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KYBERNETIKA — VOLUME 28 (1992), NUMBER 4, PAGES 292-308

ON ASYMPTOTIC BEHAVIOUR OF
EMPIRICAL PROCESSES

PETR LAcHOUT

The paper studies asymptotic behaviour of special type of empirical processes, inspired by specific
properties of empirical distribution functions. The problem of convergence in distribution is discussed
in Theorem 1. The relevant and more useful result of Theorem 2 establishes convergence in the space
D. Section 2 di possibl ! if empirical distribution functions in a regression model

are considered. An ple indicates that the space D is not sufficient to study the convergence even
if empirical distributions of simple processes are considered.

1. INTRODUCTION

Asymptotic properties of empirical distribution function based on i.i.d. random vari-
ables belongs to the classical results of the probability theory. A slight vielation of
independence as well as different distributions of random variables bring raise a lot of
difficulties. Therefore, considerable interest is given to empirical distribution function
based on linear regression residuals. Portnoy [7] discusses an approach based on regres-
sion quantiles and Miller {5] investigates methods using a ni-consistent estimator under
Gaussian errors. Nevertheless, convergence in the space D(0, 1) is a frequently used tool
when properties of empirical distribution are studied. The aim of the present paper is
a generalization of the above approaches. Connection between the empirical process (1)
and an empirical distribution function in linear regression is discussed in Section 2.
Throughout the paper we shall use the following notations:

R denotes the set of real numbers.

N denotes the set of natural numbers,

X, 2, X denotes convergence in distribution of processes X, to the process X; i.e. all
finite-dimensional distributions of the process X, converge to the corresponding
finite-dimensional distribution of the process X.

Xn — X in Dg(0,1) denotes weak convergence of processes X,, to the process X in the
D4(0, 1) topology (cf. [6], [8] for definition and (1}, {3] for verifying criteria).

Moreover, we will accept a convention that every convergence will be ¢onsidered for n
tending to infinity. Further, a distribution function and the corresponding measure will
be denoted by the same symbol.
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2. MAIN RESULTS

We shall consider empirical processes in the following form:

n_ k()

Xala,p,F) = 303 ai (1(X: < 05(8) — Fleis(t))), )

i=1 j=1

where a;;€R, k(i)€N, ¢;; : (0,1)¢ — RY, t€(0,1)¢ and X,..., X, are i.i.d.
g-dimensional random vectors with a common d.{. F, moreover a = (a;;)i, :i'l),
Q= (‘pij)?:u’.‘f,’ and d.f. F are considered as parameters of the process X,.

We will investigate a sequence X, (an,@n, ) of such processes namely its asymp-
totic behaviour. To simplify notations we shall use additional shorthand notations for
parameters like that

n k(in, n (X0
an = (aijn)i=l,ji] )1 Pn = (‘Pijn)i= :i] ) and F".

In Sections 1 and 2 two types of convergence of empirical processes (1) are investigated.
The proofs are postponed to Section 3.

Theorem 1. Let X, (@, ¢, Fu) be a sequence of random processes possessing the
following properties:
@ k(im)
Jmax. 2; laijn] — 0; @
i=

(ii) there exists a finite limit
n k(in)

Z z @ijn Gipn (Fu(@iin(t) A @ipn(8)) — Fu(@ijn(t)) Fa(pipn(s))) — H(t,s)  (3)

=1 jp=1
for every s, t € {0,1)%.
d . . .
Then X,(@n,¢n, Fu) = W, where W is a Gaussian process with zero means and
covariance function H.

This result is interesting but not sufficient for investigating properties of the whole
trajectories of the process, e.g. supremum or some integral of the process. In such a
case we need to use a stronger convergence properties as, for example, convergence in
the space D4(0,1). To begin with, we chall need some definitions.

Definition 1. The function ¢ : (0,1)¥ — R? is said to be coordinatewise nonde-
creasing and continuous if p(£) = (¢'(t'),...,0%(t%)) and ¢',...,¢%: (0,1} — R are
nondecreasing and continuous.

Definition 2. For d € N, ¥, denotes the set of all permutations of coordinates in

(0,1)¢.
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Definition 3. Ford € N; r=0,1,...,d—1; p=0.1,...,d—r—1 and ¢ € ¥,
define a o-field
Burpw =1 ((—00,0)" x (=00, 1)” x B((0,1)*"77)),
where B((0, 1)*-"-7) denotes the Borel o-field on (0, 1)4-"~7.

Definition 4. Forp: (0,1} — R? coordinatewise nondecreasing and continuous
and A = ‘_;(l (a*,5) € By, py denote
Pl4) = X (#a),¢'(8)).
with ¢'(—o00) = —oo0. )
The definition is necessary because the function ¢ is not introduced outside the set
(0,1)¢. Thus an image of the set A must be explained.

Now we are in a position to formulate the result concerning convergence in the space

Du(0,1).

Theorem 2. Let X, (a,, @, F,.) be a sequence of processes such that ¢ = d and all
ijn are coordinatewise nondecreasing and continuous. Moreover, assume that there exist
numbers ¢;jn € R and finite measures p,,,y on By, With continuous marginals, i.e. the
functions f(t) = ptrp.w (¥((—00,0)" x (—00, 1)? x (0,t) x (0,1)4-""?"")) are continuous;
such that: .

Q)

d
Fulpiin(A) < cijnpirpa(A)  for every A= X (a*,b") € Baypy- (4)
(ii) There exist Q € R such that
n k(in) n [Kim) 2
Z Z i S Q, Z Z lagalein | <Q for every n € N. (5)
i=1 j=1 i=1 i=1

(iii) For arbitrary j, p=1,...,k(¢,n), j # p and

d d
A= X (a*,b%), B = X (g% B}, Ay B € Burpu, Fulpisn(A)N@ipn(B)) =0.  (6)
u= u=

(iv) K(im)
s S lond 0 o
(v) There :().dits a finite limit
303 tin i (Pulpin(t) A i) = Fulipin(t) Plyim(s)) — H(ts)  (8)
=1 j=1

for every t, s € (0,1)%.
Then Xp(@ny @ny Fn) — Win Dy(0,1), where W is a Gaussian process with zero means

and covariance function A.
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3. APPLICATIONS

Consider a regression model Y; = X;8 +e€;, i = 1,2,..., where

Y;,Ys,. .. are the observed k-dimensional vectors, ) 9)
X1, Xa,... are non-random k x d-real matrices,

A is an unknown d-dimensional vector,

ey, €g,... are i.1.d. random k-dimensional vectors with a common

distribution function F'.
The problem is to find an estimator of F. One possibility is the following
Fn(i)leﬂ:l[K—X'Bn<t}=lzﬂ:][e-<t+x'(ﬁ -8) (10)
e ' = I . 7

t € R*, where f, is a consistent estimator of . A study of such a process results in an
examination of the process

Filts)= T Y Il <t4qmXs],  teRY, s R (1)
=1

Specifically, the function 5 could be the rate of consistency of B... The relation between
this two processes is given by F,(t) = Fr (t,ﬁ(ﬁ,. - ﬂ))

Let us denote X, = 1% X, and let VF and V2F be the gradient of F and the
matrix of second derivatives of F, respectively.

The processes F; have the required structure (1). Thus the previous theorems can
be employed to derive some asymptotic properties of F:. Case 1 and Case 2 show
a comparison with the theoretical error distribution function F. Case 3 and Case 4
study the difference between F); and an empirical distribution function based on errors.
Necessary definitions are before Case 3.

Case 1. Let sup }[Xu|| < +oo, lim Vvan(n) = i € R, A C RF such that
=1,2 N-—++400

n=1.2,..
F has the total differential at every point of A and F is continuous at every point
ty Aty; ty, t, € A. Then

(VR(F2(t,s) ~ F(t)) =iV F(t) Knsit € A,s € RY) S W, (12)
where W is a Gaussian process with zero mean and covariance function

H(t1, 51512, 52) = F(ts A tg) — F(t1)F(ta).

Proof. Take £, t5 € A, s1, s3 € R? and consider the sum

71_12 {F ((t1 + n(n) Xis1) A (t2 + n(n) Xis2))

i=1
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—  F(ty +n(n)Xis1)F(tz2 + 9(n) Xisz)} =
= F(thAty)— F(t)F(t) +

£ 2 Y AR+ a(m)Xis) At + () Xisa) — F(t At2)} =

=1

- % ST (F(ts +n(r)Xist) = F(t)) F (t2 + n(n) Xisa) —

i=t

— P Y (Flta+n(m)Xisa) = F(12) =

i=1

= F(ti Aty) — F(t:) F(tz) + o(1).

Then, by Theorem 1,

(ﬁ (F:(t, 9- 13 Fs n(n)x;s)) [ted se R") Lw.

i=1

Theorem 1 can be used since there always exists a surjective map {0, 1)¥*¢ — A xR?
and the convergence in distribution refers to finite distributions only.
The proof is completed if we note that

% Z F(t +n(n)Xis) = Vn F(t) + Vag(n)VF(t) Xas + vVno(y(n)) =

i=1

= VR F(t)+ iV F(t)Xa(s) + o(1). o

In what follows we shall need a generalization of the space D4(0,1).

Definition 5. Let A;,..., Az C R be any intervals and Z, Z,, Za, ... be stochastic
processes indexed by A; x ... x A4. Then

Z,— 2 in D(A; x...%x Ay)

iff there exist increasing surjective functions ¢; : {0,1) — A7, i=1,...,d

(Z; = <inf a, sup a ), and extensions Z, Z, Z,,...of Z, Zy, Z3,... indexed by /i;x
2€A acA;

... % A3 such that
Z,op—Zoyp in Dy4(0,1),

where p = ) X ... X pq.

Observe that if the process (F2(t,s); t € A, X ... x Ag, s € {—1,1)%) belongs to
D(A; x ... x Ap x (=1,1)%) then d = k and X; are diagonal matrices with non-negative
elements. Hence an approximation of F must be considered.
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Case 2. Let sup [|Xi]| < +oo, 11111 van(n) =i € R, Aj,..., A, C R be any
i=1.2,... oo

intervals, A = /if x...x Ay, A= ANRE. Moreover, let VF be continuous on A and
V2F bounded on a neighbourhood of A and

if sup |la|| = +oo then lim |[VF(a)]| =0.
neA acA

flall—+o0
There exist ¢ > 0 and a finite Borel measure g on R* with continuons marginals such

that F(B +1) < u(B) for every t € R*, ||t] <&, B = )'{((a,,/i,), o = —00 or
i=1

R ~ ) d
v EAL €A ai<Bi Put Q=3
p=1

n
5P v 9 1
R /\.]{P| y @n =13 Qin Then
=1

1 & _
= S [e <t n(n)Xns ~ n(n)Qia] < Fit,s) < (13)

o )
< =3 r e <t () Kus + 0(m)Qu]

=1

for every t € R¥, s € R? and the following convergences take place

(ﬁ(%Zl[m <4 n(n)Qin] - F(t)) +AVF()0n; t € A> — (14)

=1

— (W(1), t € A) in D(A),
<\/’T (;1; Z Tei <t —n(10)Qin] + F(t)) —AVF(t)Q; t € /1) —

i=1

— (W(t), te A) in D(A),

where W is a Gaussian process with zero mean and covariance function H(ty, 1) =

F(ty Aty) — F(t1) F(ty).

Proof. The inequality (13) is evident. The assertion (14) is based on verifying the

assumptions of Theorem 2 for the process

11 .

(—ﬁ; S e < eli) 4+ n(n)Qin] ~ Flplt) + n(m)Qin)} s 1€ (0, 1)‘) .
=1

where ¢ = 1'% ... X @i s (0,1) = A are increasing surjective functions.

(4) takes place since gog has all marginals continuons and Fp(B)+n(n)Q;,.) < pop(B)

for every set B = )ré(u,’,b,') € Byypy if 2p(n)d sup ||X]| < <.
=12,

(5), (6). (7) are evident.
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(8) takes place since the same technique as in the proof of Case 1 implies
L&
- Z {F (((tr) + n(m)Qia) A (w(t2) + 1(n)Qin)) —

- F(@( + 0(n)Qin) Fo(tz) + 1(n)Qin)} =
= Flp(t) /\‘F(tz))— (11 )F((t2)) + o(1).
Then in D(A)

(%—\}7{ Z {Iei<t+n(n)Qin] ~ F(t+n(n)Qin)}; t € A) — (W(i).t € A).

Moreover,

I

gn(t) ’\/177 Z F(t+9(n)Qin) — Vi F(t) = iVF(1)Q, =

= \/L,_l STUVF(t+ &) = VE() Quan(n) + (Vi n(n) = 7) (1)@, — 0
i=1

since |||l < 2n(n) sup || X,||. Further,
p=12,..

gn(t) = gn(s) = %E (F(t+n(n)Qin) — F() = Fls + 1(n)Qin) + F(s)) —
- i VF(t) ~VF(s))Qu=
= \/_Z {VF(t+&,) - VF(s+ &)} Qian(n) —

~ (VF({) - VF(: ))Qn=

n

R ( (e ))k Qun -
\/— - 9t at in et in
- J(VF() - VF(s)) Gu,

with |17, 11, €51 < 2n(n) sup | Xpll, implies that the functions g, o @ are uniformly
p=12,..

continuous on (0, 1)*, according to the assumption on the existence and the properties
of VF and V?F. The fact that

(Zu(t) + fult), 1 € (0,1)¥) — Z in Di(0,1) if ]
(Z.(t), t € (0, 1)) — Z in D4(0,1) and f, — 0 uniformly on (0, 1)*,
completes the proof since the second part of (14) can be verified by a similar way. O

The second problem is to investigate the distance between F)(-,-) and the empirical

distribution function of errors
e
= -I—Zlie,<t]. (15)
i
i=t

Various properties of this distance are discussed in the following two cases.
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Case 8. Let sup [ X,|| < +oo, ]ill\ vnnp(n) =7 €R,
2. n—too

n=12,
L
lim — (Xist A Xisg— Xisi AO— Xisa A0) = h{s1,8) ER

n—stoo 1 £
i=1

for every sy, s; € R?, A C R* such that the d.f. F has the bounded second derivatives
on A and the total differential at every point ¢, A ty, 2y, t2 € A. Then
(n‘% (F,:(t,s) . F,.(f.)) —nd () VF(t) Xus; tE A, s € 111“) 4w, (6
where W is a Gaussian process with zero mean and covariance function
H{(ti,s15t2,82) = AV F(t A ta) h(ty, 813 82, 52)
and . .
h(sy,s2); ift] =1
h(tlvsl;ths'l)_y=< L i=Llak
0 ift] #8
Proof. Consider that

ni (F;(:,s) - () =n7t > Ules < t+n(n)Xis] = fes < 1)

Hence the empirical process X,,(an, s, Fy) is such that

Kin) =2, aqu=nT%  aan= -l
witn(t, ) =t +n(n)X;s,
Qia(t,s) =1t and F.=F.

Take ty, t; € A, sy, 53 € R? then

nh Z {F((t + () Xis)) A (Lo + p(n)Xis2)) = F (0 + 9(n) Xist) A ta) —
- P(t::/\l (L2 4 9(n) Xis2)) + F(ty A t2)} ~
- Z {F b+ n(0) Xis)) Pt + a(n) Xisa) = F(ty+n(n) Xis1) F (L)~
- F(t,i)?‘(t., +p(n)Xise) + F(h)F(t2)} =
= nTEUF(t Aty Z {(t 4 n(n) Xisi) A (2 + n(n) Xisa) = (b + p(n) XKisi) A ty—
- Hin(b+ rz(n).\’:::) +i Ao} + Vio(n(n)) -
- nTEP(n) i:VF(h)-\’m VE()Xisa + Van(n)o(n(n)) =
= \/;1](::)\7.;1[1./\I,z)h(h,sl:f-;.s-;)+o(l)=
= GVEF(ty A ty) h(ty,s1s baasa) + o(1).
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The assumptions of Theorem 1 are fulfilled, therefore

(n%(F( s) = Fu(t )711 42(:‘7(f+1]n Xisy = F(t)); t € A, sCRd> Lw.

Theorem 1 can be employed because of there always exists a surjective map (0, 1)5+¢ —
A x R* and convergence in distribution refers to finite distributions only.
The nonstochastic part could be further approximated

n

nTE S (Rt + () Xis) = F(1))

i=1

= n4 Zn ) V(1) Xis + n1 0% (n)) =

Il

= 71*7](n) VE(t) Xos 4+ O(n~ M),
since the second derivatives of F' are bounded on A. a

The convergence in the space D cannot be derived, because sup ||W(t,s)|| = +oo if
teA

h(s,s) = hm Z |Xi|ls > 0 and #A = +oo. The necessity leads us to fix a point

te A and to assume Xi = diagpi, pi 20, k = d, because this is the only one case

where (Fx(t,s), s € (=1, 1)*) € D({—=1,1}¥).

Case 4. Lett € R*, X; = diagpi, pi 20, sup |ipi]l < 400, pn = ];Zp.-, Pn —
i=1,2... i=1

p € R, /un(n) — 7 € R. Let V2F be bounded in a neighbourhood of the point t
and € > 0 be such that the function

Foglz) = F(t+€((—00, 00" x (—&,21) X ... x (=€, Z4-)))
is absolutely continuous with respect to the Lebesgue measure on (—¢,€)*"? with a
bounded density, for every p = 0,1,..., k—1 and for every permutation ¢ of coordinates.
Then

( %(F (t,8) = Pt )) — nin(n) VF(t) diag p,s; s (—l‘l)k) —  (17)

— Win D((=1,1)%),

where W is a Gaussian process with zero mean and covariance function

H(s1,82) = jVF(t)diagg(si A sy —s1 A0 =352 AD).

Proof. Use the transformation ¢(#) = 2t~ 1 and verify the assumptions of Theorem 2
for empirical processes X, (a,, @y, Fy,) where

. —1 -
k(iv’") =2, Ui, =n 1, Qigy = —N

pinls) = t 4 n(n) X;s,
Pian(s) =t and F.=F
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First, the assumption (4):
Take p = 0,1,...,k — 1,£ a permutation of coordinates and A € B({0,1)*-7)
F(t+n(n)Xi€ o p((~00,1)” x A) < M dhip = My(n)dep(A).
Inn)supicy s, oili4

The assumption (5):
Zn‘z Mn(n) = M\/v—n)(n) <Q,
i=1

hid . 2 . - .
Z (n”z'Mr/(n)) = M+y/mn(n) < Q, since n(n) =7 € R.
i=1
The assumption (6) is evident since wip, = t and then piz:(B) = @ everytime.
The assumption (7) is evident.
The assumption (8) was verified in the proof of Case 3.
Then, by Theorem 2,

(n% (Fultss) ~ Fu()) = 074 Y (F(t 4 nin) Xis) = F(1)5 s € (-1, 1)*) —

i=1

— Win D({—1,1)%).

Moreover,
gn(s) =078 D (F(t4 () Xis) = F(t)) = n¥n(n) VF(B) Kns — 0
and
9n(s) = u(v) = n7H IT(F(t+n(n) Xis) - n(r)VF(1) Xis—
— F(t+n(n) Xiv) +9(n)VF(t) Xiv) =
= n‘}n(n) Z {VF(t+n(n)ta) — VF(t)) Xi(s —v) =
Ly =, ar * .
= n"igi(n ! —_ n)é&l Xi(s —v),
70 Y (g4 100E), Ko=)
where

N&iall s €Nl < sup izl -
p=12..

Then the functions. g, are uniformly continuous on (—1,1)*. This completes the proof
in the same way as the proof of Case 2. o

Case 2 and Case 4 give immediately consequence for the empirical process .
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Corollary. The condition §,—f8 = O, (n‘%) leads to s:\exg ‘Is‘“(t) - F(t)l =0, (n‘%)

in Case 2 and

Fu(t) = Fut) — VF(2) diag pu(Bn — ﬂ)l =0,(n"%)  in Cased.

4. PROOFS OF THEOREMS

We shall write Xy (an, 9n, Fn) = 10y Xin (an;@n, F) where Xi, (a5, 0n, Fa) (£) =
= T4 i (I(Xi < @iin(t)) — Falgiin(t))), i =1,...,n. The covariance of

Xin(@ny @n, Fu)(t) and Xin(@n, n, Fu)(s) is expressed as

cov (Xiﬂ(am Pny F,,)(t), Xin(am Pn, Fu)(s)) = (18)
k(i)
= Z “-'J'n"ipu(Fn(‘Pl'jn(t) A 50.',«,.(8)) - Fn(‘r”iju([))Fn(‘r"ipn(s))) B

Convergence in distribution can be verified by McLeish’s CLT for martingale differences.
Let us recall that Z;,..., Z, are martingale differences iff

EZ =0, E[Z;|Z,...,2Z;14] =0 forj=2,...,n.

For example, independent variables with zero means are martingale differences.

Lemma 1 (McLeish CLT). Let ¥i,,..., Y., be martingale differences with the fol-
lowing properties:

E max |Y;.| — 0 (19)
j=lyn

Z Yi 402, where ¢? is a finite constant. (20)

=

n
d . . . . ;
Then Y Yj, — Y, where Y is a Gaussian r.v. with zero mean and variance o2.
=

Proof. Cf. {2} or [4]. [n]

Proof of Theorem 1. By the Cramér-Wald Theorem (see, e. g., {9], 111.4.6, p. 217),
it is sufficient to verify the convergence

K I
Y BeXalanon, ) (t) 5 Y B W(t)
k=1 k=1
for arbitrarily chosen Bi,...,8k € R; t;,...,tx € (0,1)* and K € N.
TI)eref?x'e‘ fix KeN; By,....8k € Ri t,...,tx € (0, 1)" and put
Yoo = T B Xin (s tpns F) (14)-
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a) Since Yju,..., Y., are independent then they can be considered as martingale differ-
ences as well.

) Yal < Zk_l 18l 55 |ﬂ;,..| hence
E nax ]Y.,.| < Z |ﬂk| max E |ai;n] — 0. Now (19) follows immediately.

c) We will compute mean and variance of the sum 3 i, Y2,

EY A =3 verki -
i=1

Z Z BuBucov (Xin(an, puy Fa)(tu), Xin(an, n, Fu)(t)) =

i=1

]

i=1 wu=1
n k(in)
= Z BuB.Y Y aijntion (Fu(@ijn(tu) A pipn(ts) —
w,v=t i=1 jp=1

=~ Fu (@isn{ta)) Ful@in(ts))) — }: BuBoH{tu, )

up=1

by (3).
Further,

n

varZKi:Zvaer_ZE m <

i=1 =1
k k(i,n) n
(Z I/iu|> | max Z |aijnl ZEY:, — 0.

u=1 T i=m i=1

Hence, Z 2D Y BuBuH (Lut).
u,v=l1

We have verlﬁed the assumptions of Lf-mma 1 therefore
E E Bu X (@, on, Fr) (L) Z BuW(t,) for arbitrarily chosen I/ € N,
ﬂh ,ﬂu E R, t1,...,ty € (0,1)% The proof is complete. u]

In order to prove Theorem 2, we introduce some lemmas and definitions.

Lemma 2. Let fi,..., fu, g1,-..,0x be r.v.’s with zero mean and E f?¢? < +o0,
Ef? < +oo, Eg? < +o0 for every i = 1,...,n. Let the pair (f;, ¢;) be independent of
all the other r.v.’s for every i = 1,...,n. Then

P(i.f& ig,' Zy) < e2);

i1 j=t

- (isf‘ +ZEﬁZEJ] +4(ZEJ.J.\ )

i=1 i=1 j=1

>,
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for arbitrary y > 0.

Proof.
( o) el (B) (8] =

n n n ki ?
<y ZEﬁszEf?ZEy?H(ZEM-')

i=1 i=1 i i=1

n
e

i=1

o

i=1

2 ¥,

since the other terms vanish because of the independence and zero means of the consid-
ered r.v.’s. a]

The concept of an increment of a stochastic process around a set is crucial in what
follows.

Definition 6. Let X = ((X(2), t € (0,1)?) be a stochastic process and
A= i (@i, b;) € Baypy (cf. Definition 3); then
i=1
AX(A)= Y (-)HE=dx (5, b)) (22)
i
is called the increment of X around A.

The increment of an empirical process has a useful special form.

Lemma 3. Let X,(a,y, F) be an empirical process and ¢;; be coordinatewise non-
decreasing and continuous for arbitrary ¢ = 1,...,n; j = 1,...,k(¢). If F possesses
continuous marginals, it means that the functions

J(#) = F (#((—00,0)" x (—00, 1) x (0,) x (0,1)*"7"P71))

are continuous, then

Xula, 0, F) € Dy(0,1) as.; . (23)
n k(i)

AXu(a,o F)A) = DD ai; (1(X: € pis(A)) = F(ii(4))) (24)
i=1 j=1

d
for every A = X (di, h;) € Byypy-
i=t

Proof. The process has the desired limits at every point of (0,1)%. A confusion may
appear on the lower boundary of (0,1)9, but the probability of such an event is zero
since F is continuons. Therefore, X, (e, o, F') € D4(0,1) a.s. The second part of Lemma
follows immediately since @;; are coordinatewise nondecreasing. Recall that the set
ij(A) was introduced in Definition 4. ]

The convergence in Dy(0, 1) will be proved using the following lemma.
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Lemma 4. Let X, = (Xa(t),t € (0,1)¥)) € Du(0,1) a.s. be stochastic processes
satisfying the following conditions:

There is a stochastic process X = (X(t), t € (0,1)¢) such that X, 4 X. (25)

There exist a, § > 0 and finite measures grp,y 00 By, (26)
forr =0,1,...,d~1; p=0,1,...,d —r —1; ¥ € ¥, such that
(1) every measure g, ,yhas continuous marginals; it means that the functions
S@) = ey ($((=00,0)" x (=00, 1)° x (0,2} x (0,1)*77771))
are continuous;
(i) P(IAXa(A)]> v, |AX(B)| > 1) S 47" (rpu(AU B)'™

d d
for every y > 0, A= X(ai,b), B = X (g hi),
=1 =1
A, B€Byppwy ANB=0, cloAnclo B #0.
Then there exists a stochastic process Y = (Y (¢), t € (0,1)?) such that X, — Y in
D4(0,1).

Proof. Straf [6] or Neuhaus [5] have shown that if X, 4 X and X, satisfy the
tightness condition for D4(0,1) then X,, — Y in Dy(0,1). (26) implies the tightness
condition for X, which is proved in Lachout [3]. jm}

The following moment inequalities will be used in the sequel.

Lemma 5. Let ¢1,...,¢ @ {0,1)¢ — R? be coordinatewise nondecreasing and

continuous. Let .

Y(A) =Y a; (I(X € 9i(A)) - F(¢5(A)), (27)

=1
where X is a d-dimensional random vector with d.f. F, A € Burpy and ay,...,ac € R.

Let A, B € By, p.y be given such that (28)
F(p;(A) N ¢j(B)) = F(p;(A) Npe(A)) = Flpi(A) Np(B)) =0
for arbitrary j, £ =1,...,k,j # £. Then

k k
EY(AY(B) = =3 a;F(vi(4)- 3 anFles(B)); (29)
kJ— F‘—k 2
EY*A) = ZagF(¢j(A))~(ZajF(w(A))) ; (30)
=1 i=1
2

k
EY2(A)Y*(B) < (ZajF(tpj(A))) -3 F(en(B)) + (31)
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k L
+ (Z a;F(w(B))) -3 a2F(p,(A)).
=

p=1
Proof. a) & ‘
EY(A)Y(B) = 3 ajapcov (I(z € pi(A), I(z € ,(B))) =
jp=1
k
= 2 46 (F(p;(A) N 0y(B)) ~ F(pi(A)F(04(B))) =
k k
= =2 aiF(#i(A)- Y aF(ey(B))
=1 p=1
since F(yp;(A) N g,(B)) = 0 by (28).
b) k
EY*(A) = 3 aja, (F(pi(A) N9p(A)) = Flpi(A) Fliy(A))) =
. 3p= \ )
= Y alF(p;(4) ~ (Z%F(%—(A)))
j=1 j=1

since the other members are vanishing by (28).

) k
EYNA)Y(B)= Y a;05050,E{([(X € 9;(4)) - F(vi(A))-
Jrudaidse=1
© (X € 95 (A)) = Flpi(A)) (I(X € 9;,(B)) - Flei(B)))-
- (I(X € ¢i(B)) - Flei(B)))}
Perform the multiplication. Most of the terms vanish according to (28). The other terms

either contain no indicator or contain only one indicator or contain two indicators having
the common set A (resp. B). Thus, we have

EY*(A)Y*}B) = -
k
= Y 0365030, F (¢i(A) F(p5(A) F (pin(B) F (#:(B)) -
fudzgada=l
k
- 4 E ailajz“isaiap(wil('q))F(ﬂ"h(A))F(‘PjJ(B))F(‘Pic(B))+
J1vd2:d3.34=1
k .
+ Y a2a50, F(ei(A) F(ea(B) F(pi(B)) +
Judaa=l
k

+ Y 45,6,0] F (93, (A)) F (035 (A) F (95(B)) <

Judzda=1
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& 2 i & 2
< (ZajF(w(B))) Za:F(%(A)n(Za,-f«‘(ww))) S aF(py(B)). O

j=1 p=1 j=1
We are now ready to complete the proof of Theorem 2.
Proof of Theorem 2. We will verify the assumptions of Lemma 4.
i) (7) and (8) imply (25) by Theorem 1.
d
i) Let A= X(a;,b), B =(gi,h), A, B € Baypy,
i=1

ANB=0and y >0. Using Lemmas 2 and 3 gets the estimation

P (|AXa(an, 0)(A)] >y, |AXn(an, @n)(B)l > y) =

P ( 3Vl > 90 |32 YVl 8| > y) <

i=1 =1

>y)

<y (Z EY.L(A)Ya(B) + Z EKi(A)ijﬁi(BH
=1 i=1 il
n 2
+ 4 (Z EK-n(A)Y.'n(B)) )
= k(i)
where Yiu(4) = Y aijn (I(Xin € pisnlA)) = Faliin(A))) -
=1

Yn(A) has the form and properties required in Lemma, 5. Therefore, by assumption (4),

P (|AXu(@n o) (AN > ¥, [AXa(an, 2u}(B)| > y) <

n  fk(in) K(in)
yﬁ‘1 {Z (Z aij!lR:(‘Pijvl(A))) ° Z} a?pnf‘vl(“’ﬁm(B))+
p=

i=1 \ j=1

In

n it KGim)
+ Y (Z aijnﬂ.(‘?uu(B))) Y ad Fu(@in(A)) +

i=1 \ j=1 p=1

n k(im) n k(imn)

+ XY duFulpin(A) ) [ D0 huFulpan(B) | +
=1 j=1 i=1 p=1
n k(im) Kim) 2

+ 433 anFuleun(A) Y apmFulpin(B) | ¢ <
i=1 j=1 p=1

<

n k{i,n) 2 k(i,;n)
y 2 Z Z laijnl€in | - Z “-?;mcivﬂ : l‘?,p,w(A U B)+

i=1 \ j=1 p=1
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n k(im) 2
+ Z Z a3juCiin | - Hrpu(AUB)+
=1 g=1
o) 3?2
+ 43D Jaiml cin “Hrpu(AU B)
=1 \ j=1

The assumptions (5), (7) together with the fact that prp.v is a finite measure ensure that
P(|AX,.(a,.,tp,,)(A)| >y IAXn(“m y:,,)(B)[ > y) < Wy"l‘f.p,w(/‘ U B)
for some constant W, hence (26) holds.
We have verified all assumptions of Lemma 4 hence Theorem 2 holds. [u]
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