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KYBERNETIKA — VOLUME 31 (1995), NUMBER 4, PAGES 359-373

A CONTRIBUTION TO BOOTSTRAPPING
AUTOREGRESSIVE PROCESSES!

ZUZANA PRASKOVA

A sequence of random vectors elements of which depend on time-delayed observations
of an autoregressive process is considered and the distribution of smooth functions of the
sample mean of such vectors is studied asymptotically. Both classical approximation based
on the Edgeworth expansion and the bootstrap distribution are developed. It is shown
that the accuracy of bootstrap approximation is o(n“%) and therefore better than that
of the normal one. Examples of studentized statistics that can appear in the analysis of
autoregressive models are shown.

1. INTRODUCTION
Consider an autoregressive process AR(pg) of order po,
Xe=b1Xo 4. by Xip, +Ye, t=0,%1,... (1)
and suppose that the following assumptions hold:
A.1Y; are iid with EY; =0, Var¥; = 72 > 0 and EY® < .

A2 The vector Y = (Y1,Y}?)’ satisfies Cramér condition, i.e. ¥d > 0 38§ > 0
such that supjy|>a|F exp(in’Y)| < 1 — &, where ||.|| denotes the Euclidean
norm.

A3 Roots of the polynomial APe — by APo=1 —  — b, lie within the unit circle.

It is known that commonly used statistics like sample mean, autocorrelations,
least-squares estimations of the autoregression coefficients and their studentized ver-
sions are functions of statistics

nt:l t) nt:l tt—k» nt:l t—k>» =YU,4..,p

for some integer p > 0, that need not be equal to po.

1 Partly supported by the Grant Agency of the Czech Republic under Grant No. 201/94/0472.



360 . ' Z. PRASKOVA

Consider vectors

Z,= (X, Xe1Ye, ., Xe oY, Y2 =72, t=1,2,... (2)

Zn = ;Zzt : (3)
t=1

It can be shown that statistics mentioned above can be written in the form
T, = H(_Z_n), where H is a function of p + 2 variables, possibly dependent on
parameters by, ..., b,, and 72. Obviously, EZ, = 0. Denote ¥, = Var(y/n Z,)
and assume further that

and . 1

A4 ¥, — X as n — oo, where X is a positive definite matrix.

A.5 H is a real function of p + 2 variables three times continuously differentiable
in a neighbourhood of zero.

Denote ’
l:(z}i,izl,...,pﬁ-?) ,
6:Ei . :13:0
9H ’
D=|——1—17=1,... 2

In this paper we shall deal with bootstrap approximation of the distribution of

H(Z,). Most literature on bootstrap technique is concerned with independent ob-
servations. Recently, some papers appeared solving the problem of validity of boot-
strap approximation for certain statistics of interest in linear autoregressive (AR)
and autoregressive-moving average (ARMA) models.

Freedman [8] studied bootstrap in a stationary model involving dependent observ-
ations which also covers an AR model with exogenous variables. Bose in [6] proved
by using Edgeworth correction that bootstrap works for least-squares estimates of
parameters in AR models. Basawa et al. [3] established the asymptotic validity of
the bootstrap estimate in explosive AR(1) process. Paparoditis and Streitberg [13]
proved that bootstrap works for sample vector autocorrelations in ARMA models.
Kreiss and Franke [12] obtained bootstrap approximation for M-estimates of param-
eters in ARMA models, Praskova [14] developed Edgeworth expansion for bootstrap
sample mean in the first-order autoregression. Some of these mentioned results can
be considered as special cases of those for H(Z,) as stated in next sections.

We shall prove that bootstrap approximation works for H(Z,) and establish
the accuracy of this approximation. To do it we have to develop the Edgeworth
expansion for the distribution of H(Z,) and for its bootstrap version as well.

2. EDGEWORTH EXPANSION

Let X1, X, ... be a strictly stationary sequence of k-variate random vectors with
zero mean. It can be shown that under some conditions the distribution of S, =
n~HV(X 4. 4+ X, ) 1s asymptotically normal with zero mean and a variance matrix
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X (see [10] for references). Higher order approximations of the distribution of S, )
are based on the Edgeworth expansion. Denote by ¥, ; a signed measure associated
with the Edgeworth expansion. Typically, in case of independent random vectors

we have for s > 3 =2
¢n,s = Zn—r/ZPr (4)
r=0 :
where P, is normal distribution with zero mean and the variance matrix ¥ and for
r=1,...,s =2, P, is a finite signed measure the density of which with respect
to Py is a polynomial independent on n with coefficients uniquely determined by
the moments of X;,...,X, up to order r + 2. For more detailed discussion on

Edgeworth expansion for independent random vectors, both identically and non-
identically distributed, see the monograph by Bhattacharya and Rao [4].

Gotze and Hipp [10] established the Edgeworth expansion for sums of weakly
dependent k-variate random vectors under the following conditions.

Let X1, X, ... be a sequence of k-variate random vectors on a space (2, A, P).

Let there be o-fields D; and D! = U(Ug:a D;). Assume that
B1EX;=0j=12,...
B.2 E||X;|]’*! < Bs41 < oo forsomes>3andj=1,2,...

B.3 There exists a positive constant d such that for n,m =1,2,... with m > d~1!
there exists a k-variate, DiT™ -measurable vector Y, for which

E||Xn = Yom|| < 47179,

B.4 There exists d > 0 such that forall m,n=1,2,...,A€D?_, B€ DY,

-—00)

|P(AN B) — P(A)P(B)| < d~le~ ™.
B.5 There exists d > 0 such that for m,n =1,2,...,d"1 < m < n, and t € R¥

with [|t]] > d
n4m
E"E exp <it’ Z Xk)

k=n-m

< e 9,

Dj,j # Tl)
B.6 There exists d > 0 such that forall m, n, r=1,2,...,4A€ D,'}f:
E|P(AID; : j #n)— P(A|D; : 0 < |n—j| < m+r)] < d7le 9™,
B.7 ¥ = lim, - Var (n'% St X,) exists and is positive definite.
Let sq < s be an integer equal to s if 5 is even and to s — 1 if s is odd. Let v, ;

be the Edgeworth expansion of S$, = n~U2(X; + ...+ X,) = /nX, (for formal
definition see Gotze and Hipp [10], p. 217.)
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Theorem 1. Let f : IR* — IR be a measurable function such that |f(z)] <
M(1 + ||z||*°) for every « € IR* and a constant M. Assume that B.1-B.7 hold.
Then there exists a positive constant § nut depending on f and M, and for arbitrary
k > 0 there exists a positive constant ¢ depending on M but not on f such that

Ef(Sa) - f £(2) dim ()] < o(n™C=24912) 1 cu(f,n7F),

where .
a(fn) = [sw (Ife +v) - 1@yl <) dp(@)de, )

and ¢ y; stands for the normal density function with zero mean and the variance
matrix ¥. The term o(n“(s”2+‘5/z)) depends on f through M only.

Proof. See Gotze and Hipp [10], Theorem 2.8. O

If { X} is a strictly stationary sequence, then ¥, ; is of the form (4) (see Remark
2.12 in {10]). Thus, the density of one-term Edgeworth expansion is

14+ ¥p(@)] 4n(e), |

where p(z) is a polynomial depending on moments of X,,..., X, up to order 3.

Now, we can establish the Edgeworth expansion for the vectors Z; and Z, given
by (2) and (3), respectively. , \ -

Theorem 2. Let f : IR’*? — IR be a measurable function such that |f(z)] <
M(1 + ||z||?) for every = € IRP*? and a constant M. Assume that A.1-A.4 hold.
Then there exists a positive constant § not depending on f and M, and for arbitrary
k > 0 there exists a positive constant ¢ depending on M but not on f such that

I ~ [ 1@+ @) es(e)ae] <o (w0 F) 4 cutron),

where w(f,n™F) is defined by (5) and p(z) is a polynomial in z = (z,

ey xp+2)
depending only on moments of Z; of order at most three.

Corollary. Under the assumptions of Theorem 2 }
P(VnZ,eC)= / [1+ n_%p(;z:)] ¢5:(x)dx +o (n_%>
c
uniformly for any convex set C' C IRP*2.

Proof of Theorem 2. The assertion follows from Theorem 1 if we consider
vectors Z; given by (2). We only need to check that assumptions A.1-A.4 imply
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B.1-B.7 with s = 3. The proving method is very close to that developed by Bose
[6] who applied Theorem 1 to the vectors

(Xt—l)/t, cey Xt—puyvt, Yt2 — 7,2)1‘

Here we shall prove that the statement holds true for the vectors (2) and for any
integer p > 0.

It is well known (see, €. g., Anderson [1}, Chap. 5.2.2) that under assumption A.3
the process (1) has an infinite series representation

o) .
Xe=) aYi-t, (6)
k=0

where |cx| < ¢|p|* for a positive constant ¢ and |p] < 1.

Let D; be the o-field generated by Y;. Then it can be easily checked that under
assumptions A.1-A.4, conditions B.1-B.2, B.4 and B.6-B.7 hold for Z, given by
(2). The assumption B.3 will be satisfied if we choose

m m—1 m-—p !
E " E : § 2 2

Ynm = CkYn—ky CkYn—k—lyn; sy ckY"—k—pYn’ Yn -7 .
k=0 k=0 k=0

To verify B.5, we can proceed similarly as Bose [6], pp. 1713-1714. From infinite
linear representation (6) we get

o Cj._nYn +B 1>mn,
X o= { B j<mn,
Cj_,'_anYn—i-B j—i>mn,
X;_:Y; = Y,B ji=mn,
B j—i1<n,

where B means a random variable independent of Y, (it can change even in the
same formula). Now, denote

00
Ain = chYn-—i—k, = 1?"')1)1
k=0
T m—1
Binm = chyk+i+n) 1= 1)"'7p:
k=0
., m
Cn = D ek
k=0
Voim = (CmyAin+Binm,i:l),,,)p)’.

Assumptions A.1 and A.3 and the geometrical boundedness of ¢ imply that for
all ¢, j=1,...,p, Ain, Bjnm are independent random variables and for m,n — oo

Van = (Ain +Binm;i: 1,---;p)/ _C_" Z = (Zil +Zi2;i: 1;~~;P)/
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where Z;1,Z:iz are independent random variables with the same distribution and
same as that of Y 7o o cxY;_¢. Further, we can calculate that

COV(Zil, Zjl) = COV(Z,‘Q, ng) = COV(X,‘,XJ').

Thus, the dispersion matrix I' of the vector Z is positive definite (see [7], Theorem

5.1.1).
Now, it holds for a vector ¢ = (t1,...,1p42)
n+m
Eexp( > zk> Dj,j#n|= (7)
k=n-m
E|Eexp(i(thVamYn + tp42Y2 + B)|Y;, 5 # nl,
where t5 = (t1,...,tp41)". -
Denote

t"m = (tz)Vﬂm:tp-f-Z)’; Yn = (Yn, Ynz)l
Then we have from (7) and A.2

n+m
E|E exp (it’ Z Zk)
k

=n-m

Dj,j # n| < E|E exp(ith, Y u)|Y;, i # nl

< e’ P(ltam|l 2 ) + P(l[tamll < d).

Let tf 4 ... 422, +12,,>di > dz/l2 for 0 < I < 1. First suppose that ||to|] # 0
and put a = (al, . ap+1) = to”t[)“— Denote ag = (az, ..., ap4+1)". We get
P(|[tamll* > d?) P((#5Vnm)? + 15,5 > d?) ~
P(|@'Vm|? > 1?) = P(Jarcm + a4V amol® > 7).

li

\%

If {|ao|| # 0, then
a1Cr + ayViomo -, a;C+ayZ
where a;C is a finite constant and a{Z has finite variance afjI'ag. Thus, there exist
at least two points z; # 2 € R' and r > 0 such that P(I;) > 0, P(I2) > 0, where
L={weQ:a:C+apZ € (z1 —r,z1+71)},
L={weQ:a;C+a,Z € (zy—r,za+7)}.
For [ sufficiently small the interval (—{,[) does not intersect at least one from the
intervals (1 — r,z1 + r), (z3 — r,z2 + r) and thus
P(la;C + a4 Z|? > 1?) > min(P(I}), P(I2)) > 0.
Hence, we can conclude that for m > mg,n > no, P(||[tam|]* > d?) > € > 0. The

cases [|ag|| = 0 and ||¢o|| = O are trivial. &

Proof of Corollary. It follows from Theorem 2 if we put f(z) = xc(z) (the
indicator function of a convex set C'), from the proof of Corollary 2.6 and from the

Corollary 3.2 in Bhattacharya and Rao [4]. o
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Lemma 3. Let assumptions A.1-A.5 be satisfied. Then
P{VA(H(Z,) - H(0) < 2 B)¥ } = 8(x) + 73 Q(2)d(z) + 0 (n7F)  (8)

uniformly for all z, where ®, ¢ denote the distribution function, respectively the
density of A(0, 1) and @ is a polynomial with coefficients dependent on moments of
Z,.

Proof. Let X be the largest eigenvalue of the matrix X. On the set {|[Z,|| <
n~%(Alogn)%} we have from the Taylor expansion that

H(Z,) — H(0) = UZ, + %sz + R,

where | and D are as in A.5 and
Rn =0, ((n“1 logn)%> .
From Theorem 2 we get, if we use properties of the normal density, that
P (HZH > n-%(Alogn)%) —o (n-%) .
Thus, if we put \/n Z,, = { we can write

P {ﬁ(H(Z,) — H(0)) < x(;'zl)%} =
P{UC+ 53¢’ DC < 2SNt} +0(n7})
Further, by usiag of Theorem 2 we obtain

1

r <IIC+2\/E

¢'D¢ < x(l’zz)%> = /M[l +n3p(2))¢ 5(z)dz + o (n-%) , (10)

where
M= {z Uz + E\i/ﬁlez < :L'(I'Z‘l)%} .
According to Lemma 3 in Babu and Singh [2] there exists a polynomial ¢ in one

variable whose coefficients are continuous functions of the elements of I, D, ¥ and
the coeflicients of p(z), such that

T

[ fente)] eg@az= [ |1+ taw] ewdy+o(n)

J —o0
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3. BOOTSTRAP DISTRIBUTION

Suppose that Xi_p,,..., X0, X1,..., X, are observations of the series {X:} given
by (1). Let by, ..., by, be consistent estimators of by,. .., by,. Put

Po N
Y’t:Xt—Zl}iXt_i, t=1,...,n. - (11)

Let Y denote the arithmetic mean of Yl,. .Y, and F*(z) be the empirical distri-
bution function based on ¥; = Y,...,V, =Y. Given X¢, t = 1 — po,.--,n, let
Y, t=1—p,...,n be i.i.d. with the dlstrlbutlon function F;. Define X = 0 for
t < —p and for t > 1 — p generate bootstrap values

Xi=biXioy 4 by Xipy + Y0 (12)
and consider vectors
Z: = (X:,Xt*_lyt*’ e Xt*—pyt*, Yt*z _ 7_*2)' ,

where 7*2 denotes the variance of Y;* with respect to the probability induced by F:.
In the sequel, we shall denote this probability by P*; the asterisk will also denote
moments and other characteristics of the bootstrap distribution.

In our next considerations we shall suppose that

A.6 Estimators by, ..., by, used in (11) and (12) are stnctly consistent.

Then the following results can be proved.

Lemma 4. Under assumptions A.1-A.4 and A6

Svo (n_%> —+;cw*(f, n=F)

B f(/RZL) - / F(@)L+ 025 ()] 6 e () dr

holds for almost all sequences {X:}; f, ¢ and k > 0 are as in Theorem 2, p*(z) is
the bootstrap version of p(x) and w* means w where ¢ 5 is replaced by -

Proof. To prove the result we need to introduce a special truncation function
defined in Gotze and Hipp [10]. Let g € C*(0, c0) satisfy g(z) =z if z < 1,g(z) = 2
for z > 2 and g is increasing. For @ € IRP*? define

, { z, 2l <n7, 7> L,
T(z) = :
zn?g(||z||n"7)/||=]]) otherwise

and put U; =T(Z7) — E*(T(Z7)). )
Let G% be the characteristic function of n=7 S.7_, U}, let ¥n(v) denote the
Fourier transform of

vi(@) = (14073 (2)) 635+().
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By using Lemma 3.3 in G6tze and Hipp [10] with the function K'(n~*v) = 0 for [[v|| >
7~ 'n% and a properly chosen 7 > 0, and following the proof of (15.34) - (15.37), The-

orem 15.1 in Bhattacharya and Rao [4], we get that

B[R Zo) — / f(@) s () dz

dv (13)

<ci{M) max D¥(G*(v) — ¢n(v
<) m [ D@0 - o)
tea(M)w* (f,n7") + 0 (n~H),
where r = p + 2 is the dimension of the vector Z,, a = (ay,...,r), |@| = a1 +

...+ ay, D* stands for the differential operator and constants ¢;(M), c2(M) depend

on M but not on f.
The integral on the righthand-side of (13) can be bounded from above by the sum

Ji + Jo + J3 + J4, where

J1 = [D*(Gh(v) = ¥n (v))] dv,
IvlIcns

B = [ G,
Cnecliviiscinis

Js = / 199G (v)] do,
Cint/2<|[D]|Sn=tnt/2

Ji = / D% (v)| dv

Cne<|lvli<n=tn1/?

and 0 < € < §1~ .
>n the set [|[v]] < Cn® we get from Lemma 3.33 in [10] that

|D*(Gr(v) - 'l/;n('u))] <c (1 +8)(1+ ”v“sﬂal) exp (_C’v”z) n‘%—f,

where §; is a bound of E*||Z]]|*. From here and from the fact that E*||Z}||* —
E||Z|* a.s. (see Appendix) we can conclude that J; = o (n~7) a.s. Proceeding
as in the proof of Lemma 3.5 and Lemma 3.6 in Bose [6] we get that J, and Js,
respectively, are of order o (n‘%) a.s. By a straightforward calculation we also
obtain J4 = o (n_%) a.s. |

Lemma 5. Under assumptions A.1-A.6

P (Va(H(Z,,) - H(o)) <z (z’z*z)%) = &)+ n"3Q () d(z) + o (n-%) (14)
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holds uniformly in z and for almost all sequences {X;}. The polynomial Q* depénds
on the moments of Z;.

Proof. It follows from Lemma 4 in this paper and Lemma 3 in Babu and Singh
[2]. 0

Theorem 6. Under assumptions A.1-A.6

op | P (Va(H(Z,)~H(0) <2l 5*D)F) - P (VA(H(Z,) - H©) <=(1'Z0)})
=0 (n-%)

holds almost surely.

Proof. It follows easily from (8), (14) and the fact that Q*(z) — Q(z) a.s. (see
Appendix). ]

Remark. If we consider an AR(po) model with nonzero mean g,

Po

Xe—p=Y bj(Xij—p)+Ys,
j=1

where Y; satisfy A.1, then Theorem 2 and Lemma 3 hold true for the vectors
Zy=(Xy — p, (X1 —)Ya, ., (Xeep — u)Yt,Yf _ Tz)/'

Let ji, b, ..., Bpo be strictly consistent estimators of p, by, . . ., bp,. Then the boot-
strap values can be generated by

Po
ﬁ:_Z - +Y/,

where (for given values X;) Y;* are drawn from the empirical distribution function

based on centered residuals
Po
3= bi(Ximj — ).
i=1 :

Then Theorem 6 holds for the vectors

* * ~ * N " R . won/
2} = (X = i (X = Yoy (XL, = Y YT = 77)

4. EXAMPLES
Consider an AR(1) model ’
X, :bXt_.1+th, Ibl< 1, (15)
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where Y; are independent, identically and continuously distributed with zero mean
and finite moments up to order 8. Denote VarY; = 72, EY2 = m3, EY* = my. By
the straightforward calculation we get that the variance matrix of v/n Z, where Z,
are the vectors (X, X;-1Y:, Y2 — 72)’ converges to the matrix

I 0
a-on2 -5
4
5= 0 I o
£ 0 my—7t

Suppose that 72,m3 and my are such that ¥ is positive definite. For given
observations X, X1, ..., Xn let b be the least-squares estimator of b,

n n -1 ;
t=1 t=1

and X§,X7,..., X, be the bootstrap values generated according to (12), X; =0
for t < 0. We obtain bootstrap version b* if we replace X; by X7 in (16).

Example 1. Studentized mean

It is known that under the above assumptions the statistic n? X = n~3 Sobey Xt is
asymptotically normal with zero mean and the variance 02 = 72(1 — b)~2 (consult,
e.g., [9], Theorem 6.3.3.) In [14] it was shown that bootstrap works for nzo~1X

with the accuracy o (n‘%) almost surely. Now, consider the studentized statistic

= VAs,
where L 1 & 21_”;
, 6= — h -
n 1-b

In the sequel, 3 will denote the summation over ¢ = 1,...,n. From (15) and (16)

we have ( )Y ) > v
. ~2 _]._ 2 1+ Xt_1+ Xt—l t
RS > Xi (B IS AN A (.

ZXE_; =(1- bi)-l (Z(Yf —)4nrt 420 XY+ X] - X,%) . (18)

Denote

—ZI:%ZX" —Z_ZZ%ZXt—lyt, 73:%Z(K2—T2).

e

By using of Theorem 2 we can find that each from the following inequalities

1Z,] > n“%logn; [Z3] > n~3 logn
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X2 > %logn X2 > n%logn
hold true with probability o (n‘%), Thus on the set of probability 1 — (n—%) we
get combining (17) and (18)

— 1 - 1
t=ni(1-b)7r"17, (l - sza) + o0p(n” 7).
Similar result holds for the bootstrap version t* = /n X" /6* where
- 1 ‘ 1 +b
X ==Y X!, 67== *2 .
LY X, et lYx,

Now we can apply Theorem 6 with the function

1
H(z1,29,23;0,7%) = (1 =b) 7712 (1—2 3 )

and show that ' )
sup |P(t<z)— P*(t" < z)l=0 (n_ﬁ) a.s.

Example 2. Studentized LS-estimator of b

It is known that asymptotic distribution of nz(1 — 2)~ (b —b)is N(O 1) (see [7],
Section 8.8). Bose [6] proved that bootstrap works for nz(1 — b2)=%(b — b) under
the assumption 72 = 1. Here we consider the studentized statistic

ZX2_1 = b=

h -
where 72 = %Z(X,—bxt_lf and 52 =72 (Y xZ,)

Similarly as in Example 1 we have

ty=vn

b

-1

ZXt 1Y
(Y2 E X2, — (C Xi1Ye)?)s

and utilizing the Taylor expansion we get

2 2_ —_— —
VL U TR I
T T
where P (IR,,I > en‘"%) =0 (n_ %) .

Similar representation can be used for the bootstrap version

L b—b -
ty = 7 ZXt—zlz

b* —b
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where 7* and S;, are the bootstrap counterparts of # and Sn. Now, if we denote
1-b? b 1
H(z1,22,23;b,7%) = #22 (1 — - 323>
we get that .
sup |P(ty < z)— P*(t; <z)|=o0 (n_f) a.s.
T

Bootstrap one-sided confidence interval for b of level 1 — « is

(b_ h;—asn) +OO))

where R stands for y-quantile of the conditional distribution of (b* — )/S% given

by Xo, X1, ..., Xn. The coverage error of this interval is

Pb<b—h}_4Sn)=1-P (’;*Sjg < h;_a) +o (n—%) =a+o (n—%) ,

while the coverage error of the confidence interval based on the normal approximation
is

P(b< b1 -aS5n) = 1-|@(u1—a) +n~ Q1) $(u1-a)+o0 (n#)] = ato (n7%).

Here u, stands for y-quantile of the standard normal distribution. We can also
¢ nstruct two-sided bootstrap interval for b,

(B—h}_%Sn, E—hf.;_sn).

Some recent simulation studies dealing with AR(p) models (see for example Kreiss
and Franke [12]) confirm that the bootstrap approximation is considerably better
than the corresponding normal approximation for relatively small sample sizes.

APPENDIX

Suppose that Y; appeared in (1) have common distribution function F' and recall
that F; denotes the empirical distribution function based on estimated centered
residuals ¥; — Y, ¥, being defined by (11). In the proof of Lemma 4, particularly
when proving that integrals J, and J3 are of order o (n~1/2) almost surely, we need
to assume that F} = F almost surely, where = means the weak convergence. Bose
[6] uses this fact without any proof or reference; Kreiss and Franke [12] have only
proved that Fy = F in probability. Here we prove the following lemma.

Lemma 7. Under assumptions A.1, A.3 and A.6
Fy=F and /yde,:(y)a/yde(y) as n — 0o

holds almost surely for k = 1,...,8.
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Proof. For distributions @ and B with finite moments of order 1 < p < oo let
us introduce the metric '

dy(a, B) = inf{E|X - Y|P}>

where the infimum is taken over all pairs of random variables X, Y having marginal
distributions « and B, respectively. Now, according to Lemma 8.3 in Bickel and
Freedman [5], it is sufficient to prove that dg(F;, F') — 0 a.s.

Let F,, be the empirical distribution function based on the random sample Y7, ...,
..., Y, from F. Then, according to Lemma 8.1 in [5]

dg(F;,F) < d8(Fr):7Fn)+d8(FnaF)
and according to Lemma 8.4 in the same paper

dg(Fn, F) — 0 a.s.

Further, we have
dgg(F*] F) < —1 E (f’ —Y——Y)8 <c —1 E (f’ —Y)8+Y
’ t=1 t t =1 o ,

where ¢ is a constant which can change in the sequel. According to (1) and (11) we
have

8 7
n Po Po Po

%i(ﬁ—m%lz Y o(bi—b) Xeg | <D (65 =)%7 Z(%i)(?_j)-

n 4 4
t=1 \j=1 ' j=1 Jj=1 t=1
The last term tends to zero a.s. which follows from the strict consistency of Bj
and the stacionarity and ergodicity of the sequence {X;} (see [11], Chap. 4).
Similarly,

8 8 8
1 n R 1 n . 1 n
78=(—7;§:Y,) gc(-ﬁzi(yt—y,)) +c(;§ Y,) —0 a.s.
t=1 t=1 t=1

which follows from the same reasons as above and from the strong law of large
numbers. a

Now, we can notice that the moments EZ¥ are smooth functions of the parame-
ters b;, 7 = 1,...,po and the moments of Y; up to order 2k,1 < k < 4 and that the
similar relations hold between their bootstrap counterparts. Thus, from here and
from Lemma 7 we can conclude that E*Z* — EZF a.s. for 1 < k < 4 (see also
[14] and [13]) for similar considerations and calculations.)

(Received February 17, 1994.)
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