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KYBERNETIKA — VOLUME 32 (1996), NUMBER 4, PAGES 409-424

ON A METHOD OF ESTIMATING PARAMETERS
IN NON-NEGATIVE ARMA MODELS

JITKA ZicHOVA

The purpose of this paper is to introduce a method of estimating parameters in non-
negative ARMA processes. The method is a generalization of the procedures which were
derived for autoregressive and moving-average processes. The estimates are constructed
in the form of minima of certain fractions or some functions of these minima. A theorem
concerning the strong consistence of these estimates is proved and its applications to the
models ARMA(1,1), ARMA(2,1) and ARMA(p,1), p > 2 are demonstrated.

1. INTRODUCTION

Non-negative ARMA processes are investigated in this paper. A method of estimat-
ing parameters of these processes is introduced. This method is a generalization of
a procedure proposed by Bell and Smith in [3] and used by Andél in [2].

Bell and Smith considered an AR(1) process

thng__l—I-e,, t=1,...,n,

where 0 < b < 1, ¢; > 0 is a strict white noise, this means a sequence of independent
identically distributed random variables, and X > 0 is a given variable independent
of e1,...,en. They constructed the following simple estimate for the parameter b
X1 X Xn )

b*:min(——, == ...,
Xo X1 Xn-1

They proved that b* is strongly consistent if and only if the distribution function F'
of the white noise e; satisfies the condition

F(d)—F(e)<1 forall0<c<d< oo. (1.1)

A natural way to generalize the above estimate to some other time series models is
to derive the estimates in the form of minima of certain fractions or some functions of
these minima. Andél proposed such estimates in non-negative first and second order
moving average processes. In the MA(1) model which is defined by the equation

Xi=er+ae,_y, t=1,2,...,n,
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where e; > 0 is a strict white noise satisfying (1.1) and 0 < a < 1, the estimate

N . X+ X
a = min _—
2<t<n—1 X

was proposed.
In the MA(2) process

Xz:et-}—ale,_l-f-aget_g, t:l,?,...,n,

where e; is the same as in the previous model, a; > 0, az > 0 and all roots of
the polynomial z? + a;z + a3 lie inside the unit circle, the following estimates were
derived

N Xig1 + 33X
a; = min ———_ T
2<t<n—1 X
. . Xepa+H2X e+ Xi—2
ay = min }
3<t<n-2 Xt

The strong consistence of the estimates a*, a}, a3 was proved and some approxi-
mations of their distribution functions and means were constructed in [2].

Similar estimates were also found in non-negative second order autoregressive
processes, but their convergence is slower than in the case of estimates obtained by

other methods.

The subject of this paper is estimating parameters in non-negative ARMA pro-
cesses using a generalization of the method published by Andél in [1] and [2]. If the
ARMA process X; is stationary it can be written as a linear process. Some appro-
priate fractions are chosen such that their minima are strongly consistent estimates
of the coefficients of the linear process X;. The estimates of the parameters of the
ARMA process X; are then found as a solution of a system of linear equations.

2. ASSUMPTIONS

We shall consider a non-negative ARMA model which satisfies the following assump-
tions through the remaining part of our paper.

A.1 Let e; > 0 be a strict white noise with p, = Ee; < co and Ee;? < 0.
A.2 Let F(y) = P(e: < y) be the distribution function of the random variable e;.
A3 Let 0< F(y) <1lforally>0.

A4 Let ay,...,aq, b1,...,b, be real numbers such that 0 < a; <1, 7=1,...,q,
0.<._bJ’ j:l,...,p.

A5 Let | ‘ »

Za,--i—}__:bj #0.
j=1

i=1
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A .6 Let the polynomials
g—1 p—1
O(z) = 22+ Y agpz*, W(z) =28 =) by
k=0 k=0
have all roots inside the unit circle and let they have no common roots.
A.7 Let X, be ARMA(p, q) process defined by the equation
Xi = Xe1+ ...+ prt—-p +er+ajei—1+ ...+ Qqet—q. (21)
3. REMARKS
Remark 3.1. Define a; = 0 for ¢ > ¢. The process X; can be written in the

following form

o
Xi = E Ck€t—k,
k=0

where
min(j,p)
co=1, c¢=a;+ E bicj_; for j>1.

i=1

Remark 3.2. Let n be a positive integer and let §; >0, j =1,

...,n. Denote
n-1
B=3_ Bu-s
j=0
If B3> 1 then there exists z > 1 such that
n—1 ) o~
R
j=0 :

Proof.If 8 =1, we put £ = 1. Consider # > 1. When we define a polynomial
n—1 )
f(t):tn—Zﬂn—jtJ) tER:
i=0

we have f(1) =1 -8 < 0 and f(t) — oo for t — oo. Thus there exists £ > 1 such
that f(z) = 0. 0

Remark 3.3. The parameters b;, j =1,2,...,p are less than one.
Proof. The roots of the polynomial ¥(z) lie inside the unit circle. It follows
from Remark 3.2 that by +...+b, <1. Since b; >0, j=1,...,pweget b; < 1,j=

1,...,p. O
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4. MAIN RESULTS
Let a realization X1, X3,..., X, of the process (2.1) be given. Let k,m < n be

non-negative integers, m+1 < n —k, r; = ri(k,m) >0, i = 1,...,m. Consider the
following variables

i=1

m
Vi Vilk,m) = 5 (Xm + ant_i) . (4.1)
t

We can write according to Remark 3.1 . .

1 %) m l 0
Vi=— c; (Ct+k—j + T‘iet~i—j) =5 Z QjCi—j,

where
oj = aj(k,m),
@ = cg4j forj=—k,—k+1,...,0, (4.2)
min(j,m)
aj = Ck4j+ Z cj—iTi forj=1,2,... (43)
i=1
Denote o
Pj = P](k',m) =2 fOI’j > O,Cj -‘/2 0 (44)
Cj
and define
Pj = oo for negative j and for ¢; = 0. (4.5)
Let the coefficients r; be chosen in such a way that
rgln’cP] = P, # 0 exists for some s >0, ¢, # 0. (4.6)
i>—
Such numbers r; can be found in ARMA(p,q) models defined by (2.1) with a; > 0,
i=1,2,...,qand b; > 0, j = 1,2...,p as we can see in some models of this type in

(6] and in the case of ARMA(p,1) models, p > 2 in the next section.

Theorem 4.1. Denote

My = My (k,m) = Vi for m+1<n-—k,

min
m41<t<n—k
where V; is defined in (4.1). Then
Mk = Ps +

min  z,
m+1<t<n—k

where P, is defined in (4.6),

o0
zi(k,m) = (X7 Y Nery,
j=—k
Aj = Aj(k,m)>0 forj > —k and X\, =0

-

2t
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and

min zz — 0 a.s. for n — co.
m+1<t<n—k

Proof. It is not difficult to prove that

[e ] oo
ch < oo and Zaj<oo.
j=0

j=—k

Using the condition (4.6) we can apply Theorem 6.1 to the sequences {

and we obtain

My = P, + min zt,
m+41<t<n—k

where

413

a;} and {¢;}

z = (X,)! Z Ajer—j, Aj >0 for j > —k and X; =0.

j=—k
Here s is the index defined in (4.6). It is easy to show that

Aj = cpyj forj=—k,... -1,
Xo = 0 for s =0,
1 min(s,m)
Ao = ¢k — g; Chts + Z cs—ir; | for s >0,
i=1
min(j,m)
Aj = cpyj + Z Cj—iTi — CjCk fors =0,7=1,2,...,
i=1
min(j,m) ) min(s,m)
'\j = Ck4j+ Z cj—iri_gf Ck4s+ Z Cs_iTj for s>0,7=1,2,
i=1 i=1

Define random variables w; = w:(k,m) a R, = Ry(k, m) as follows

e}
we = (et)_l Z /\jet_j,

j=—k
o0
R, = Z Ajei—;  foru > —k.
j=u+l
Clearly,
o0 oo
ERY=FEc ; > M4pl > M)
j=u+l i i=ut1
1#£7
Since

oo
cs 70, chz-<oo,

j=0

(4.7)
(48)

(4.9)

...and A, =0.
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we have with respect to (4.7)-(4.9)

[e e
Zx\?<oo.

j=—k

Therefore ER2 — 0 for u — oo from which we immediately get P(R. > §) — 0 for
arbitrary 6 > 0. This means P(R, < 6) > 0 for sufficiently large u. Let € >0, v > 0
be given numbers and choose u such that P[R, < ey(k + u+2)"'] > 0. Then

Plwy<e) = P ZAje,_j+Ru<eet
ji=—k

= €Y ey

> Nej <—"r—) . P{R, < ——— ) P

) jgkp(’e”—ﬂuw) (R—k+u+2> (¢>7)
- £y ey

> [ < — 20 Y.

N jl__IkF[(Hqu?)Aj] P<R“‘k+u+2> Ple>7)>0.
A #0

Since z; < wy, we also have P(z; <€) > 0.

Denote {y:,t = 1,2, ...} the sequence of indicators of the events {z;: < ¢}. The in-
dependent identically distributed random variables e; represent a strictly stationary
and ergodic sequence. Therefore the sequences {2}, {y:} are according to Theorem
VI1.6.3, p. 394 in [5] strictly stationary and ergodic. Thus

1 n
;Zyt — Ey1 = P(z; <€) >0 as. for n— o0
t=1

and infinitely many events {z; < £} occur with probability 1. This implies

min zt — 0 a.s. for n — oco. 0
m41<t<n—k

Corollary 4.2. The random variable M} from Theorem 4.1 is a strongly consistent
estimate for P;.

Remark 4.3. The fractions P; are functions of the parameters dl, . , aé, b1, ..., by.
The function P, = Ps(ai,...,a,,by,...,b,) has a simple form when ry,...,7,, are
such that
P, = P,
kT
Indeed, we have Py = o = ¢k, but aj, j =1,2..., are linear combinations of the

coefficients c;.
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5. ESTIMATING PARAMETERS IN ARMA MODELS

Applying Theorem 4.1 to the models AR(1), AR(2), MA(1) and MA(2), we obtain
the results published in [1] and [2]. Strongly consistent estimates of the parameters
in ARMA(1,1) and ARMA(2,1) models were derived using Theorem 4.1 in [6] and
we show them in a brief review. Then we derive strongly consistent estimates of the
parameters in ARMA(p,1) model with p > 2.

5.1. Model ARMA(1,1)
The process X, is defined by the equation
Xi=0hXi1+e +ajey, 0<ayg, by <1

We have the following strongly consistent estimates for ay, b;:

4. =  min X t2Xe
in 2<t<n—1 Xt 1in,

5 o X
by, = M;= min el
1<t<n—-1 Xy

5.2. Model ARMA(2,1)
The process is defined as follows
Xt =01 X1 + 02 Xe 2+ e+areiy, 0<ay, by, by <1.

The strongly consistent estimates for a;, by, by are

. Mz — My M,
= M- BT
Qin 1 MZ_M12 )
- M3 — M1 M,
b = oMb
My — M;
3 _ M2 — M) M;

They represent a unique solution of the system of equations

My = @+ b,
My = b1(a1+b1) + by,
Ms = (b3 +4b2)(a1 + by) +bibo,

where My, M,, M3 are defined in Theorem 4.1.

5.3. Model ARMA (p,1)
The process X; is defined by the equation

Xe=b1 Xso1+b2Xea+. . +0pXi p+er+arey, p>2,0<ay,by,.. .0, <1,
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Another expression of X; is according to Remark 3.1

o0
Xi = E Cret_k,
k=0

where

co=1, c¢1=a;+by, ca=0bie1+by, ...,
Cp-1 = blcp__z +b26P_3 + . ..+bp_1,
¢ =bicj1+bacj_a+ ...+ bpci_p forj=p,p+1,...

Put m = p in (4.1) and consider the variables
1 P
Vi = *X‘; (Xt+k + ;riXt—i) .
They can be written in the form
1 &
Vi= —Xt—j;k ajei—j.

Here we have with respect to (4.2) and (4.3)

o = cgqj forj=—k,—k+1,...,0,
min(j,p)
o = Cr4j+ Z cj—ir; for j=1,2,...
i=1

and according to (4.4) a (4.5)

Po= forj=01,2...,¢#0,
]
5 = oo forj=—-k,—k+1,...,~1 and for ¢; = 0.

Since Py = ¢ we get the condition
I_n>ig P;=PFyifandonlyifcy < P; forallj>0
iz

which leads to the following system of inequalities for a fixed &

CkCj < Ckgj +T1Cj -1+ T2Ci_2+ ...+ T, 1=12,...,p-1,

CrCj < Cpqj +T1Cj—1+Tacj_a+ ...+ 1pCip, J=p,p+1,...

(5.3.1)
(5.3.2)

We can easily prove some properties of the coefficients ¢ by complete induction.

These properties are summarized in Lemmas 5.3.1-5.3.3.
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Lemma 5.3.1. Let p > 2. Define A4y = 0, A; = 1, Bp = 1, By = 0. Then
cr = Axcy + By for k > 2, where

min(k,p) min(k,p)

Ap = b1 Ag_1+ Br—1, Ap = Z bjAr_j, By = Z bjBy_j.

Lemma 5.3.2. The numbers A, By from Lemma 5.3.1 satisfy

Ap <2572 By <22 fork >2.

Lemma 5.3.3. The coefficients ¢, satisfy

cr, < 3-2F2 fork =2,...p,
Cp+1 S 3-21)—1—-1.

The solutions of the system of inequalities (5.3.1), (5.3.2) are introduced in the
following three Lemmas.

Lemma 5.3.4. Let k = 1. If the numbers 71, r2, ..., r, satisfy the condiotions
Ty > 2, (5.3.3)
rp>3.-2°Y j=2,...,p-1, (5.3.4)
rp > 2 ' (5.3.5)

then they represent a solution of the system of inequalities (5.3.1), (5.3.2).

Proof. Consider j = 1. The first inequality from the system (5.3.1) can be
written in the form

¢? — co < ry. ’ 5.3.6
1 =

We have with respect to the assumption A.4 and Remark 3.3
c%—~02:a§+albl —b2 52

Thus 7; > 2 can be chosen as a solution of the inequality (5.3.6).
Let j > 2. The inequalities from the system (5.3.1) can be written in the form
clc]-—cj+1—rlcj_1—...—-'r’j_1c1Srj, j:?,...p—l. (537)

The left side of the inequality (5.3.7) can be rewritten as

Jj+1 j-1
clzbc]_, Zbc]_H ,—ZT‘,'C]‘_,;
i=1 .

j-—l
= b ;C1 — bz+1 - T'Z)C] —i+ Clb - bIC] b]‘+1
1 .

1=
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j—2
Cc1 Zbicj—i + c%bj__l -+ Clb]'
i=1
j—2
< Y62 rp6=3.270 j=2,...,p-1

i=1

IN

The last upper bound was found using Lemma 5.3.3. Therefore a solution of the
system (5.3.1)isr; >3-2771 j=2... p+ 1.
The inequalities from the system (5.3.2) can be written in the form

cic; < cjpr+rici—1+ .+ rpci—p, J=pp+1,.

or equivalently as

p—1 p-1
c1 2 bicj—i + c1bpcjp < Z (big1+14) Ci—it+bici+rpcip, j=p,p+1,... (538)

i=1 1=

-

The inequality (5.3.8) is satisfied if ; > ¢1b6; — byyy, i =1,...,p— 1 and r, > c1b,.
With respect to the assumption A.4 and Remark 3.3, it suffices to chose r; > 2,

1=1,...,p. D
Lemma 5.3.5. Let 2 <k <p. If the numbers r1, 2, ..., rp satisfy the conditions
rp > 3.2k-2 (5.3.9)
rp>9.2kHi-t g2 p— 1, (5.3.10)
rp >3- 2F2 A (5.3.11)

then they represent a solution of the system of inequalities (5.3.1), (5.3.2).

Proof. The assertion can be proved by a similar procedure as in the case of

Lemma 5.3 .4. a
Lemma 5.3.6. Let k = p+ 1. If the numbers ry, 7o, ..., 1, satisfy the conditions
ry >3320~ 1, (5.3.12)
rp>(3-271-1).3.21"2 j=2,...,p-1, - (5.3.13)
rp>3.-2P71 1 / (5.3.14)

then they represent a solution of the system of equations (5.3.1), (5.3.2).
Proof. The procedure is similar as in Lemma 5.3.4. 0O

Remark 5.3.7. According to Lemma 5.3.4, the sequence 71, 7y, ..., rp which
satisfies (5.3.3)—(5.3.5) is a solution of the system of inequalities (5.3.1), (5.3.2).
On the other hand, there are solutions of the system (5.3.1), (5.3.2) for which the
conditions (5.3.3)-(5.3.5) are not fulfilled. This is demonstrated in the following
example.
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Consider the ARMA(3,1) model with the parameters a; = 0.5, by = 0.5, by =
0.125, b3 = 0.0625. This process is stationary and invertible. We havecg = 1, ¢; = 1,
cy = 0.625, c3 = 0.5, ¢4 = 0.390625. Put k£ = 1. Then the numbers ry = ry = rz =1
represent a solution of the system (5.3.1), (5.3.2), but they obviously do not satisfy
(5.3.3)-(5.3.5).

The solutions from Lemmas 5.3.5, 5.3.6 have the same property.

Choose r; = ri(k,p), ¢ = 1,2,...,p such that the conditions (5.3.3)-(5.3.5) for
k = 1, the conditions (5.3.9)-(5.3.11) for k = 2,...,p and the conditions (5.3.12)
(5.3.14) for k = p+ 1 are fulfilled. This means that

j;ng = rjn)ing(k,p): Po=Pyk,p)=ck, k=1,...,p+1

and the variables

. 1 a
Mlc = Mk(k,p) = p+1215nn_k —)2: (Xt—Hc +ZT’iXt_z) y k= 1, .. ,p+1

i=1
are according to Theorem 4.1 and Corollary 4.2 strongly consistent estimates for the
coefficients ¢, k =1,2,...,p+ 1.

In the remaining part of this section we determine the system of linear equations
the solution of which will give the strongly consistent estimates of the parameters
ai, by,..., by of our ARMA(p,1) model.

Lemma 5.3.8. Let My,..., M} be real numbers, M; #0, i = 1,...k, k > 2.
Denote

M, 1 0 0 ... 0 0
M, M, 1 0 ... 0 0
A = M3 Mo M; 1 ... 0 0
My_y Mg_g Mi_s Mp_y4 ... My 1
My Mi_1 Mg_2 Mgz ... My M
and
Dy = |Ax], (5.3.15)

where | | is the symbol for determinant. Then

k-2

D = (=1)7'M; Dyj + (=1)F My My _1 + (=1)F° M.
j=1

Proof. The matrix A; can be written as follows

<Ak—1 B,
Ci-1 Dip_1 )
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Here Bx-1=(0,0,...,0,1) is (k—1)-dimensional column vector, C_1 = (M, My_1,
..., M3, M3) is (k — 1)-dimensional row vector and Di_; = M;. It can be showed
that ~

Dy = M1|Ag—1 — Bro1 M Cri|

and the matrix Ay_; — Bk_lelck_l is equal to

My 1 0 0 0

M, M, 1 0 0

M;_» My _3 My -4 M 1
Mey—§ Mi_o— MA'}II My -3 — szz o My A My -2

Applying the well known properties of determinants we can write

Di = MiDy_1— My|Ap_o— By _2M;1C s
= Mle—l—MZDk—2+MBIAk——S“Bk—»SMg_lck—Sl
k-2
= Y (~1Y7IMDej + ()P M My + (1) M 0
j=1

Lemma 5.3.9. Let ¢i,...,¢k, 2 < k < p be the coeflicients from Remark 3.1.
Denote

c 1 0 0 ... 00

. Co (5] 1 0 0 0
Dy = c3 cy c1 1 ... 0 0 ‘ (5.3.16)

Ck—1 Ck—2 Ck-3 Ck—q ... C1 1

Ck Ck-1 Cg-2 Ck-3 ... €2 C1

Then

Dk :ale_l-f-(—l)k—lbk, k= 1,2,...,p. : (5317)
Proof. The assertion can be proved by complete induction. O

Lemma 5.3.10. Consider the system of equations

¢ = {11 + 81A
ca =bier + by R
¢z = bicy + bacy + b3 (5.3.18)
Cp :1:716},_1 :’régcp_z-’-...:f-gp
Cp+1 :blcp+bch_1+...+bp01,
which is to be solved with respect to ay, by, .. .,ISP. Then the following conditions

are equivalent:
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C.1 The system (5.3.18) has a unique solution.

C.2 The polynomials

p—1
2) =240, Y(z)=2F— pr_,-zi
=0
have no common roots.
Proof. The matrix of the system (5.3.18) is
1 1 0 0 0 0 0 ¢
0 (o5} 1 0 0 0 0 ()]
0 Co C1 1 0 0 0 C3
0 Cc3 Ca (3] 1 0 0 Cq
0 cp-1 Cp-2 Cp—3 Cp—a ... c1 1 cp
0 Cp Cp-1 Cp-2 Cp-3 ... C2 C1 Cp41
The condition C.1 is equivalent to the condition
1 1 0 0 0 0 0
0 1 0 0 0 0
0 Co (5] 1 0 0 0
0 C3 Ca Cy 1 0 0 # 0. (5319)
0 cpo1 cpz o3 cp_a ... c1 1
0 ¢ Cp—1 Cp—2 Cp-3 ... C2 C1

The determinant from (5.3.19) is equal to the determinant D, from (5.3.16). It is
not difficult to prove that (5.3.17) is equivalent to the equation

k-1
Dy = a'f + Z(—l)k_l"ibk_,'a'i.
1=0
If we define the polynomial D,(z) by
r—1
Dy(z) = 27 4+ S (=11, 7,
i=0

we get Dp(ai) = Dp. It is obvious that a is a root of D,(z) if and only if —a is a
root of W(z). Therefore D, = 0 if and only if the root —a; of the polynomial ©(z)
is also a root of ¥(z). Using (5.3.19) we obtain the assertion. 0
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Theorem 5.3.11. Let 1<k <p+1 be a positive integer and let r; = r;(k, p) >0,
i = 1,...,p satisfy the conditions (5.3.3)—(5.3.5) for k = 1, (5.3.9)—(5.3.11) for
k=2,...,pand (5.3.12)-(5.3.14) for k = p+ 1. Then with probability 1 there

exists for sufficiently large n a unique solution dln,i)ln, . .ybpn of the system of
equations
My = o+ by )
M; = biMi+b; )
Mz = biMy+byM; + b3 (5.3.20)
M, = 1:;1Mp_1:k132M,,_2+...fr5},
Mp+1 = blMp +b2Mp_1+...+bpM1.

This solution satisfies

Proof. The variables M} are strongly consistent estimates for ¢x, k =1,2,...
..,p+ 1. Tt follows from Remark 3.1 that a solution of the system of equations
(5.3.20) represents strongly consistent estimates a1y, Eln, R Bpn of the parameters
a1, by, ..., by. The system (5.3.20) has a unique solution if and only if the determi-
nant (5.3.15) satisfies D, # 0. It is clear that

Dy, — D, a.s. forn— o0

and D, # 0 according to Lemma 5.3.10. Thus with probability 1 we have for
sufficiently large n D, # 0 from which the assertion immediately follows. O

6. APPENDIX

Theorem 6.1. Let 1;,72,... be positive independent identically distributed ran-
dom variables the distribution of which is non-degenerated and E'n]2 < 00, J =
1,2,... Let a;,08;, j = 1,2,... be non-negative real numbers. Let there exist a jo
such that 3;, > 0. Suppose further that

f:aj < 00, Zﬂj < oo. | (6.1)
ji=1 ji=1

Denote o
p=%

=5 for 8; #£0

and define
P; =00 for f; =0 and for o; = §; = 0.
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Let there exist an index s > 1 such that 8; > 0 and

n piop =
B P = Fe=gr <o
Define
~1 )
R={> 8| > ajn,.
Jj=1 7=1
Then

‘ -1
o] [o¢]
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R=z=t (D Bmi | 3 A,
° i=1 i=1
where A; > 0,7=1,2,...and A, = 0.

Proof. It follows from (6.1) that

[ee] [e]
Zaf<oo, Zﬂ12<oo.
j=1 Jj=1

Thus

j=1

o o0
D E(ajn;) <oo, Y var(a;m;) < oo,
j=1

=1

[e¢} oo
D EBini) <oo, Y var(Bin;) < oo
i=1

and according to Theorem 2 in [4], p. 423 we have

o0 (o]
Za]'ﬂ]' <00 a.s. , Zﬁjnj < 00 a.s.

=1 j=1

Ifa; =0weget A; =aj;, 7=1,2,... Consider a; # 0. Clearly,

oo o0 1
Ns = Zﬂj”j_Zﬂjnj 7
i=1 i '

Therefore we can write
-1

. _ N
R = |} B s+ Y ajn;
j=1

=1
I#s

423

(6.2)
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Since
% — min 2
Bs  1<i<oo B
we have
aifs —af; >0 forj=1,2,...
This implies
ajﬂs - asﬂj

/\J':—————-IB—;—————ZO fOI’jzl,Q,...,As:O. m]
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