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STRONG CONSISTENCY OF REGRESSION FUNCTION
ESTIMATES!

ZHANG SHUANG LIN

Let mn(z) and Mn(z) be a partitioning estimate and the kernel estimate, respectively,
of a regression function m(z) = E(Y|X = «) for the i.i.d. sample (X1,Y3),...,(Xn,Yn).
Under the condition E|Y|P < oo, where p > 1, and some conditions on the partition and
the kernel function, the strong Ll-consistency is proved.

INTRODUCTION

Let {X1,Y1),...,(Xn,Ys) be independent observations of an R¢ x R-valued random
vector (X,Y). Denote the probability measure of X by p, and the empirical measure
for X1, Xa,..., Xn by pn.
The regression function
m(z) = E(Y|X = 2)

can be estimated by the kernel estimate

Y:Kp(z - X;)
M, (z) =

-9

where h > 0 is a smoothing factor depending upon n, K is an absolutely integrable
function (the kernel), and Kn(z) = K(z/h) ([11,14]), and the k-nearest neighbor
estimate,

(1)
{h(x - X;)

ﬁM: H‘M:

Ma(z) =Y Wai(z; X1,..., Xn) Vi,

where Wm(z X1,.. X,,) is 1/k if X; is one of the k nearest neighbors of z among
Xi1,...,X,, and Wm is zero otherwise. Note in particular that z, 1 Wai = 1. The
k- nearest neighbor estimate was studied by [13] among others. Alternatively, one
can use the partitioning estimate, which is based on a finite or countable infinite
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Borel measurable partition P, of RY (P, = {An1,4n2,...}). If An(z) is the set
from P, to which z belongs, then the partitioning estimate is defined as

Yo Iix;eannYs

mn(z) = 4 ey n(4n(2) >0 o
%in - otherwise.
i=1

We are concerned with the L; convergence of m, to m as measured by

In= [ 1mn(2) = m(@)] u(da).

This quantity is particularly important in discrimination (see [8] or [13]). Stone [13]
first pointed out that there exist estimators for which J, — 0 in probability for
all distributions of (X,Y) with E|Y| < co. This included the nearest neighbor and
partitioning estimates. In 1980, Devroye and Wagner, and independently Spiegelman
and Sacks, showed that this is also the case for the kernel estimate with smoothing
factor h provided that K is a bounded nonnegative function with compact support
such that for a small fixed sphere S centered at the origin, infyes K(z) > 0, and .
that - N
' lim h=0, lim nh?=co.
n—o n—0oo

Since then, many authors have considered the strong consistency of the three esti-
mates. We summarize what is known in this respect:

— For the k-nearest neighbor estimates, J, — 0 almost surely under the con-
ditions k — 0o, k/n — 0 whenever X has a density and Y is bounded (chapter
X of Devroye and Gyorfi [5] and Zhao [15]). Beck [1] showed this result earlier
under the additional constraint that m has a continuous version. The asymp-
totic normality is proved by Falk and Reiss [9ﬁ Moreover, J, — 0 almost
surely for all distributions of (X,Y) with ¥ bounded (the existence of the
density of X is not required), provided that k/n — 0 and k/loglogn — oo
(Devroye [4]). J, — 0 almost surely for all distributions of (X,Y’), under the
conditions that E|Y| < oo, and k/n — 0 and k/logn — oo (Devroye, Gyorfi,
Krzyzak and Lugosi [6]).

— Assuming that Y is bounded, the kernel estimate is strongly consistent if
lim,, .o h = 0, lim, oo nh? = 00 holds, K is a Riemann integrable kernel and
K > alg, where a > 0 is a constant, and S is a ball centered at the origin
(Devroye and Krzyzak [7]).

" — For the partitioning estimates, Devroye and Gydrfi [5] gave an exponential
bound for the tail distribution of J,, for all (X,Y’) with Y being bounded, and
Gyorfi [10] has pointed out that J, — 0 almost surely for a modification of
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partitioning estimates

n
o IixieanenYi

i=1 : ‘ logn
mn () = npn(An(e)) if o (An(2)) > =5
LYy otherwise,
i=1

whenever E|Y| < oo, provided that lim, .o h = 0, lim,,—, 0o nh?/logn = oo is
satisfied.
In this note, we study the strong consistency of the partitioning estimate (2) and
the modified kernel estimate

Zn: Y‘Ir\’h(.‘L‘—X,)

o e e | | 2 :
Ma(z)={ 450G B
LYY otherwise,
i=1

(where td = Uo—g’—‘ni%ﬁ, q= ;;’—1, and 0/0 is defined as 0) when Y is unbounded.

In the following we use m,(z), M,(z), M) (z) to represent the partitioning esti-
mate (2), the modified kernel estimate (3) and the kernel estimate (1), respectively.

1. MAIN RESULTS
Theorem 1. Suppose that E|Y [P < oo for some p > 1, and assume that the finite
partition Pp, = {An1,..., Ank,} with

n

ky < (logn)? (4)

ard q = ;’;—l satisfies that for each sphere S centered at the origin
limsup max su z — =0. )

Then partitioning estimate (2) is strongly consistent, i.e. J, — 0, a.s.

Theorem 2. Suppose that E|Y|P < oo for some p > 1, K(z) is a kernel function
such that there are constants Cy > 0, C; > 0, r > 0 with CiIs (z) < K(z) <
CyIs,(z), where S, is a sphere centered at origin of radius r. If lim, . h = 0 and

lim, o Zﬁg—:FT = 00, then

/|Mn(:c) — m@)|u(ds) =0 as.
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2. PROOFS

In order to prove the theorems, we need the following lemmas:

Z. SHUANG LIN

Lemma 1. (Devroye and Gyérfi [5]) If Y is bounded, that is there is a constant
L such that Y| < L < o0, then under conditions (4) and (5), for each € > 0, there
exists ng such that

P (/ Ima(2) — m(2)|u(de) > 6) < exp(—c(e/L*)n); n 2 no.

for some constant c.

Lemma 2. (Chernoff [3]) Let B be a binomial random variable with parameters

n and p. Then

P(B <€) < exp(e — np—elog(e/np)) (e < np).

Proof of the Theorem 1. For an arbitrary L, let

Y; if |vi] <
Yip = , .
Lsign(Y;) otherwise

and let my, m,y be the functions m, and m,, when Y; are replaced by Y;r,. Then

In= [ 1mn(2) - m@)] )

< [ 1mn(@)= oz @) s(de)+ [ Imns (@)= ma @)] de)+ [ I (e) -m(a) o).

From Lemma 1, we know that

/ mnz(2) — mp(z)| u(de) — 0 a.s.

and it is easy to see that for any € > 0, if L is large enough, then

(6)

[ 1mi(e) = m(@)] uda) = BUE(IX) - BYIX)D < B(Y Vi) <& aus. (7)

So, in order to prove J, — 0 a.s., we only need to prove that there is a large constant

L such that

limsup/ |ma(z) — mur(z) p(de) <e a.s.

Introduce the notations

x = {i :p(Am') > 8!251} y B, = U;Ej;'Am':
Jp = {i : ,u,,(Am-) > 1—0‘52}, D, = UI’EJ,. Am‘;
I ={i: pn(Ani) = 0}, D3 = Usieso Ani,

Iy = {i D2 < pn(Ani) < l‘qﬁﬂ}, D} =Usesz Anis

(8)
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1 .
= otherwise.

Iix,eant :
Wai@) = { ARG i n(4a(2) > 0
With these notations,

[1ma(@) - mos@lutde) < Y- [ Waito) (a@a)l¥i - Yi

IA

> W) u@@lY: - vl
i=1 anDL
n
b [ Wale @)Y - Yl
7 JB,uD,

b 2 [ Wai@u(@a)lyi - Vi
i=1 n

e

Inl + In2 + In3-

Since

Lis< = Z|y Yil = E|Y —=Y1| a.s.
:1

so, for sufficiently large L,

limsup In3 < % :
Note that w(An(X:))
gy M) = L Gy oy
For ¢ = ;27 w. get
T, = _H(An(X3)) [Y: - Y;
o= Yy e Yl

n i/p
ZIY;'—Y}LI”J

i=1

IN

1/q
1A (X;
[E nfu,(,(A( (X) ))) I“‘-G“”””J

nd s (Anj)

i=1j=1

[ 19 n 1/p
— Z I‘V(Anj) :’ [Z Y; - YL lp} .

nq—lp:’,‘l(Anj) i=1

LieT. naz

1/p
logn |1 - P
< Sknx/qn— [;ZIK—Y,LIJ

1/q
i=1

379

9)

Yir 1/p
n kn q
= ZZ ﬂ(Am) I{X'EA”j}I{An,‘CB:nD:.}J [Z'Yi—ywl”}
i=1
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n 1/p

1 ol
< 8 ;Zm—mlpj ,

i=1

so when L is large enough

a.s. - (10)

wlm

limsup In; S

Moreover

An X -
Z ,u ( ) {X €eB,UD }]Y YzL|

So for sufficiently large L

e;.s., (11)

Wi,

8 — .
li Iy < limsup = Y |Y; — Yir| = 8E|Y — Y| <
]mSUp 2> 1msupn2| II ’ Il_

i=1
if we show that

) w(An(Xy))
L T < 8.
l’iisiép{féﬁ"n (A ()] [ sEmopay p €8 s (1)

It follows

i : 1(An(Xi))
P (hflsip{ O (A (Xy)) | (Xe€BaUD }} > 8)
S 0 (An(X3))
= e (U 2 (Aa 1) =071 > 8))

k
- (max #(An(X3))
1<ign fin (An(X5))

-

I{X €B,UD.} > 8>

IA
T
45
2 1M
~

IA
5

#(An(X1))
1€ Dy U By, o ))>8>

> (x
= lim Y S P (X € B,, ’1(24 ((Xl))) >8>

and

,U(An(Xl))
P <X1 € B,, “ﬂn(An(Xl)) > 8)

(e )
< o Hdng)
8

11

Hn (AnJ

X, )

=
- ¥
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e np(An;
Z P (Z Iixieany < _u(S—J) - 1) #(Anj)
2

J€Tn =
< D #(Anj) exp(—npu(Anj)) < 07"
J€Ta

from Lemma 2 for sufficently large n. Then we get

P (i HAn(X) o B
P (llﬁsolip {1?%’5; un(An(X5)) Iix.eB,up,}y ¢ >8) =0,

so we completed the proof of the theorem. m]

Lemma 3. (Devoye and Krzyzak [7]) Let M} (z) be the kernel estimate with kernel
K. If K satisfies the condition of Theorem 2, and lim,, _,o k% = 0, lim,_.oo nhd = 00
then for every distribution of (X,Y) with bounded Y,

/ | M} (z) — m(z)| p(dz) - 0 a.s.

Proof of the Theorem 2. For bounded Y, from Lemma 3, it follows that

/ M} (z) — m(z)| p(dz) = 0 a.s.

and
[ 1¥a(z) = m(z) wiee)
< [ 1M(@) - @) o) + [ Mi(@) = (o) ()
< [IMi(@) - m@)| u(ds) + Lu(C) =0 a5,
where C, ‘= {z : ||z|| > ta}. For unbouded Y, from now on, without loss of

generality, assume r = 1, h < 1, ¢, > 2. For an arbitrary L, let Y; be as in the
proof of Theorem 1 and let my, M, be the functions m, and M, when Y; are
replaced by Y;z. Then

[ 1Ma(2) = m@) o)

< [ M)~ Mus @)l o)+ [ Moz (@)= (] e+ [ 1ma(2)=m(a)| u(do).
We know that
/|M,,L(z) —mp(z)| p(dz) = 0 a.s. (13)
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and, as in (7), if L is large enough, then

[ me(e) = mi@) uda) < e ()

So, in order to prove the theorem, we only need to prove that there is a constant L,

such that

Thus

lim sup/ |Mn(z) — Mpp(z)| p(dz) <e  a.s. , (15)

n 1 n
[ 1402(2) = Mor @) o) < 3 Vasl¥s = Yial + 5 3 1% = Y,
i=1 i=1

where

Vni

IA

<

Kip(z — Xi)
/Ilwllsn, Y1 Ka(z — X;) p(dz)

~

C2 / I{$EX'+S;,}
Ci Izl <tn Zj:l Itx;ezt51}

Cz/ Izexi+5n) -
e ' I dz
C1Jizistn 22 {IX.]i<tn+1} #(d2)

Cs

922
Ci

"I
j=1*{X;€x+5n}

I{xGX-+Sh}
; Ijix i <ta+1) #(de).
'/”\Z'”Stn 3 X<

i1 [ xseztsay + 1

We split the cube [~2t,,2¢,]¢ into small cubes with side length %, we get the set

d

h ~ (logn

of small disjoint cubes P, = {A,1,..., Ak, }, kn = [Bn]d = —si)‘q—JrTA For any

Xi with || X;|| < t, +1, A,(X;) is the small cube from P, to which X; belongs,
so, there is a constant N (N < 5%), such that AL(X;),...,AN(X;) € P,, and

Xi+ 8, cUN_, A7(X)). Using C' 2 2%, now we get

Vm' S

IN

N
Cl
m=1
N
Cl

N

¢

m=1

lzeap(x:))

Iix ) <tot1y #(dz)
AT«IIS% E?:l Iix;ec4s,} + 1 {IXsli<tn+1}

lseapx:)

THix <ty p(d2)

H(AR (Xi)

I i .
npa (AP (X;)) +1 {IX:li<tnt+1}

Now let us introduce some notations

il

{i: || Xil] <t + 1},
1
{i ie Jp(Am (X)) > C Og"} ,

n

1
{i:ie T, (AT (X3) > ﬁi—"}
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For a set A |A| is the number of the elements of set A. With these notations we get

' p(A7 (Xi)
ni il
EV[Y Y|<§C§ lY; —

ieJ m=1 nﬂn(Am(X )) + 1

A™(X;)
C/ }1( n \ 1 }/z _ Y;
Zl Z_ npn(A7(X:)) + 1 | d

. N o
+ C Z E /‘(An (Xi) IYz _ Yle

(AT (X 1
2 AT (D)

IN

e

Inl + In2~

Yirl

For I,2, note that |J¢ .| < kylogn, similarly to the proof of (10), for sufficiently

large L, we get
. €
limsup I,5 < 3
and as in the proof of (12) we can show

limsu { max
msco \icsomUTnm Hn( AR (X:)) + 1/n =

sc for sufficiently large L

limsup In,1 < limsup
so we completed the proot of the theorem.
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