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KYBERNETIKA — VOLUME 381 (1995), NUMBER 5, PAGES 489-507

EXPONENTIAL RATE OF CONVERGENCE
OF MAXIMUM LIKELIHOOD ESTIMATORS
FOR INHOMOGENEOUS WIENER PROCESSES

FrRIEDRICH LIESE AND ANDREAS WIENKE

The distribution of an inhomogeneous Wiener process is determined by the mean func-
tion m(t) = EF W (t) and the variance function b(t) = V(W(t)) which depend ou unknown
parameter ¥ € ©. Observations are assumed to be in discrete time points where the sample
size tends to infinity. Using the general theory of Ibragimow, Hasminskij [2] sufficient con-
ditions for consistency of MLE 9, are established. Exponential bounds for P(|9, — 9| > ¢)
are given and applied to prove strong consistency of D

INTRODUCTION

Inhomogeneous Wiener processes with mean furction m(t) and variance function b(¢)
are continuous stochastic processes W(t), 0 < ¢ < T, with independent increments
so that W(t) — W(s) is normally distributed with mean m(t) — m(s) and variance
b(t) — b(s) and W(0) = U. The functions b(t) and m(t) are continuous and supposed
to be known up to the unknown parameter @ € ©. b(t) is clearly a nondecreasing
function.

Such processes are of interest both of the theoretical and practical point of view.
i1 applications an inhomogeneous Wiener process is often used as a model of the fret
of a technical system. It is supposed that the fret in time interval (s,t) is normally
distributed and the state of the technical system at time ¢t is the superposition of
the independent frets in disjoint time intervals. Let Py denote the distribution of
the process W. Py is defined on the Borel sets of C[0,T], the space of continuous
functions on [0,T]. If b not depends on ¥, then under weak conditions on m(¢, )
it holds Py ~ P,, ¥,7 € © and it’s possible to evaluate explicitly the density
function of Py with respect to P, [3]. If b(¢) is depending on ¥ then Py L P, for
9 # 1. Therefore there is no natural way to develop a reasonable likelihood theory
and we suppose that the process is observed at time ¢; € [0,7], where 0 = t5 <
t1 < ... <t, =T Instead of the values W(t;) we may deal with the increments
W (t;) — W (ti—1) which are normally distributed with mean m(¢;,9)—m(¢t;_1,9) and
variance b(t;,¥) — b(ti—1,9), respectively. We are interested in asymptotic results.
Therefore we suppose that a sequence 0 =40,n <t1n < ... < tg,n =T of partitions



490 ; : ' F. LIESE AND A. WIENKE

of [0,T] is given. In difference to Jacod [3] we suppose, that the decompositions
Zn = {ton, tin, ... tk,n} of the interval [0,7] are nonrandom. Furthermore
we suppose that m, independent replications of the process W are available. The
corresponding differences W;(t; n) — Wj(ti—1,») then form a double array of random
variables. In our asymptotic considerations we do not nessesarily assume, in general,
that both k, and m, tend to infinity. To establish bounds for the probability
P(||1§,, — || > €) where U, is the Maximum Likelihood Estimation (MLE), we apply
the technique from Ibragimov—Hasminskij [2] which was developed for arbitrary
sequences of statistical models. The conditions formulated there imply Hellinger
integrals and Hellinger distances of the distributions from the model. To prepare
the main results we therefore collect in the first part estimates of product measures
whose components are normal distributions. Using these inequalities which include
regularity conditions on m(t, ) and b(t,J) we are able to apply the general results
from [2] to the distribution ﬁ(VVj(ti,n) ~Wi(ticin)), 1<i<kn, j=1,...,my,).
Our main results are the Theorems 2 and 3 which include exponential bounds for
P(||9, — 9| > ¢€). If the function b depends on ¥ then the upper bound established
in these theorems tends to zero with exponentially rate as k,, — 0o. The number of
independent replications need not tend to infinity, m, = 1 is enough. This result
corresponds to the fact Py L P, for ¥ # nifb(t, ) depends on Y. Conversely, if b(t, )
is independent of ¥ then we need an increasing number of replications to guarantee
consistency of the MLE and to derive exponential bounds for P(||9, — || > ¢€). In
the general mixgd situation both k, and m, tend to infinity. Our bounds for the
probability P(||d, — 9|| > €) include this general situation.

In the last part of the paper we apply the exponential bounds to establish the
strong consistency of the MLE 9,,.

If the consistency of the MLE is clear, the asymptotical normality of the MLE in
the present model can be derived with the methods of [5].

1. HELLINGER INTEGRALS OF NORMAL DISTRIBUTIONS

General conditions for consistency of MLE were established in [2]. The conditions
there are formulated in terms of Hellinger integrals. As an auxiliary result we firstly
establish inequalities for Hellinger integrals of special k-dimensional normal distri-
butions. For fixed n let U, be a subset of R¥ and Huiryoui (1=1,...,n; u €U,)
functions with values in R! and (0, o), respectively. These functions are used as
mean and variance of one dimensional normal distributions. We need the following
assumptions: ’

(V1) k [ su 02~] [ inf 02.] - <D
ISiSn,I':)JGU,. “Iligignuev, ™ =1
(V2) n 02. 2
Do -1 <Dallu—ol]* Vu,veUn

i=1 vi
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n 2

(v3) S 1%5 112 > Dyflu— ol Y, v € U,
i—=1 avi

(V4)  (pui = poi)’

: L P < Dyflu—|)® YVu,veU

,Z; olitol T "

(V5) v Z (/LJ’“ ;l;“) > Dsllu—v||? Yu, v €Uy,
where D1, ..., Ds are some nonnegative constants. Let N(u,0?) denote the normal
distribution on R! with mean p and variance 2. Weset fori =1,...,n

1); = (HUi’Jgi)’ u, v € Up.

Definition 1. Let P, @ be probability measures on the measurable space (X; A)
and v a dominating o-finite measure. Let p and ¢ denote the densities. Then

H,(P,Q) = /psql_s dy, 0<s<1
is called the Hellinger integral of order s.

Lemma 1. Let the assumptions (V1), (V2, and (V4) be satisfied. Then there
exists a constant ¢; = ¢1(D1, D, Dy)

b

S (1- Hy (PO, BO)) < eallu— ol

i=1

Proof. An easy calculation shows

172 2
H.(P® py = _1_ et Ll LI oL
%( o )= ( +1)exp 4 ol +0l;

with m; := 0%, /02,. Using the inequality 1 — e=2 < a (a > 0) we get

o 1 1 1 1 (pui — phoi)?
L= Hip(PEL PO) < S (s(mi+1)) - Tlnm 4+ 25— E0
Hya(PE), PSY)) < 2ln 2(7r +1) 4ln7r +4 o2 ¥ o,

We now 1nvest1gate the function g(r) := In (i(r + 1)) — 7In7. An expansion in a
Taylor series at point 1 up to the second order term shows

g(m) > %(7&'—1)2, 0<w <1, g(m)y < %(w—l)z, 1<7< 0.
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Because of g(%) = g(m) it follows

%min(l);}z‘) (m— 1) <g(7r)<éma,x( 1>(w—l)~ (1.1)

By assumption (V1) we get m; > I)l_l and therefore

n D2
;g(m) < ?1;(”1 -

The assertion now follows from (V2) and (V4). o

~

Definition 2. Let P and Q be two probability measures on the measurable space
(X; A) dominated by the o-finite measure v. Let p, ¢ be the densities of P and Q.

Then
= (/lp# —q#I’”dV) "
is called the Hellinger distance of the order m of P and Q for all integer m > 0.

Remark. The Hellinger distance is a metric for m > 1 (see [4]).

Lemma 2. Suppose the assumptions (V1) and (V4) are satisfied. For every integer
m > 1 there exists a constant ¢; = ca(m, D4) so that

awz

To simplify the notations we set

S0 () oo { (g~ ) 252

wi
2m

= (B )aeno = P

k=0

-1 ui vi 2
with A :=exp { (_,u___,u__)_} .

2
8m? ol
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Similarly as in [2] (p. 274) we expand P ()) in a Taylor series at point A = 1. It is

easy to see, that the derivatives P,E« (1) are linear combinations of sums

S; = 22;(—1)’6 (T)k (i=1,...,2j).

S; can be written in the following form:

2 2m o 2m o
_ k _ k k-1 - 2m
s = 30t (k= e (et = e
k=0 k=0 - z=
2m Im 2m m
— k 2 _ k k-2
Sy = Y (-1) (k )k =Y (~1) (k )k(k—l)z
k=0 E=0 z=1
2m
2m\ kg _ o 2m 9 2m
+ Z 1) ( )k . = 6_2'5(2: iand 1) o + az(z - 1) Iz:1~
Obviously, the term S; is a linear combination of 2 (z 1)?™|,=1 (j=1,...,7) and
it holds Sg = S1 = ... = Sepm-1 = 0. Hence P,(,?) P(l) ..P,Sim—l) = 0 and we

get Pp(XA) = (1——)\)’”P,§1m)(¢) with some 3 (0 < ¢ < 1). For the concrete form of the
constant P,Sqm)(ll)) we refer to [2] (p. 276). Using the inequality 1 —e™* < a (a > 0)
we obtain with some absolute constant

N o
(P, P < (1 -y < e (L o)
Owi

Assumption (V1) implies
2 o it Oy
wr — 2D1

The assertion of Lemma 2 now follows from the assumptions (V1) and (V4):

7 i) Hui Hoi
Z pzm(Pé 2“ P{)) < 26D Z ﬁl < 28D Dalfu — o). o

W
u? Vi

Now we estimate Hellinger integrals of normal distributions with different vari-
ances. We recall to the definition to the Hellinger integral in Definition 1 and get
with 7 = 02,/02; :

k 1 k
H (N (pwi, 02;), N(pwi, 0%)) = exp {mlnw— -2-111 (—Q—T;(ﬂ' -+ 1)} .
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Lemma 3. Suppose (V1) and (V2) are satisfied. Then for every integer m > 0
there exists a constant ¢z = ¢3z(m, Dy, Dj) so that

Y Pom (PN, PEY) < esllu = .
i=1

Proof. To evaluate the expression p3™ (P, S) we set m = m; = 02;/02, :

|

2m *
] ] 2m i i
QPR = S0t () P

k=0
:Z:J(—l)k (217) exp {Z]%;lnvr - _;-111 (é%(” - 1)~+ 1)} '

Now let us use the notation s = -2%, gi(m) = 3slnw — fn(sm — s+ 1), fu(m) =

exp {gr(7)} and ,
h(r) =Y (-1 (2;") fi ().

k=0
To expand the function h(7) in a Taylor series at point m = 1 we need the derivatives

of the functions fi(7) up to the order 2m. The jth derivative (j = 1,...,2m) can
be expressed by linear combinations of terms

i

(TL @ ®)*) exp {ge(m)}

i=1
where Z{:l ia; = j for a; € N. We consider the function gx(7) and its derivatives.
By induction one can prove
(i) _ _.1“’1(2.—1)!(1__ si )
g (m) = (-1) T\ (sm—s+ 1/
Then the derivative of gx(7) at point m = 1 is

(1) = (_1)i+1£?:2_1£(3i —s) (i=1,.. 7).

Hence f,sj)(l) is a linear combination of the products

j J
[IG* - ) (Ziai:j; aiEij:L""m)'
i=1

i=1
By termwise differentiation of function h(7) we get

2m

o =S ()

k=0
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Because of the special form of f(“( 1) the term hU)(1) is a linear combin;;tion of S;
(see proof of Lemma 2). Taking into account S; = 0 (i = 1,...,2m—1) h(x) can be
estimated by Taylor expansion at point # = 1 in the following form

2m

h(r) = S(- 1)k ( )f"(&)(vr-l)2m55§‘(w—1)2’"

k=0
where DL‘ < 7 < Dy because of (V1) and 0 < £ < 7. Taking again 7 = 7; we get
P (PY,, PO)) = h(m) < &5 (m, — 1),
Under the ass‘umption (V2) we have
n .
D P (PEL P Z(m —1)% < &Dy|ju— vl?

i=1 i=1

which proves Lemma 3. a

The following inequality was proved in [1], Corollary 3.1.

Lemma 4. Let P, and @, i =1,...,n be probability measures on the measurable
space (X, A). Denote by Py x ... x P, and Q1 X ...x Qp the corresponding product

measures. Then for each m > 1 there exists a constant ¢4 = c4(m) (independent of
n) with

n

P (Prx . X Pa,Qux . x Qu) S ca AP Qi) +ea (D (1= Hy(P, Q1))
i=1

=1

Lemma 5. Assume conditions (V1), (V2) and (V4) are satisfied. For every m >
there exists a constant cs = c5(m, Dy, D2, D4) so that

A, (H P(‘U,HP(Q) < callu— ol

1
2

Proof. Because of Lemma 4 and by using the metric property of pa2m and the
elementary inequalities (a+b)? < 2(a®+b?) and 30, (a?+02)" < (i) @ +b2)™
we get

o (TP TTRR) < oS mri )+ (350 - y(r22. )

<
i=1 i=1 i=1
> oam (P, PR < Z(pzm(l’ﬁfl,l’ﬁf?,Hm (P5’3,>P(’)))
=1 i=1

IA

(Zp (P )+ 3 P2 (B0, P)
i=1
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Since Lemma 2 and 3 hold for every w we get

i (H P,sfz,HP.ffz) < 27 (ealfu = ol + sl — o)
=1 =1

The statement

32 (1= 1y (P P)) < erlu — off
i=1 .

from Lemma 1 now completes the proof. \ ' ’ _ o
Lemma 6. If the assumptions (V1), (V3) and (V5) are satisfied then
- Dy D
() p@) - 3 = — o|]?
T3P P < v { = (7 + ) = vlP}
Proof. Using the notations above and m; = 02,/02; we get:
- (1) pG) - /2 1 (fui — poi)? H
Hi(PE), PEY) e ;
H s e 2( +1) p{ 4 ol +0% } ;
1 = 1 1 (Hui - ,uvz')2
_exp{§§(§lnm ( (7r,+l))—§m) .
Assumption (V1) implies '511" < D;. Using inequality (1.1) for g(w) we arrive at
1
SDZ Z(Tl —1)2< Zln ( (mi +1 ) - ilnm.
0O

The assertion now follows from the assumptions (V3) and (V5).

2. GENERAL CRITERIA FOR EXPONENTIAL RATE OF CONVERGENCE
OF THE MAXIMUM LIKELIHOOD ESTIMATOR

At first we consider a general sequence of experiments (X™; A"; P, Y € O), where
the parameter space © C RF is open. For all n the family P} (¢ € ©) is supposed to
be dominated by a o-finite measure v". For the proof of the exponential convergence
rate of maximum likelihood estimators for inhomogeneous Wiener processes we apply
results from the monograph by Ibragimov—Hasminskij [2]. Let o, be a sequence of
nonsingular k£ x k matrices. We define U,(d) := ¢ }(© — ¥) and denote by p, the

density of P} w.r.t. v
dPI;1

Pn(2n, 9) := —(zn)
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for z, € X™. We assume, that the experiments are homogeneous, which means that
P} ~ Pp for all J,n € © and all n. The likelihood ratio in a localized form is given
by
pn(:cn; 9+ ‘Pnu)

Pn (l'm J) ’

where u € U, (9) and z, € X". Let J,, be a measurable mapping from (X", A") in
(¢, Be) with Be as o-algebra of the Borel sets of ©° so that

Zny(zn,u) =

Znw (xn,cpgl(&n — 19)) = sul? Zn,9(Zn, u)
L uelU,

holds for all ¥ € ©. Then 9, is called a maximum likelihood estimator. Zp9(2n,0)=1
implies
Py (e (@ = 9 2 7) < Py | sp Zno(en,w) 2 1
ful >y
for all ¥ > 0. Hence to prove consistency it is enough to estimate the term on the

right hand side. We denote by G the set of all sequences of functions g,(y) with the
following properties:

a) For fixed n g,(y) is nondecreasing on [0, c0).

b)  For all « > 0 holds Jim y~* exp {—ga(y)} = 0.

n—00

The following Theorem 1 (Theorem 5.1 in [2]) plays a basic role to establish
the exponential rate of convergence in our proof of consistency. It gives general
criteria for consistency and exponential rate of convergence for maximum likelihood
estimators. 1 the sequel we will derive easy manageable conditions on the functions
m and b with the help of this theorem.

Theorem 1. Assume that for fixed n and PJ-almost all z, € X" the Z,, y(zn, u)
is a continuous function of u. Suppose that for every compact K C © there exist
numbers m(K), M(K) and an o > k (k = dim©) and [ > o, such that for all 9 € K

sup fu— [ "EynlZ] o(u) = ZE, () S M1+ R™).(21)
Hullllvli<R :

If there exists a sequence (g,) € G such that for all u € U,,d € K

EonZ8o(w) < exp {=ga(lul)} @

then there exists a ng so that for all n > ng

sup Py (o7 (9n = 9)| 2 H) < Bexp {=bga(H)}, (2:3)
€

where b and B are nonnegative constants, which only depend on K C O.
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Suppose © C R¥ and let W(t) (0 <t < T) be an inhomogeneous Wiener process
with mean function m(¢,9) and variance function b(¢,?9), ¥ € ©. On one side the
process shall be observed at a grown number of observation points. On the other
side we shall assume that independent replications of the process are available. Let
Wi(t),...,Wm,(t) (0 <t < T) be independent Wiener processes with the same
distribution as W(t) (0 < ¢ < T). These processes will be observed at time points
0=ton <...<tg,n <T. Because of W;(0) = 0 for the estimation of the parameter
vector ¥ we can deal with the increments W;(t; ») — Wj(t;—1,n) instead of W;(t; )
without loss of information. The sequence of associated statistical expemments 18
(REnmn: Bknma. P29 € @), where

kn
Pg = H N™» (m(t,‘,n, 19) - T”(ti—l,n, 19)» b(ti,n:ﬂ) - b(ti—lyﬂ: 19))
i=1

Here N™~ is the m,-times product measure. To avoid irregularities let the following
conditions hold. Condition (A2) avoid a degeneration of the model. The considered
increments of the process have always positive variances. For abbreviation we define
Am(tin, 0) = m(tin, 9)—m(ti—1,n, ) and Ab(ti n, 9) := b(tin,d)—b(ti—1,n, 7). As-
sume that the functions m and b behave regularly along the sequence of observation
points.
(AO) 122% (tz n—ti-1 n) < O1gzlm (tz n—ti— 1,n)~
Let © C R* be open and ©° compact. m(t,9), b(t,d) are continuous on
(A1) [0,7] x ©°¢ and differentiable w.r.t. ¢ € [0,7] for all ¥ € ©. Suppose that
the derivative b = 9 is a continuous function on [0, 7] x o°.

Assume that sup supb(t,d) < Bi, 1nf inf b(t,9) > By for some
(A2) 05,2”53( ) ! Tﬂee( ) 2

Bi, B: > 0.

There exist some nonnegative constants c; 3 and ¢y 3 with

A3 kn 2
A3 9 =nll? <k 3 (Ab(ti m, 9) = Bb(ti 1) < enplld =2 V9, 7 € ©.
i=1
There exist some nonnegative constants ¢1,m and ¢z m with Cl,m||19 - 17|[2 <
(A4)

kn
kn Z (Am(ti,n; 19) - Am(ti,n; 77))2 S CZ,m”ﬁ - 77H2 Vl?i n € O.
i=1

Theorem 2. If the assumptions (A0Q), ..., (A4) hold and the sequence Ny satisfies

sup kNm" < 00 (2.4)

n n

n nm
1111121;1f(c1mNn : Nn”)>0 (2.5)
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then for every compact subset K C © there are nonnegative constants B = B(K)
and b = b(K') depending only on K so that

sup Py (\/Np||9n — 9| > H) SBexp{—bF(clmEﬁ+cl kn m")Hz)}
YEK N, N,

for every sufficiently large n and every H > 0 where

e B2 1
= MM\ 1682052 8B,CT )

Proof. We denote by pp(z,, ) the density of P§ w.r.t. the Lebesgue measure
on R*¥»™» and define ¢, = 7;1\,—115, where I is the unit matrix. The notations for

Un(9) = 5 1(© —~ V) and z,, € RFnmn
Pn(Zn, ¥ + @nu)
pﬂ(lﬂa 19)
are the same as in the beginning of this chapter. The continuity of Z,(x,,v) with
respect to u follows from the structure of the density p, as a product of onedimen-

sional normal distributions and the continuity of m(t, ) and b(¢, 9) as functions of
¥. Using the following notation

Py = N((Am)(tin, ¥+ @nt), (Ab) (tin, 9+ pnu))

Zn(Tn,u) =

(i=1,...,k,) we get the relations

SO RPAN Uy HHPW,HHP,U (2.6)

j=li=1 j=1li=1

BonZy o %(HHP““HHP“J : @D

j=1li=1 j=li=1

We set pui = Am(tin, V9 + \/—=u) and o2; = Ab(t; U+ \/__u) We now verify

the conditions (V1),...,(V5). The condltlon (V1) follows from (A0) and (A2). To
establish (V2), (V3) and (V4) we remark that in view of (A0)

T CcT
oI S<tin—ti-in < T (2.8)

Hence by (A2)

B,T 9 B.CT

<

Ckn S Oui S kn ‘ (2.9)

Hence (A3) and (A4) imply
kn 2 32 2
Cl,bkn ”u U“2 < (Uuz Uvz) < c2,bC k “ vllg
(B1CT)2N, = i (B2T)2N,
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C1,m 2 (Huz UM) CZ,mC
—_— iy — <
B oTn, Z 02, + 02 = 2B,TN,

flu— o],

Now we apply Lemma 5 with mpk, instead of n. Because of condition (2.4)

_eapC? mpky, _ egmC mn,
Dr= (g Te) et Dis g (sw )

satisfy the conditions (V2) and (V4). We set & = 1 = 2k in Theorem 1 and m = &
in Lemma 5 and get from (2.6)

) N . N ok m, kn My kn ~
Eon |25(w) = 2750) = o3k | TTTT P TT TT o | < chlln — o)
j=1i=1 j=li=1

for every u, v € U, (¥). Hence condition (2.1) in Theorem 1 is fulfilled. We now turn
to condltlon (2.2). Inequality (2.9) allows us to put Dy = —LA in (V1). Set for
fixed n :

N C1, pMnkn C1,mMn
Dy = —bTnin d  Dy= SLmMn
8= (B,cT)2N, " = 2B,CTN,

then Lemma 6 implies

Ev,nZn%,ﬂ(u) < exp{ (1(15)52 +-——)H H2}

_ _ cl,szmnkn 1,mMp 2
= exP{ (Tepiceoren, + 8B, o) Il

muk
< exp{ F(ClmN +c1,8 n)[[ullz},

where

F=mi Bj ; L >
~ MU\ 16BiC*T?’ 8B,CT )

Now we set’

m. mnk
guz) = F (mN— +ers N)

Obviously gn(z) is nondecreasing in [0, c0). The relation lim v=oo Y~ exp {—gn(y)} =
0 is a consequence of assumption (2.5). The assertion now follows directly from

Theorem 1. . 0O

We reformulate the result of the last theorem by setting H = \/N, ¢, ¢ > 0, N, =
knmy,.
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Proposition 1. Under the assumptions of Theorem 2 it holds

sup Pj (H&n =9I > 5) < Bexp {—bF(cl,mmn + cl,bknmn)ez)} .
JEK

Let us discuss the last proposition in more details. If the variance function b(t, )
of the Wiener process under consideration really depends on ¥ then one may expect
that ¢y > 0. Then if k, — 0o as n — oo one sample (m, = 1) is enough to come to
a consistent estimator. This corresponds to the fact that the distribution of Wiener
processes with different parameter values are mutually singular. If more replications
are available then the rate of convergence increases. If b(¢,9) is independent of
U then ¢13 = 0. Then we have to assume ¢;,, > 0 and m, — oo to guarantee
consistency. Then condition ¢;,, > 0 means that the mean value function m(t, 9)
differs essentially from m(t, ), ¥ # n. The condition m, — oo says that the number
of independent replications of the Wiener process tends to infinity. It is clear that
for b(¢, ¥) being independent of + this condition is nessesary to arrive to a consistent
MLE since the distribution of the Wiener process for different parameter values are
measure theoretically equivalent under weak conditions to the mean value function

m(t, §).

In the following we need a simple technical lemma which is a direct consequence
>f the definition of the Riemann integral.

Lemma 7. Let hy(t) (0 <t <T, X € A) be « family which is equicontinuous and
uniformly bounded. Suppose 0 =g, < ... < i, n = T is a sequence of partitions
of [0, 7] with

1<i<k n—o

max (tln—t, 1,n) == 0. , (2.10)

Then

=2 0.

En T
su ha(t; n)(in —tiz —/ hy(t)dt
sup ; Altin)(t, 1,n) ; A(t)

We now ask for better manageable conditions which imply (A3) and (A4), re-
spectively. Let © C R¥ be open. For € > 0 we set

O ={n:n=9+¢ d€0, [|§|| <e}.
The following regularity condition on a function f(t,) is useful to derive sufficient
COI’ldlthIlS for (A3) and (A4). Set f(t,9) = tf(t 9) and Df(t,9) = (5% o i, 9),
M aﬂ t 19)) »
There exists € > 0 so that f is defined on [0,7 + €) x ©°. For fixed
(4) ¥ € ©° the function t — f(t,) is differentiable on [0,T + ¢) and for

fixed 0 <t < T + ¢ the function J +—— f(t,9) is differentiable w.r.t. the
components of ¥. (t,9) — Df(t, V) is continuous on [0,T +¢€) x OF.
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We introduce a function F' by )

F(ha 8, 67t177) = [f(t + h) T]+ 36) - f(ta n + 86) - (f(t + h: 77) - f(t, n))]h_ls_l
f0<h<e —e<s<e |le]j=1, s#0. Put

F(0,5,¢,8,m) = [f(t,n + se) — f(t,m)]s™"
if —e <s<e |lef =1, s#0. Set
F(h,0,¢e,t,m) = (D)t + h,n),¢) — (DF)(t,n), €)
0< h <e, |le] =1, where {-,-) is the scalar product. Put finally
F(0,0,¢,t,n) = {(Df)(t,n),¢).

Let ©°¢ be denote the closure of © which is assumed to be compact. S; is the closed
unit sphere around the origin. The representation

t+h s X :
ft+h,n)—f(t,n)—f(t+h,n+se)+f(t,n+se) :/ / (Df)(z,V+Ee),e) de dé
¢ 0

shows that (h,s,e,t,1) — F(h,s,e,t,1) is a continuous function on [0, §]x[—5, §]x
Sy x [0,T] x ©° provided f fulfils (A).
Lemma 8. If [ fulfils the condition (A) and {t; ,} satisfies (AQ) then
k
= A tin,n+ se A i,n, 7] 2
wp [$5 (Minnt e = AN
—e<25<e,5£0 i—1 (fi,n - tz—l,n)
e€S;,ne@c 1=
T . . ,
y i
B NUGEO S )P
s
0
Proof. Because of the contmmty of F' on the compact set [0, 5] x [=5, 5] x S1 %
[0,7] x ©° we have
A, = sup m_axiF2(t,~m-ti_lyn,s,e,ti,n,n)—Fz([),s,e,ti’n,n)l = 0
S
and by the definition of F"
k
~ (AN, Y= (ANt n,m)\2
sup Z (( Ntin, n+se) — (Af)(t, T/)) (tim = ticin)
e€S5,,n€0C (ti,n - ti—-l,n)s . '
—e<2s<e,s#0 1151

in = ti_1,n)

_Zn (f('ti,n,ﬂ+ses) - f(li’n’n))Q(t

i=1

IA

kn
E zn_zln :An:rnjoz 0.
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We set A = 7 + se and apply Lemma 7 to f(‘t, 7+ se) to get the assertion. i

Now we introduce the function

Gl by, = LRI = £ il)m—_(f;(lti +h,n) = f(t,n))

on0<t<T, 0<h<e 9,n€O ||d—n||>6>0 and set
f(taﬂ)—f(trn)

G(t,0,9,n) = —~2 1170

(0.9 = ===

G(t, h,9,n) is again continuous. The following lemma may be proved quite analo-
gously to Lemma 8.

Lemma 9. Suppose f fulfils the condition (A) and {t;,} satisfies (A0). Then

& (Af(ti,n, 9) — Af(tin,n)

2
i ) tin—ti_
p (tin — tici)]|9 — 7] (tin —ti1,n)

19-ali>6 1%
9,ngec 11=1

~ /T (f(t,ﬂ) —f(t,n)>2dt

—z 0.
19 —nll

n— 00

Proposition 2. Suppose © C RF is open and bounded. Assume f fulfils condition
(A) and there exist a constant ¢ > 0 so that

[ G = )z o -l (2.11)

for every 9,1 € ©°.If {t; »} is a sequence which fulfils (A0) then there are constants
f1,f,C2,; with

kn
crsll0 =l < kn D (Af(tin, 0) = Af(tin,m)" < easlld—nl* V0, n€0°
i=1

and every sufficiently large n.
Proof. Set

Q(u,v) = flticin+ultin—ticin),n+v(9—n) = fticin,n+v(d —n))
—fticin +ultin —ticin),n) -+ ftici,n, 1)

Using the relation

t+h s R
f(t+h,n)—f(t,n)—f(t+h,n+se)+f(t,n+se)=/t /(J((Df)(wywrée)&)dxd&
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we see that for 0 <u,v <1

[®(w,0)| < sup (DG [tin —ticin] |19 =1l = T1ltin —ticinl 19 =nll-
0<1<T,9€0 4

=4

Condition (A0) implies I's = sup,, k, maxi<i<k, |ti,n — ti—1,n| < 0o. Hence

kn k.
kn 3 1®i(, 0) < kT D [(tin — ticr,n) 219 = nlf* < TITST0 — )%,

1=1 i=1

Putting ¢,y = I'T'>T we get the right hand inequality in the statement. To prove
the other inequality we firstly consider the case |[9~7|| < §. Then d =n+se, ¢ €
S, 0<s< Sands=|J— 7||. The assumption on f says

/’-" (f(t,n+36)"f(t"7)>2dt >e.

S

>
~

Condition (A0) now implies the existence of a constant I'3 > 0 with

I's

- <
min |t — tinl
1<i<kn

kn.

By Lemma 8 we have for all sufficiently large n and alle € 51, —§ <s< £, s #0:

S (Af(tin,®) = Af(tin, )\’
k"Z;( (tin,9) ( 77)

= 19— nll
Af(tin, ) - Af(t,-ﬂ,n))z
= ’ : t'i n = ti_ n) >
N ° ( (ti,n - t,_l’n)”’ﬂ — n” ( ) 1, ) =

This yields the left hand inequality of the statement for || — 7| < £. The case

|9 —n|| > £ may be treated analogously with the help of Lemma 9. O

N o

Now we derive from Theorem 2 easier manageable conditions on the functions
m(t,Y) and b(t,9¥) which imply an exponential rate of convergence of maximum
likelihood estimators.

Theorem 3. Suppose {ti,} fulfils (A0) and © C R* is open and ©° éompact.
Assume that both m(t,9), b(t,9) fulfil the condition (A). Suppose b fulfils (A2).
Put

: 1 T . , )
¢y =, inf —] b(t,J) - b(t,n))" dt 2.12
o.pg0e [0 = qlf? Jy (b(t, 9) - b(t,n)) (2.12)
. 1 T . )
Cm = o,lnrgac TR /0 (m(t,¥) — m(t,n))" dt. (2.13)
LES ]

Then for every sequence 9, of maximum likelihood estimators of ¥ by observation
of m,, independent Wiener processes at the points {tin} (1 < ¢ < kn), and every



Exponential Rate of Convergence of Maximum Likelihood Estimators . . . 505

compact set K C © there are two nonnegative constants b = b(K), B = B(K) so
that with F' from Theorem 2

sup P,;‘(\/knmnllzgn ~9|| > H) < Bexp {-—bF(;cﬂ + cb)HQ)} (2.14)
deEK n

provided ¢; > 0 and k, ;=2 ©o°. It holds

sup Py (v/mnl|9n — 9|l > H) < Bexp {—bF(cm + cokn)H} (2.15)
JEK

provided ¢, > 0 and m, ;=3 ©°-

The proof of Theorem 3 is a direct consequence of Theorem 2 and Proposition 2.
O

The statement (2.14) says that in case the variance function actually depends on
the parameter formulated as condition ¢; > 0 then a sequence of observations at an
increasing number of observation points of one continuous realization is enough to
generate consistency of the MLE. The m, replications increase the rate of conver-
gence. If we only know that ¢, > 0 then the number of replications m, must tend
to infinity to generate consistency. The increasing number of observation points
tin (i=1,...,kn) is only used to realize the left hand inequality in (A4) with help
of the assumption ¢,,, > 0.

An analysis of the proof of Theorem 2 shows that the statement (2.15) continues
to.hold if ky, is fixed k,, = k,,,, but ng is large enough in the sense that the left hand
inequality in (A4) holds with ¢, > 0. If k, = ky,, is fixed and m, — oo then we
arrange the increments of the process W;(t) in vectors

Zj = (Wj(tl,ﬂo)! vvj(“,”o) - VVj(tl,no)’ DR VVJ'(tknD,nu) - VV]'(tknD—l,nn))

and see that Z;,..., Z,, are i.i.d. random vectors. The exponential rate of conver-
gence of MLE is then a well known fact, see [2] and [6].

We ask now for sufficent conditions of the basic assumptions (2.12) and (2.13) in
the special case of k, :=n, t;, = i ;=0,...,n. Consider the expression

T . . 2
IIT—l?IP/o (b(t,ﬂ)—b(t,n)) dt

T k
- m/o/ Z (m+s(n 9N — m))? ds dt

1 1 k. o
= lw—nuZ/o/U ,mzlaﬂ (L9 +s(n=9))

E(t’ ?+ 5(n = 9))(V1 — m)(Im — nm) dtds

1 ! 9 .
_ — > inf A (9
——“0_77”2/0 Ap(9 + s(n = )Y —nll ds-ﬁlg@ 1,6(9),
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where the second last inequality holds because the sum under the integral is a
quadratic form, which can estimated with help of the smallest eigenvalue infgee A1 »(J)
of the associated matrix

T o .
ab db

) = —(t, ) —

4= (| gr gt )

Obvious sufficient conditions for (2.12) and (2.13) are the uniform positivity of the
smallest eigenvalues A 3(¥9) and A; 1 (¥9) of the matrices A;(9) and A, (V), respect-

vely.

1<hm<k’

Proposition 3. Suppose {t;,} fulfils (A0) and ® C RF is open and convex and
©° is compact. Assume that both m(¢,d) and b(¢, ) fulfil the condition (A). If
infgeoe A1,5(9) > 0 and infyecoc A1,m(¥) > 0 then (2.15) in Theorem 3 holds.

Example. Suppose both m(t,?) and b(¢,d) are linear in the parameters, i.e. we
have a quasilinear model

k k
b(t,9) =D 9w (1), m(t,0) = 0;p;(t).
j=1 j=1 ‘
Suppose ¢;, ¥; are continuously differentiable in [0,7 + ¢€). Then

aw) = ([ " hOn) )

It is easy to see that this matrix is nonsingular iff the functions %;(t) are linearly
independent, i.e.

1<l,m<k’

k !
Eﬁjd)j(t) =0 a.s.

j=1

+

w.r.t. the Lebesgue measure holds iff ¢; = ... = ¢; = 0. Consequently the only
conditions on m, b to guarantee consistency in the quasilinear model are the con-
tinuous differentiability of the ¢;,1; and the condition that the model is not over-
parametrized, i.e. the {¢;} and {#;}, respectively, systems are linearly independent.

3. STRONG CONSISTENCY OF MLE

In this chapter we apply the exponential bounds to establish strong consistency of
MLE and to formulate results on the rate of the a.s. convergence.

Suppose (X;A;Py,¥ € ©) is a probability space on which the i.i.d. Wiener
processes Wy, Wy, ... are defined. A special class of sequences of real numbers be-
comes importance in the sequel. Let N, be a given sequence of naturals. Denote by
U({Nn}) the class of all sequences {an}, a, € R! so that

: 00 N
Z ¢ < oo
n=1 -

for every 0 < ¢ < 1. Obvious examples for N, = n are a, = n®, 0 < a < 1/2.
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Theorem 4. Suppose the assumptions in Theorem 3 are fulfilled. The conditions
cy > 0 and {a,} € U({knm,}) imply

%(3gﬁAWmﬂm:0):L
The conditions ¢, > 0 and {b,} € U({mn,}) yield
m(gngwm-wzo):L

Proof. We use the well-known fact (see [7]) that for a sequence of random
variables

sup Xm

n— 00 m>n

m@m&=®ﬂiﬁm<

>€> ot 0

for every € > 0. Using the inequality Py(|sup,,>, Xm| > €) < Y52, Po(|Xi| > ¢)
the two statements of Theorem 4 follow directly from (2.14) and (2.15) and the
definition of U({knm,}) and U({mn}), respectively. O

(Received August 20, 1993.)
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