that P{ and P are nonsingular matrices by definition and that mp P}

= mp P; = (mp P)¥ up to units of F[=z""].

The factors Py, P; and P;, P; are determined by P uniquely to within their

left and right associates respectively,
P = (PYE)(E3'P;) = (PTES ) (BuPY),

where E; is a unit of §, [z~ ] and E, is a unit of Fn.m[z "]

Example 2.4. Factorize the polynomial matrix

P=|1 1
z7b 7ty 2T
1 14+2z7 -z

2
-2

over Rfz~?] with valuation (2.25).

We compute

B CR) [:) 11]

(=T
SN D
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and hence

to within left or right associates.

Now we turn our attention to another sort of matrix factorization, which is
essential for the least squares optimization.

Let § be a subfield of the field € of complex numbers valuated by (2.25). Then
an element Q € §,, ,, is said to be unitary if @'Q = Q@' = I,,. The unitary elements
in €, ,, are m x m unitary matrices while the unitary elements in R, ,, are m x m
orthogonal matrices. In particular, the unitary elements in R are + 1 and the unitary
elements in € are all complex units.

Given a nonzero polynomial m e F[z™!], where § is a subfield of € valuated
by (2.25), we define the polynomial

m*=mtm™"~,
which belongs again to §[z~'] and satisfies the relation
m m=m""m =mtm"
=m*=(z7" " m™") m*(z™" " m ™~ =)
(m*m= ") (m*m~")

= (m*)” (om¥)

for any unitary element w € §. In particular, if § = R, the field of reals, the poly-
nomial m* is the so-called minimum-phase spectral factor of m~m as defined by
Wiener, see e.g. [55; 58; 60; 64]. It may not always be so over other fields. Example:

m=1-2z""-z2eQz7"], m* = -1-2"1 + z7 2 Q[z7!]
while the minimum-phase spectral factor f of m~m is i
f=20-(1=-y2)z7)(E" - (1+2),

an element of R[z~1].
It is clear that
om* < om

the equality holding if an only if (m, z“’) =1.
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Now consider a nonzero polynomial matrix M € &1mlz 1], where § is a subfield
of €, and let

M'=M = E;~ diag {pTpi» P> Pas - Ps Psr 0s s
MM'= = E, diag {4197 9295, - 4505 » 0> ---

be the canonical representations of M'~M and MM'~. Then we define the matrix
MY eFa[z7"] by

diag {p}. p3. ... P&, 0,.., 0} Ey = [M’fjl
0

and the matrix M3 e &, [z7'] by
E, diag {q%, ¢%....q%,0,..,0} = [M} 0].
It is clear that the M¥ and M7 satisfy the relations
M'=M = (2M7)~ (2,M3),
MM'= = (M3Q,) (M3Q,)~

for arbitrary unitary elements €, Q, € &; . In particular, if § = R, the field of reals,
the M7 and M?% are the so-called minimum-phase matrix spectral factors of M'=M

and MM'= respectively, see [55; 60; 64].
It is clear that
rank M5 =5, rank M¥ =5,
mp M} =pf. mpM; =g
and
oMY < OM, oM} < oM.

Example 2.5. Consider the matrix

B VAT

M=M= [-2z + 5 - 271],

MM~ = [1 V2 (1 - 2) -
VA== - - o)

- dlaellsy ]
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and

prpL= =22 +5—-2:"1, g7 =1.

Hence

and

M*=[z"'-2], M%= [11’,2\(] _ 7“)]

to within unitary elements. (Note that square roots are closed in \/" and \.)

Example 2.6. Consider the matrix

M=[1z""eR,,[z"].
2273

Then
_ - -2 -3
mem=| 1 olls 0 pio 2
5
-2 -3
Zx2 Mloscazvs—2:yllo !
| s | 5
mMm=={ 1 ol]2 0 12t:
.
2z Vo o2zt e s —2g|fo L
| 2 24l 2
and
s=2,
pipi =5, 4197 =2,
prpa=5(—2z +5—-2z"Y, q,97 =2-2z"" + 5~ 2z).
Hence

i =45, 97 =2,
pr=ys\(z'=2). 3=y -2
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and

- 271 + 2271
MY =1./5 ———L; )
NS
z7t—2
0 s
NE
M3 = J2 0
247t 71—
J2 /2

to within unitary elements,
Observe that 9MT = M while 2M3F < éM.

2.4. Some Computational Aspects

In the previous section we have defined stable polynomials and certain matrix
factorization which may be nontrivial to obtain. This section provides an eflective
check for stability and a simple iterative procedure to compute these factorizations

and, in turn, it demonstrates the power and elegance of the algebraic approach.

A stable polynomial has been defined via formal long division. This is impractical
from the computational point of view. There is a well-known check [2; 55] for
stability of real polynomials. We now state without proof its generalization to
polynomials defined over an arbitrary field with arbitrary valuation. To this effect

we introduce the following convention. If « € &, then

& = complex conjugate of a if § is a subfield of € valuated by (2.25),
2 otherwise, i.e. the macron is a void symbol.

i

Given a polynomial a € §[z] of degree n = 0. Introduce polynomials

ap = %o + G,z + ...+ A
which are defined recursively by
od ~
2@y = g — —%a, k=0,1...n-1,
Qeon—k
ag=a.

Then the polynomial a is stable with respect to a valuation ¥ in & if and only if

7(&) <1, k=01,...n—1.
O yn—x,
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The above recursive steps can be arranged in a table as follows.

(2.31) %o Fom-1 --- %01 %o
"
i
= = = = ! 70.0 |
%oo %ot - Hout Xom | |
| %o
i i
Uy pot Ayp-2 oo+ %0 O
oAy g |
%0 i Gywor 0
0 g
| |
- Op—t1,1 Un=1,0 --- O 0
%y1,0 Opoyyg oo 0 0
%, O ... 0 0

Example 2.7. Check whether the polynomials
m= —22z>+2z—-05¢ ‘.R[:] s
p=z—z+1eR].

are stable with respect to valuation (2.25) by the ordinary absolute value.
Table (2.31) for m becomes

o
D0
-2 9 0
and |3| < 1, [—%| < 1 implies that m is stable.
Table (2.31) for p becomes
Too—1 1 '

and the computations must be stopped. Since [1]| € 1, however, the p is not stable.
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Example 2.8. Check whether the polynomials
a=4-4z"" + :*ZE‘LR[Z_‘] ,
b=z"1eR[z7"],

are stable with respect to (2.25).
We can write

a=z"a,,
where
d=0, a,=4—4z"1 4 ;72
dy = 2%y =1 — 4z + 422,
Hence
4 —4 1
1 —4 4 2

implies that l;o, and in turn a, is stable.
We write

where

>0
S
I
[}
°
o
<
I
—_

Since d <= 0, b is not stable.

Example 2.9. Check if the polynomials
m=z—05eR:],
p =z"e%R[z], nnatural,

which are both stable with respect to valuation (2.25), are stable with respect to valuation (2.24)
Table (2.31) for m becomes

1 —~05
—05 1 —05
075 ©

and since ¥'(-——0-5) < 1, the m is not stable.
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Table (2.31) for p becomes

10...00
00...010
10...00
00...100
10...00
01...000
10...00

and since ¥(0) < 1, the p is stable.

Example 2.10. Check the polynorﬁial
a=iz+ (1 -i)eC:]

for stability with respect to (2.25).
Table (2.31) reads

1+1i —i L+4i

and since [1 - i = 2, the a is not stable.

Example 2.11. Check the polynomial
a =72 +3ze34z]

for stability (with respect to (2.24), of course, as no other valuation is possible).

Table (2.31) yields
130

0310

130

3103

200
and since ¥(3) = 1 € 1, the a is not stable,

Example 2.12. Consider § = R(w™ I), the field of rational functions over R, and check whether
the polynomial

a=z—wledz]
is stable with respect to valuation (2.26). Here

wl=0+1wl+0w 2+...eRWw™).
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