Kybernetika

Graziano Gentili; Daniele C. Struppa
Minimal degree solutions of polynomial equations

Kybernetika, Vol. 23 (1987), No. 1, 44--53

Persistent URL: http://dml.cz/dmlcz/124774

Terms of use:

© Institute of Information Theory and Automation AS CR, 1987

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/124774
http://project.dml.cz

KYBERNETIKA — VOLUME 23 (1987), NUMBER 1

MINIMAL DEGREE SOLUTIONS
OF POLYNOMIAL EQUATIONS .

GRAZIANO GENTILI, DANIELE STRUPPA

We study the general Bezout equation AIX; + .+ AX, = C, for 4, Cin klx , ..., x,],
k =R or C, and we provide minimal degree solutions for it. The results are also extended to the
case of 4;, C distinguished polynomials in spaces of entire functions with growth conditions.

1. INTRODUCTION

The study of the so called Bezout equation AX + BY = 1, for 4, B given poly-
nomials and X, Y unknown polynomials, has been under intense scrutiny, in recent
years, due to the interest it has in concrete problems concerning multidimensional
systems and control theory. References to these connections can be found, e.g.,
in [6], [7], [10]. In the same direction, the use of difference-differential equations
in the control of delay-differential systems has led to the study of more sophisticated
situations in which the classical Bezout equation is replaced by

6)) AX 4+ . +AX =C,

where 4;, C are now holomorphic function of a given growth at infinity (we will
always suppose, in the sequel, that any common factor has already been cancelled
from (1)). The importance of the study of such an equation is well discussed, e.g.,
in [5], to which we refer the interested reader. Solvability conditions, and the ex- .
plicit construction of solutions to (1), even in the more complex case which arises
when the A; are substituted by matrices of entire functions, are now well known,
and studied in [2], [3], [9]; on the other hand, a recent paper of Sebek in this same
journal, [11], has attacked the question of finding, in the polynomial case, minimal
degree solutions, and these results have provided algorithms to solve (1). More
precisely, Sebek has considered polynomials in two variables and has shown that,
whenever r = 2 and 4, X, + A4,X, = C has a solution, it also admits a unique
minimal degree solution, i.e. a solution whose degree can be given a priori bounds
which only depend on deg(4), deg(B) and deg(C).
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Purpose of this short note is to extend some of Sebek’s ideas to a more general
situation, i.e. to the case in which » > 2, or the 4, C are distinguished polynomials
with respect to one variable (see Section 3, after Remark 9, for the precise definition)
as well as to the case of polynomials in more than two variables.

First, in Section 2, we recall some known results due to Hormander, [9], which
enable us to completely characterize the space of solutions X, ..., X, to 4, X, + ...
... + AX, = 0 in spaces of entire functions with growth conditions; these results
are used, in Section 3, to describe the general solutions to 4, X, + ... + 4,X, = C
(Theorem 5 and Corollary 6). The major applications we are interested in are contai-
ned in Theorems 8, 11, and Corollary 12. In Theorem 7 we show the existence of
minimal degree solutions to (1), for the simple case of polynomials in one variable;
in Theorem 8, this result is proved for polynomials in two variables, but in the sub-
sequent Remark 9, (b), we show how the result can actually be extended to more
than two variables, while Theorem 11 and Corollary 12 deal with the case in which
the 4;, X; and C are distinguished polynomials in #(C") or in Exp (C"), the space
of entire functions of exponential type; we would like to notice that this seems
particularly interesting in view of some quite concrete applications, and is based
on a (relatively little km)wn) global version of the Weierstrass division theorem with
bounds, [1]. Several examples are also given, to illustrate the situation.

2. KOSZUL COMPLEX

In this section we will briefly recall some results due to Hérmander, [9], which
will be useful to study the space of solutions of the Bezout equation (1).

Even though we will be mainly interested in the case of polynomial equations, we
will state the results in a more general situation, in view of their possible applications
to control theory.

Let p be a plurisubharmonic function on C* (i.e. p is upper semi-continuous and
for each complex line Lof C", p| 1. is subharmonic on L) and suppose it satisfies the
following technical conditions:

(i) p{z) =z 0 and log (1 + |z]) = O(p(2));
(ii) there exist constants K, K,, K, Ky > 0 such that if |z, — z,| £
< exp(—K,p(z,) — K;), then p{z,) £ K3p{z() + K.
According to Hormander, [9], denote by A4, = 4,(C") the algebra of all entire
functions f € #(C"), for which there are positive constants 4, B > 0 such that
If(2)] € Aexp(Bplz)), forall zeC".

The cases which are more interesting for the applications occur when p/z) =
=log(1 + |z|) (4, is then the space C[z] = C[zy, ..., z,] of polynomials in C"),
when p(z) = |Im z| + log(1 + |z]) (4, is the space of Fourier transforms of com-
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pactly supported distributions in ") and when p{z) = |z| (here A, is the space of
Fourier-Borel transforms of analytic functionals in C").

Let then Fy, ..., Fy belong to 4,(C") and suppose they satisfy the “corona con-
dition”

N
(2) Y |F{z)| 2 eexp(—Cp(2)) for all zeC" and some ¢, C >0.
=1

As it is well known, this condition is both necessary and sufficient for the solvability,
in A,, of the equation FiX; + ... + FyXy = 1, [9]; it will turn out that (2) also
plays a role in the study of the solutions for F X, + ... + FyXy = 0. Consider
the map Py:(A,)" —» 4, defined by Pig,, ..., gy) = F1g; + ... + Fygy. In order
to study the kernel of such a map, one introduces its Koszul complex as follows:
let I, denote the set of all differential forms % of type (0, r) with values in the exterior
algebra A°C" and such that, for some K > 0,

ﬁh(z)}z exp (—2Kp(z))di < + o0,

where dA denotes the Lebesgue measure.

The Cauchy-Riemann operator & defines a map from all of L, to L ; (6h is defined
in the sense of distributions on each component of k). Notice that the map Py: Az -
— A, extends naturally to a map from L} to IS and, more generally, to a map (which
we will denote again by Pp) from L** to I defined by

N
(Peg)y = Y. g,;F; for geL', |l =s.
=1

It is clear that P and 0 make L into a double complex (i.e. P; = 8* = Oand Py d =
= §Py), and the main result proved by Hérmander states, [9]:

Theorem 1. For every g € L, with 8g = Ppg = 0, one can find he I** such that
0h = 0 and Pph = g.

The case we are interested in is when » = 0, s = 1; in this case g € A) (since 8g = 0)
and the theorem gives a simple characterization of the kernel of Pp; in order to clarify
the statement of the theorem, let us consider the simple case in which N = 3, Then if
g € L, we have g = (g4, 9>, g3), With g; in A, and Ppg = 0 means g,F, + g,F, +
+ g3F3 = 0; on the other hand if h in L, is 8-closed, it is h = (hy3, hy3, hy3) With
hj in A, Finally Pph = (hy,Fy + hy3Fa, —hoFy + hy3Fa, —hsFy — hysFy),
therefore Theorem 1 says that if g € Af, and Ppg = 0, then

g = (aF, + PFy, —aF; + yF4, —BF, — yF,),
for some «, B, y in 4,. But
(«F, + BFs, —aF, + yF3, —~BF, — yF,) =

= ofF,, —F,0) + B(F3,0, —F,) + 7(0, F3, —F2),
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i.e. the kernel of Py is given by all the combinations (with functions in 4,) of its
“obvious elements”. Theorem 1 states that this situation occurs for all N.

Remark 2. In the case of polynomials, i.e. when p(z) =log (1 + |z[), condition (2)
is known to be equivalent to the fact that the polynomials F; have no common
zeroes (this is an immediate consequence of Hilbert’s Nullstellensatz), so that Theorem
1 describes the kernel of the map P, for Fy, ..., Fy polynomials with complex
coefficients and no common zeroes in C".

Remark 3. For complex polynomials, weaker conditions are sufficient to imply
the conclusion of Theorem 1; indeed if F,, ..., Fy form a regular sequence (i.c. F;
is not a zero divisor in C[z,,..., z,]J{(Fy, ..., F;_y) for all j =2,...,N, [12]),
one knows, [8], that the variety V' = {z € C" F(z) = ... = Fy(z) = 0} is a complete
intersection and that the kernel of P, is trivially generated as in Theorem 1; the same
holds true for the case of entire functions with no growth conditions: we refer the
reader interested in these questions to [8], Chapter 5. On the other hand, if one is
interested in entire functions in 4, and condition (2) looks too strong, one can still
generalize the notion of regular sequence in such a way that the cohomology of the
Koszul complex described before is trivial; this has been done (in order to study
some related problems in harmonic analysis) in [4], and has led to the notion of
slowly decreasing N-tuple of elements in 4, for such N-tuples (we refer to [4]
for the definition, which is quite complicated) the conclusion of Theorem 1 still
holds.

For practical applications, it is often useful to consider the Bezout equation for
polynomials with real coefficients in &". It is therefore of interest the following

Corollary 4. Let g e [R[x,,...,x,]]¥ be such that Fg, + ... Fygy =0 for
Fy, ..., Fy a regular sequence in R[x,, ..., x,]. Then there is  in [R[x,, ..., x,]]¥
such that Pyh = g, for N = (’2")

Proof. It is enough to separate the real and the imaginary part in equation (1),
and to look at the case r = 0, s = 1 of Theorem 1, in view of Remark 3. O

3. MINIMAL DEGREE SOLUTIONS

In [10], Sebek studies Bezout equations of the form AX + BY = C, where A, B,
C are given polynomials in R[x,, x,] and X, Yare to be found in R[x,, x,], and his
main tool is the knowledge of a simple description of all solutions X, Y of AX +
+ BY = 0.

Here we employ the results stated in Section 2, to study the more general Bezout
equation
(1) AX, + ...+ 4X, =C
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with 4;, X;, C in A4,/C"). and 4; satisfying (for example) condition (2). Because
of the linearity of (1), we can easily prove:

Theorem 5. Suppose A; € A,(C"), i =1,....r, satisfy (2), and let X' = (X}, ...
..., X}) be any particular solution of (1). Then the general solution of (1) is

X=X + PH
with H in (4,), for F = (;)
Proof. It follows from the linearity of (1) and from Theorem 1. a

Notice that, in Theorem 5, condition 2 could be substituted with the request
that the 4, form a slowly decreasing r-tuple, as pointed out in Remark 3.

Corollary 6. Let 4, Cek[xy,...,x,], i=1,...,r, k=R or C, and suppose
that the 4; have no common zeroes or that they form a regular sequence. Let X' =
= (X1, ..., X,) be a particular solution of (1). Then the general solution of (1) is

X=X +PH
with Hink[x,, ..., x,J, F = ('2>

Proof. In case the 4; have no common zeroes, it is an immediate consequence of
Theorem 5; if, on the other hand, the 4; form a regular sequence, the result follows
from Remark 3 and Corollary 4. O

We now turn to the discussion of minimal degree solutions for equation (1). In
the case of n = 1 variable, the situation is quite simple, as we can employ
the Euclidean division algorithm to prove:

Theorem 7. Consider equation (1) in k[x], k = R or C, with the A; without
common zeroes. Let d, = deg(4,) < deg(4;) = d; for all i = 1, ..., r. Then there
exists a solution X = (X, ..., X,)to (1) withdeg (X;) £ d, — 1foralli =1, ...,r —
— 1. Moreover if deg(C) < max (d,) + d, — 1, one has that X can be chosen
with deg (X,) < max (d;) — 1.

Proof. By Corollary 6, every solution of (1) can be written as X = X' + P,H,
for X' a particular solution, and H any element of k[x]F (the existence of X’ is a con-
sequence of the fact that the 4; do not have any common zero, as we remarked in
Remark 2). Let then

H= (le, Hls, cees lea sts H24, L) HZr’ H34s vy Hr—l,r) B
so that
PH = (Hj,Ay + ...+ H, A, —H 4, + ... + Hy A, ..., —H A — ...
_Hr‘l,rAr*I) .
Now
X, =X{+HpAd, + ...+ H A,
by applying the Euclidean division algorithm to X; we get (if deg (X)) < d,, since
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otherwise X is already as required by the thesis)

X = A4 + AP, deg(4})=d, -1,

X, = AP + Hodp + .+ (Hy, + A1) 4,

Since the H;; are arbitrary polynomials, we get X; = A}? by taking H,; = 0 for

j=2..,r—1and Hr = —A}!". With this choice we have (as H,, = 0)
X, =X5 + Hy3A5 + ... + Hy 4,
repeat the argument dividing X3 by 4,:
Xy = A A" + AP, deg(4))sd, -1

X, = A2 + HysAs + .o+ (Hy + AP 4,5

now take H,; = Oforj = 3,...,r — L and H,, = —AZ".
By repeating this argument r times we get the solution

X, = A:Z
X, =42
;{71 - Ar—l,z

X, =X+ AV A +... +A704,_
which satisfies the first part of the thesis. The second part is now trivial.

‘We now give an example in which this method is worked out explicitly:

a

Example. Let r =3, and 4, = x> + x + 1, 4, = (x + 1)}, Ay = (x ~ 1)%,
C= —x*—4x® + x* — 2x + 1. It is immediate to verify that X' = (x*, —x%,
x% + 1) is a particular solution of the equation 4,X; + A,X, + A;X; = C. There-

fore a general solution of this same equation is given by
Xy = x4+ H,(x> +3x% + 3x + 1) + Hyy(x? - 2x + 1)
X, = —x2 = Hp(x> + x + 1) + Hpa(x> = 2x + 1)
X,

for Hy,, Hy3, H,3 any polynomials in R[x].
Divide X’ by 4;:

x?* + 1= Hyg(x? + x + 1) — Hys(x® + 3x2 + 3x + 1),

= (x% - 2x + 1) (x + 2) + (3x — 2)

with A} = x + 2 and 45% = 3x — 2. Taking Hy3 = —(x + 2) and H;, =0,

we have the solution
X, =3x-2
X, = —x? + Hy(x? = 2x + 1)
Xo=x2+ 1+ (x+2)(x* + x + 1) — Haa(x® + 3x> + 3x + 1).
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Repeat the argument for —x?, i.e. divide —x2? by 45 and get
—xt=(x2 - 2x+ 1)(=1) + (=2x + 1)
with A3' = —1, 4%* = —2x + 1. Taking now H,; = 1, we finally obtain

X = 3x-2
X,=-2x+1
X5 = x2 +2

which is the solution which satisfies the thesis of Theorem 7.

We now turn to the case of n = 2 variables.

Theorem 8. Let A4,, Cek[u, w], i=1,..,r, k=R or C, and suppose that
the A,’s have no common zeroes or that they form a regular sequence. Let the equa-
tion (1) be solvable. Consider 4;, C (i =1,...,r) as polynomials in k[u][w] of
w-degrees d;, d respectively:

Ar=af +aPw+ .+ aPdwh (i=1,..,7)
C=co+cWw+ ...+ e,
If
(3 ged (af?, ) =1
for all i, j such that i # j, and if
d = max {d; + d;, d}
i+
then there exists a solution X = (X, ..., X,) of equation (1), such that
’ ’ deg,(X)Sd—d; (i=1,...,7). '

Proof. By hypothesis, there exists a solution X’ = (X1, ..., X;) of equation (1).

Set deg, (X;) = k; and
X

P xPw L+ xR (=1,

If there exists 1 < i < rsuch that k; + d; > d, then it is not possible that k; + d; =
2 k; +d;foralli # j, 1 £ j £ r;in fact, if this is the case, we obtain from (1) 4
‘ xPaPwkrd = 0 ,

x,(‘f)af,i‘) =0

which contradicts the assumption on the degrees of X} or A;. Therefore we can
assume that (up to a permutation) there exists 2 < s < r such that

ky+d=...=ki+d;=max{k, +d}=M>d
1=psr .
and that
kgt d, <MD .
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for s < g < r. Let us consider, in equation (1), the coefficient of w”. We obtain
the equation

APHD + ok DK = 0
ie.
(1 1 (2),.(2 (.
@)% = —(ax + .+ %),
and, by (3), we obtain that
(4) XD = a@a® 14 a9

for some o in k[u], i = 1, ..., s. Nevertheless we know, by Corollary 6, that the
general solution of (1) is X = X' + P,H, with in [k[u, w}]F = [k[u] [w]}. Hence
we can write

X, =X, +HA, + H3A; + ... + H A,
X, =X — Hpdy + Hpsdy + ... + Hp 4,
G

X=X, - HAd — .. —H | Ay + Hy Aoy + o+ H A,

X, = X~ Hyd, — ...~ H,_, 4,

It turns out that k; ~ d; > Gforalli +j, 1 £i<5,1<j<s. In fact we have,
for such i and j,
ki+d;>dzmax{d, +d} 2d; +d,,
s¥k
which implies k; > d;. Let us now choose, in (5), Hy, = —a®@wi % H =
= —owh "% and H,; =0 for i+ 1 or j % 2,...,s. By (4), we obtain a new
solution (X7, ..., X}) of (1) with deg, Xj < k; ~ 1. Moreover for i = 2,...,s we
obtain that
deg, (Hyd)) S ky —di+dy =k, +d; —d; = k;.
and therefore that
deg, (X7) < k;

for i = 2, ..., r. The assertion of the theorem now follows by iterating the argument
above. O

Remark 9. (a) Notice that, as Sebek did in the case r = 2, [11], hypothesis (3)
in the theorem above can be weakened by requiring only conditions similar to (5b),
Theorem 2 of [11].

(b) Tt is, of course, interesting to ask whether Theorem 8 can be extended to
n = 2 variables. If one follows through the proof, it is clear that the restriction
n = 2 is only used to obtain (4), so that our theorem actually holds for all n, if one
only assumes that all subsets of ai, ..., afY form a regular sequence in the sense
of [12]. '
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(c) We finally observe that the hypothesis on the A, forming a regular sequence,
is not necessary since it is used to prove that all solutions of (1) are of the form (5),
while all we need is to use the fact that all r-tuples as in (5) are solutions of (1).

Let us now apply our procedure in a concrete situation:

Example. Let r = 3, and let 4, = 1 + uw, Ay =u? + w, Ay =1+ (1 +u)w,
C=1+1+u+2u®)w+(1+u®—u?)w?+ (u—u®)w. The hypotheses of
Theorem 8 are obviously verified, and a particular solution of the associated Bezout
equation is given by X7 = u + u?w + w? + w*, X} = (—w? — uw®) and X} = 1.
According to Theorem 8 we obtain a new solution by taking

X, =u+ww+ w+wt + (=w) (@ + w) =+ utw o+ (1 - u)w?
X, = —wd —uw® + (w1 +uw)=0
Xy=1.

It is now immediate to verify that (X, X,, X;) is a solution of equation (1) and that
deg,, (X;) £ deg (C) — deg(C) — deg(4,), i = 1,2, 3.

We now proceed to give a final application of the previous results by considering
the equation

(6) AX + ...+ AX, =C

with 4;, C distinguished polynomials in #(C"), the space of entire functions, or
in Exp (C") = 4,(C"), p(z) = |2|, the spacc of entire functions of exponential type
(but other spaces 4, of entire functions might as well be considered); by this we
mean that if { = (z, w)eC", ze C"™*, weC, there are entire functions (in ")
a(z),efz), 1 <jSr 0=i<d; =deg(4;), 0 <k <t =deg(C), such that

4 t
40 =L al(@)w, a0 = Ealz)w.
i=0 K

=0
We are interested in finding solutions X; to (6) which, too, are distinguished poly-
nomials in #°(C"), and for which the degree in w is minimal.

Remark 10, For our next results, we need to use a global version of the Weier-
strass division theorem which can be found, e.g., in [1], Lemma 1, page 96. What
is most interesting in the treatment of []] is the fact that very precise bounds are
given on the growth of the quotient and the remainder of the division of an entire
function by a distingushed polynomial. More precisely, the bounds given in [1],
Lemma 3, together with Remark 5 and the proof of Lemma 5, show that if F and P
belong to Exp (C"), and P is a monic distinguished polynomial, then F = GP + R,
with G, R € Exp (C"), R a distinguished polynomial of degree smaller than P.

Theorem 11. Suppose that (6) has a solution in #(C"), and suppose that af? = 1.
Ifd, < d; for all j, there exists a distinguished polynomial solution to (6) (i.e. in which
all X; are distinguished with respect to w), with deg(X,) £ d, — L foralli = 1,...
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..or¥ — 1. Moreover if deg(C) < max(d) + d, — 1, X, can be chosen with
deg(X,) < max (d)) — 1. ‘

Proof. It runs exactly as in Theorem 7, with the Euclidean algorithm replaced
by the Weierstrass division theorem. O

Corollary 12. The same result holds true if 4; and C belong to Exp (C"). In this
case the distinguished polynomials X; can be found in Exp (C") as well.

Proof. As for Theorem 11. We now use the Weierstrass division theorem with
bounds as discussed in Remark 10. [}
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