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KYBERNETIKA —VOLUME 12 (1976), NUMBER 2

On Networks of Non-Deterministic Automata

KARL-ADOLF ZECH

In the present paper it is shown that in the structure theory of non-deterministic automata
(NDA) it is sufficient to consider only two standard network forms. The conditions are stated
under which an NDA can be isomorphically embedded in a network of smaller NDA's with
proper output. It turns out that every finite NDA has a decomposition into a network of this
type. Finally, the conditions for the existence of a decomposition the components of which
realize the network output are derived. The results are stated and proved for the special case
of two-component networks.

0. INTRODUCTION

In this paper we investigate the properties of finite non-deterministic (i.e. possibilis-
tic) automata (ND-automata or NDA, for short), which are isomorphically embedded
in networks of simpler NDA’s. We start with the definition of different network
conceptions and show that in structural investigations we can restrict our attention
to two standard forms ounly.

The algebraic structure theory of non-deterministic automata is a generalization
of the structure theory of finite deterministic automata [1], and it is strongly related
to the problem of realizing a given NDA by a non-deterministic switching network,
i.e. to the state coding problem for ND-automata. In [3] these questions had been
““irivestigated for a network conception the components of which are ND-semiauto-
mata depending merely on the present states of the rest of the components in addition
to the external input of the total network and their own present states. Hence, the
next states of each component, which are members of a non-empty set of possible
next states, must be chosen independently of the next states of all other components.
This is an essential restriction leading to the fact that not every NDA can be embed-
ded isomorphically into some network of this type. However, for every NDA o/
there exists a network of independent operating components embedding & homnio-
morphically [3].



In the following, we investigate the effects of allowing the network to contain
components with a nontrivial non-deterministic output. In this case, it turns out
that every NDA is isomorphic to a subautomaton of a nontrivial network of this
type. .

A familiarity .with [1] will facilitate the insight into this study.

1. BASIC DEFINITIONS
In the sequel we use the notation of [2].

1.1. Definition. The quadruple & = [X, Y, Z, h] is a non-deterministic (synchro-
nous) automaton (NDA) provided that

(i) X, Yand Z are non-empty sets and

(ii) h maps Z x X uniquely into the set P*(Y x Z) of all non-empty subsets
of Y x Z*,

X, Y and Z, respectively, are called the input set, the output set and the set of the
inner states of /. In any case, Z is supposed to be finite. In every timing interval,
&/ is in a certain state z in Z, reads some input signal x in X, and has the possibility
to emit the signal y in Y and to go into state 2’ if and only if (iff) [y, z'] € h(z, x).
Hence, in general, the output signal and the next state depend on one another. h can
be decomposed in two ways:

If we define the functions g, f, h, and h_ by

o) =aly |32(0n 21 e )
Wz ) = (7| D 2] € bz 0
fex) = (| B[ 2] € bz X))
hoe ) =ac (v | [ Z] €z, 9}

then we have

h(z,x) = U {9} x hfz,x) =

yeq(z,x)

= U hdzx)x {2}
z'ef(z,%)
forall z, z'in Z, x in X and y in Y. ,. is called the conditional output function, /,
is the conditional next state function of 7, while g and f are called the output func-
tion and next state function, respectively.

* We use the symbol P(S) to denote the set of all subsets of the set S while the asterisk means
that the empty subset is omitted.
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From the above decomposition of 4 it is clear that we have two ways to represent
an NDA by a “network” of output block and next state block (sec Fig. 1). Instructural
observations we can use both modes. But since such observations are mainly con-
cerned with the next state block, in Fig. 1(b) we can regard the output signal as an
additional input signal for the state block. Therefore we can restrict ourselves to
ND-semiautomata, denoted by o = [X, Z, f]. After decomposing s/ into a network,
as to be shown in the present paper, we can complete the realization by adding the
output block as shown in Fig. 1. However, in section 4 we consider networks the
output functions of which are realizable by their components alone.

Fig. 1. Different modes of representing a NDA; (a) The output depends on the next state; (b)
The next state depends on the present output.

1.2. Definition. For the given NDA's « = [X, Y, Z, h] and &' = [X',Y',Z', }'],
let {: Z— Z' be a one-to-one mapping. Then call { Z-isomorphism from
onto o/’ iff

[y, 27 e h(z, x) o [3, ((z)] e W ({(z), x)

for all x in X, yin Yand z, z’ in Z. & is called Z-isomorphic to &/’ iff there exists
a Z-isomorphism from &/ to 2/’. For convenience, we shall denote { simply as
isomorphism.

Clearly, the two semiautomata &/ = [X, Z, f] and &’ = [X, Z', f"] are isomor-

phic iff 2’ € f(z, x) & {(2') e f'({(2), x)-

2. CONCEPTIONS FOR NON-DETERMINISTIC AUTOMATA
NETWORKS

The first part of this section is devoted to networks the components of which are
ND-semiautomata. Of course, all automata networks are supposed to have at least
two components.

2.1. Definition. o = [X,Z, f]| is an ND-network of the first kind consisting

n
of the components &; = [X;, Z,, fi] (i=1,....mn n 2 2) iff Z = XZ; and there
i=1



exist functions a;: XZ x X - P¥X)) fulfilling f([z4, .. . x) = Xf( palzi.

z,, X)) — see Flg 2(&) According to [1] we call o network in delay form if
every f; depends only on x,, i.e. not explicitely on state z;. & is said to be in standard
form iff there exist sets S;;, S¥ (i,j = 1,..., n) and functions ¢;;: Z; ~ S;; and ¢}
X — 8§ such that afzy, ..., z,, x) = [c,,(l.[), Y € W X(x)]-

From 2.1 we see that, in general, «/; depends on its own state z; in two ways:
on the one hand the direct internal dependence on the state occupied by .7, and
on the other hand the external way by function a, (see [1, p. 82]). This is not the
case if the network is in delay form. (However, we shall use networks which are not
necessarily in delay form.) Without 105% of generality, we regard only networks
in standard form, the functions ¢;; and c of which are the respective identities (see
Fig. 2(b)). We denote a network d accordmg to definition 2.1 by N (7, ..., o,
{a1:=1,...}) and a network in standard form by N (., ..., &,).

(a) (b)
Fig. 2. First kind networks; (a) The network & = N(«/y, ..., &, {a
ND-semiautomata; (b) The network & = N, (#/{, ..., #/}) in standard form

ivi=1,...,n)) consisting of

2.2. Proposition. For every network of = [X, Z. f]1 =N, ..., o\, {a1i=1,..0})
with components o; = [X,, Z,, f;], i = 1, ..., n, there exists an isomorphic network
of the first kind in standard form o7’ = [X, Z,f"] = N,(#/}. ..., &/}) where o/}
= [X:', Zi,flf], i=1,..,n

Proof. Combine the functions a; and f; to define f;:

filzi [215 oo 2o X]) =ae flzir alzy, o 2 X))
Obviously, .« is isomorphic to &/'. [}
In the structure theory, much effort is devoted to the problem of realizing a given
automaton by a network having a reduced number of connections between its
components. The loop-free network is one important network form with reduced
complexity. The following definition gives a precise notion of loop-freedom.
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2.3. Definition. The network o/ of the first kind with components &4, ..., &,
is called loop-free iff f(z,, [zl, s T Zigts e Zp X]) = filz0 (200 o 20 Zin gy oo

z, x])foralli=1,..,n,z,z; mZ andme

In the present paper, by virtue of 2.2 it is sufficient to restrict our attentlon to
networks in standard form.

2.4. Definition. &7 = [X, Z, f] is a network of type 24 consisting of «&; = [X,,
Z,f:],i=1,..., n, provided there exists a function

cXZ xX—»P*(XX)

i=1
where

[z, vzl ef([ze oo 24)s X) &
o 3x, 3x, L3I ([xy, s ] €c(zy, o 2 X) A A ZiEf(Zi X))
i=1

holds. We denote such networks by N,s(ey, ..., o, c).

More generally, we regard networks the components of which do not only emit
their present states but have in addition proper non-deterministic outputs. Hence,
the output sets have the form Y; = Z; x ¥;. However, we will treat only the Y;’s
as the proper output sets.

It is evident that no component is allowed the input 51gnal of which depends on
its own output signal at the same clock period.

Now we define this network conception, and then we show that this one and the
conception of 2.4 are both equivalent to the same standard form. This allowes us
to use standard forms only.

2.5. Definition. o/ = [X, Z, f] is a network of type 2B consistiﬂg of the compo-
nents o/, = [X;, Y, Zi, b, i = 1,..,n, iff Z = X Z; and there exist functions

i=1
i-1 n
e XY x XZ;xX-PX), i=1..,n,

J=1 j=i

such that

[z vz ef([z1s - 2], x)

> 3xy Ixy . 3x, Ay Ay, L Vi(A x X, A A YiEY A
. =1 i=1
nie{l,on} 5 x €0 Py Yio 1 Zis ey Zwp X) A

A [}’i» Z:] € hi(zia Xi)) .



2.6. Definition. A network of type 2B is in second kind standard form iff the values
of all ¢;’s are either singletons or empty. -1
Without loss of generality, we can identify all X’s with a subset of X ¥; x
n . i=1
x XZ; x X forie{l,..., n}. Hence, we can regard the ¢;’s to be partially defined
j=1
mappings onto the X,’s.
Networks according to 2.5 and 2.6, respectively, are denoted by N,g(e/y, ..., 4,
{ciiz1,..}) and No(y, ..., ).

i
|
! x
|
|
[ s T
?uX 'iLX
} T
- |
|

@ ) )

©
Fig. 3. Second kind networks; (a) Type 2A; (b) Type 2B; (¢) Second kind standard form.

2.7. Proposition. For every network &f = Nop(/y, ..., &, {¢ii=q,. »}) Where
of;=[X,, Y,Z,h]] (i=1,...,n) there exists an isomorphic network &' =
= Ny(, ..., #;) in standard form consisting of &/} = [X}, Y, Z,, Ij] for i =
=1,...,n

i-1 n
Proof. Define for i =1,...,n the input sets X;= XY; x XZ; x X and
Y it
Bz x]) =45 hzs, ¢i(x})) for all z, in Z; and for those x; ir{ X suc}: that ¢,(x}) * 0.
Don’t care conditions result for all other x}. It can be easily shown that s’ is isom-
orphic to 7. ) . O
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2.8, Proposition. For every network o/ = Ns(,, ..., o, ¢) where o, = [X,,
Z, f] (i = 1, ..., n) there exists an isomorphic network N,(«/1, ..., ) in standard
form consisting of &} = [X}, Y, Z, hi](i = 1, ..., n).

i—1 n
Proof. Define ¥; =X; and X;j=XY; x XZ; x X and for all i =1,...,n:
o 7

i= j=i
[xis Z:] € h;(zia [.Vu e Vie s Zis ooy Zpy X]) ar
©ar Iipg o I([V1s o Vi1 Xp Xpp s 0 Xy ] €
ec(zy, . 2, X) A ziefi(zi X))

This implies
[2,15 ey ZI/I] Ef(l:zb e Z,,], X) 2.5
g5 3% A ([xg, o X ] €2y, s 2 X) A A ZiEfiz x)) &
i=1
ez, zlef [z 2a)s %)

which was to be proved. m]

2.9. Definition. The second kind network o/ = Ny(o/ |, ..., &,) is called loop-free
provided there exists a permutation p of {1,...,n} such that for i,je {1, ..., n},

Y, if j<i,

X, = { and x;, x;, in X;,z; in Z;:
Z; otherwise
n
X;= XX, . and
; p(J)
=1
Fo(Zotr [Xothpeays -+ Xptiracir » Xotoa= 1+ Xpiryeuy X1) =

= foi(Zotiys [x,,(;,,,(,), oo Xp(ipeay Xplhipeinnys <02 Xpli)pmy x])-

In other words, the p(i)-th component depends only on the components p(1), ..., p(i)
and on x.

3. ISOMORPHIC EMBEDDING OF NON-DETERMINISTIC
AUTOMATA INTO NETWORKS

An NDA « is called isomorphically embedded in an NDA " iff & is isomorphic
to a subautomaton &' of «/”. Let #” = [X, Z", f"] be a network (of the first or
second kind) which o/ is isomorphically embedded in. Each component «/; of /"
generates a partition t; of the state set Z of .o/ by means of the isomorphism { from



the subautomaton &’ = [X, Z', /'] of &/” onto o/:

u={{z|0N(DeZi x .. X Ziny x {2} X Zipy X ... % Z,}| i€ Z).
(Thereby, empty sets are omitted.) Define the product of two partitions to be the set
of all non-empty intersections of their elements (b]ocks). Then the product f[lrl-

of all partitions t; equals the zeropartition 0, i.e. the partition containing singletons
only. Note that some of the t;’s could be 1-partitions, i.e. the trivial partition {Z}
However, throughout this paper we use only nontrivial embeddings, i.e. (i) each
component has fewer states than </ and (ii) for each component «/; there exists a
state z = [zy, ..., Z;, ..., z,] of &’ such that o/, can leave z; whenever /' leaves z.
Let {, project the inverse { ™! of { onto the i-th component Z; of Z". Then {;(z) =
= [(2’) for all z, z' € N € ;. Therefore we call {,(N) the image of some z in N under
{;. A partition 7 is not greater then t (rz < 1) iff every n-block is contained in some

t-block. Thenz < ziff r £ tand n + .

3.1. Networks of the first kind

This network conception and the corresponding decomposition theory was studied
in [3]. In this section we shall state the main results briefly.

3.1. Definition. Let M = {7, ..., 1,},>0 be a sct of partitions of the state set Z of
o =[X,Z,f]. Mis called independent (with respect to &) provided that for all
zin Z,xin X and N;in 7;, i = 1, ..., n, the condition

n n
AN Of(z,x) £ 0) > AN, A fz,x) =0
holds. =1 =1
The reader will easily see that for given .2, in general, not every M is independent.
The following theorem answers the question whether or not a given NDA is de-
composable into a network of the first kind.

3.2. Theorem. An NDA &/ can be isomorphically embedded into some network
of the first kind consisting of n component automata iff there exists an independent
set M of n partitions of Z where [[ t = 0and 0 < 7 < 1 for all te M. '

M
Proof. Define &y, ..., &, by &; =4 [X;, Z,, f], i = 1,..., n, where
Xi=1T X 'o. X Tjuy X Tjpy X ... X7, XX, Z;=1

and . \
: f(cz(ze_ﬂNj),x), it AN;+0;
FAN [N oo Nits N oo Ny x]) = { =1 =1
“don’t care condition”, otherwise.*

It can be shown [3] that & is isomorphically embedded in N,(s75, ..., &,). O

* 1z(P(z)) denotes the unigue z fulfilling P.
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Next we define the conceptions of partition pair and substitution property
partition for NDA’s which are important when reduced dependences between the
components are regarded.

3.3. Definition. [7, 7] is a partition pair (PP) of o« iff for all x in X, N in 7, z, z’
inNand Ninz,
Nofzx)+0eoNnfZ,x)+£0.
< is a substitution property partition (SP-partition or SPP, for short) of « iff [, 7] is
aPP.

3.4. Theorem. An NDA o7 can be isomorphically embedded into a loop-free net-
work of the first kind consisting of n components iff there exist a set M of SPP’s
Ty, ... Ty, & set N of partitions 7, ...; 7,, and a one-to-one mapping F from M onto
N' =, max (M) U N, where

(i) F(z) = = for = in max (M);

(ii) F(x) = © > = for = in M\ max (M) and some 7 in N;

(i) T]=". F(r) £ m;
n'eM
>

(iv) [Tt=0 and J]n=0;
N weM

(v) NTis independent.

If max (M) = M then each component will operate independently of all other
components. (Such a network sometimes is refered to as “parallel composition™.)

Proof (see [3]). Construct the network N,(&, ..., «,) similarly to that of
Theorem 3.2 using the partitions in N, However, one can show that because of (iii)
the component &;, i <n, will not depend on component ./; j > i. Hence
Ny(sy, ..., s£,) is loop-free. O

3.2. Networks of the second kind

In this paper, we shall restrict our attention to networks of two components
only, as it is usually done in literature. That will do for our purpose, i.e. to state the
characteristic properties of an NDA that can be embedded into a network of the
second kind. Hence, all statements can be easily generalized to networks of more
than two components. That is, we regard networks &” = [X, Z",f"] consisting
of the components o/ = [X,,Y;, Z,, h,] and o, = [X,, Z,, f,]. Without loss of
generality, we suppose &/, to be a semiautomaton for &/, is independent of the
(proper) output of o/,. Therefore, we have X; = X x Z,, X, =X x Y,,Z" =



=Z; x Z, and
[z5, 23] e[z, 2] %) =
o zyefi(z0 [x 22]) A 25 €S20, by (20 [%: 22])) -

The following Lemma will be used when proving the main result 3.11.

3.5. Lemma. Forall z, in Z,, z,in Z, and x in X,
[z1 2] e f"([21, 22], x) &
<3y Vz, Z(y e hy, (20, [ 25]) A 2y, Z1€Z0 A
A yeg i, [x z2]) A Z1eh(Z,, [x, 22]) A
A [25 23] e f([Z4, 22], X)) -

Proof. Let [z}, z5] € f*([z1, z,], x). Then there exists some y in hy,-,(z1, [X, 2,])
such that zj € f,(z,, y). Supposed no such y fulfills the assertion of the theorem.
Then for all y e hy, (24, [x, z,]) there exists some Z, € Z; for which yeg,(Z,,
[x, z,]) such that for all Z{ € Z, Z is not in h(Z, [x, z,]) or [Z}, 23] is not in
(21, z2), %), i.e. hy(Z,, [x, z,]) is empty or zj is not a next state of the second
component for any y. This contradicts the suppositon. The rest of the proof is trivial.

O

3.6. Definition. Let t be a partition of Z. Define f* = Z x X x tby [z, x, N]ef
o f(z,x) "N £ 0. f*is called the transitional relation of o/ with respect to .
Then let R be a system of nonempty subsets of f* covering /7, i.e. U R = f°.

In 3.7 and 3.8, 7, and 7, are the respective partitions of Z generated by &/, and’

o ,, where o = [X, Z, ] and o is isomorphic to the subautomaton /" = [X, Z', f']
of &". { is the corresponding isomorphism from &/’ onto /.

3.7. Definition. Define the unique functions u: Z x R x X — P(Z) and r: Y; >
- P*(Z x X x 1,), respectively, by
u(z, R, x) = U{N [ {z,x,N]eR}

(y) = {[z,x,N] ! y € b awli(2), [* L(2)])

where ze Z, xe X, ReR and yeY,. u is called the function associated with R.
R =, {r(y) | y € ¥,} covers I*', and r maps Y, onto R"*. R is called t,-admissible
(with respect to ), iff for all x in X

and

YN, VRIN, VN (N, Nyet, AN;ety A(N;AN) x {x} x y "R+ 0 -~
— Ny ou(ez(ze Ny "N, R, x) v fez(ze Ny N,), x) = 0).

Thereby the e-operator denotes any element fulfilling the subsequent predicate.
We shall use only admissible R’s.
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3.8. Proposition. Forallze Z, Re R" and x e X:

u(z, R, x) = by, -10(01(2), [x, G(2)]) % Z3) -

Proof. From the definition of function r,

U1 (812D [ (D))  Z3) = U (84(2), [x, Gx(2)]) * Z)

for some y such that y e hy.p,w((i(2), [x, {5(2)]) for all [z, x, N] € R. Therefore
the above expression equals

{{e(™)| [z, x, N]e R} x Z,) = U{N|[z.x,N]eR} = u(z,R,x). O

3.9. Definition. 7, R-depends on 7, iff for all x in X, Ny, N{ in 7,, N,, N} in 1,
such that N, n N, # 0 and some z in N, n N, the following condition holds:

Ny ANy A f(zx) + 0o
< IRReRA[z,x, N\JeR AVEEeN, A {Z} x {x} x "R+ 0~
> Ny nu(z, R, x)n f(Z,x) + 0)).

In the following, we use a = b(C) to denote the fact that if C is a set of subsets
of the set S, then elements a and b are in the same subset.

3.10. Proposition. If 7, .7, = 0 then {r,, 7,} is independent according to 3.1
iff there exists an R (for /*) such that for all z,z’ in Z, x, ' in X and N, N in 1,
[z, x,N] = [2', x’, N'] (R) » z % z'(z,) holds while 7, R-depends on t,.

Proof. Suppose {r;, 7} is independent. Define R by [z, x, N] = [z, x', N'] (R)
g4z = Z'(r;). We show that 7, R-depends on 7,. To do this we suppose
NNy f(z,x) % 0 for zeN; " N,, N;et,i=1,2, and xeX. This is true
if and only if Ny nf(z, x) & @ and N} n f(z, x) + 0. Therefore, [z, x, Ni] is in
f*. There exists a unique R in R containing [z, x, Ni]. Show that this R fulfills
the expression of 3.9. At first we note that from , . 7, = 0 and the way R is defined,

~z is the only z for which in 3.9 the conclusion must hold. Then, R contains all

[z, x, N{] such that [z, x, N{] is in /™. Hence u(z, R, x) 2 f(z, x) and the conclusion

reduces to N3 n f(z, x) #+ 0. This proves the first part of the proposition. Similarly

one proves the rest. . O
The following theorem is the main result of this paper.

3.11. Theorem. & is isomorphic to the subautomaton &’ of the network 7" of the
second kind consisting of &/, = [X,, Y;, Z;, h,]and o, = [X,, Z,, f,] iff there exist
nontrivial partitions 7, and 7, and an R for f™ such that 7, . 7, = 0 and 7, R-depends
on ;.



Proof. (1) Let & be isomorphic to &’. Define R =4 {r(y)| y € ¥,}. Suppose
that for x in X, Ny, Ny in t;, N,, N} in 15, z, in N; and z} in Nj (i = 1, 2) and for
some zin N "N, 0

JR(ReR A [z,x,Ni]JeR A VEEZeN, A {Z} x {x} x 1y, "R+ 0 >
- N3y nu(Z, R, x) 0 f(Z, x) = 0)

is true. Let r~'(R) be a fixed y in Y, such that r(y) = R. Then the above expression
is equivalent to

ye¥y A yehy (2, [x,2.]) A VZ,(Z € Zy A yeg,(Z, [x, 2,]) >
- Zy x {z3} n iy (21, [, 72]) x Zo n (24 22 x) + 9) =
<Ay(yeY, A yeh, (2, [x, 22]) A VZE,(Z, € Z, A yegy(Zy, [x 22)] =
= (25 [x 22]) x {22} 0 f([2), 22). ) + 0) =
< 3Ip(y € hy(z1, [x 22]) A V2, 321(2, € Z; A veg (3, [x 2] A
A Eyehy(Z4,[x, 22]) A [21 23] €S ([E4s 22), %)) =
w35z Blef (20 2] x) = Ny AN A f(z0) + 0.
It can be easily shown that R is a 7,-admissible set system.

(2) For given & let 1, .7, = 0 and R be a set system covering /™ such that 1,
R-depends on ;. Then define

oy =[X x 15, R o7y, 1],
oA, = [X X Rs‘fz,fz],
2" =[X, 1 x 15, f"],

o =[X,Z.f]
where

Z =y {[N,N,]|[N,N,]€Z' AN, AN, 0}, (:Z' > Z,
where {([N{, N,]) = iz(ze N, A N,) and for [N,,N,]eZ":
[R,Ni]e hy(Ny, [x, N2]) o [z, x, N{]eR
and
Ny efo(Ny [x, R]) 04 VN|(Nyer A (NyANy) x {x} x5, nR+ 0>
>Ny nu(iZ(e Ny A N,), R, x) 0 f(N, n Ny, x) * 0).
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Since R is 7,-admissible, f, is not empty. We prove that { is an isomorphism. (Then
&' is closed, i.e. &' is a subautomaton of ")

Let {z} = N, nN,, {z'} = N} n N} and x € X. Then we have
Zef(z,x) > Ny aN, O f(z,x) + 0o
—3IRReR A [z,x,Nj]JeR A VZ(ZeN, A {Z} x {x} x t;, "R+ 0 >
= Ny nu(E, R, x) N f(2, x) * 0)) <
ot ot IR(RE Y, A Rehyy Ny, [x, N) A Nj € fo(Ny, [x, R])

of 1 &t 2)
< [Ny, N3] e f'([Ny, Ns]. %)
« [N, NJef'([N, Ny, x) o
<) e (), %)
which was to be shown. ]

If there exists an R according to 3.10 then & can be realized by a network the
two components of which operate independently of one another in the sense that,
to perform its own operation, no component needs information about the next
state of the other one. A first kind network will result in this case. The component
o, of & depends to the highest degree on 7, iff there is no R > Ry =4
=g {{[z x, N;]|xeX A [z,x,NJef"}zeZ A N, et} such that 7, R-de-
pends on 7,. For every 7,, any 7, Ry-depends on 7,. Hence we have:

3.12. Corollary. For cvery finite NDA « there exists an R = R, such that <7 can
be embedded isomorphically into a network of the second kind where &/, =
=[X x 15, Ry1y, 1] 0

Investigating loop-free networks here we are concerned only with the case that
component &7 does not depend on component «7,, for the remaining case would
lead to a first kind network treated in section 3.1.

3.13. Definition. 7 is an R-SP-partition (or has the substitution property with

~respect to R) iff

[z,x,NJeR~[Z,x,N]eR
forall Rin R, z, 2’ in Z such that z = z'(r), N in 7 and x in X.
3.14. Proposition. (i) 7 is an R-SP-partition implies that 7 is an SP-partition. (ii)
Let 7 be a partition and let R* be any set of subsets of f* which covers f* such that

z % 7'(7) implies [z, x, N] % [2/, x’, N'] (R*). Then t is an R*-SP-partition if t
is an SP-partition.



Proof. The proposition follows directly from the definitions of SP-partition,
R-SP-partition and that of R*. O

3.15. Theorem. The NDA &/ can be embedded into a network &/” of the second
kind (with two components) the first component of which operates independently
of the second one, iff there exist partitions 7, and 7, and an R for 7, such that

(i) 7, is an R-SP-partition;

(i) 7,.7,=0;

(iii) 7, R-depends on 7,.

Proof. Similar to that of 3.11. Since 7, is an R-SP-partition, h; does not depend
on 1,. m}

4. THE REALIZATION OF THE NETWORK OUTPUT
BY COMPONENTS

In the foregoing sections, we investigated the ‘“‘decomposition properties” of
ND-semiautomata. From that we saw that the “state behaviour” of the given NDA
&/ can be realized by (decomposed imo) a network which operates up to a one-to-
one correspondence in the same manner as the state block of o/ (see Fig. 1 (a) or (b)).
Thus, & can be completely realized by simply adding the output block to the net-
work. Now we shall study the properties of an NDA o which is “completely de-
composable” that is, it can be decomposed into a network of smaller NDA"s which,
in common, realize the output of &, too.

4.1. Definition. Let o/ = [X, Y, Z, I] be a network of the first or second kind,
respectively, consisting of &/, ..., &,. The components realize the network output
iff o = [Xp Yo Zo ], i= 1, .oum, Y= X ¥, and [y, 2T e h(z, x) & A [y 2] €

i=1 i=1
ehfz;, x;) where ¥ ={[yq...,n), z=[z1,..0 2.} 2 = [z0,.., 7)) and x; =

=[zy ..z x] and x; = [y, .0, Yic s 245 .y 2, X], Tespectively.

4.2. Definition. Let ¢; be partitions of Y, 7, partitions of Z and y; = [g, 7],
i=1,..,n, for o = [X,Y,Z, h] Then call the set V = {y,, ..., ,} independent
(with respect to =) iff '

0% N (P x N)ah(z,x) = A (P, x Ny iz, x) % 0)
i=1 i=1
for all P;in ¢;, N;in1;, zin Z and x in X.

4.3. Theorem. The NDA ./ can be isomorphically embedded into a network of the
first kind the output of which is realized by the components iff there exists an inde-
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pendent set V = {y,, ..., z,}, n > 1, of pairs of partitions as defined in 4.2 fulfilling
TIxi =0and []e; = O where the 7js are all nontrivial.
i=1 i=1

Proof. Analogous to 3.2 if one substitutes f by h and the f;’s by h/’s. O

4.4. Remark. Not every NDA can be embedded isomorphicly into a first kind
network according to 4.1.

Proof. This is true even for ND-semiautomata. O

Regarding networks of the second kind, we restrict ourselves again to considering
only two-component networks. In the following, let ¥, = [y, 7, and %, = [e3, 75
be pairs of partitions of Y and Z, respectively. We suppose the ‘internal’ output
of component o/, to be independent of those output signals belonging to the first
component of the network output. Hence, Y, = Y‘f X Yf, and we can ‘decompose’
hy into two fanctions, k¥ and h{ in the following way:

hl(zla [X, Zz]) =
= U e o D) x (e Do 2D x (21
z’1ef1(z1,[x.22])
As the second component automaton provides only its present state to be used as
“interna) information”, we identify h, and hj (see Fig. 4).
If kY and h} depend on one another, we can regard </, to have only one output
function h,.

Fig. 4. A second kind network of two components where the network output is realized by the
component automata.

4.5. Definition. Let R be a set system covering f*. y, R-depends on y; provided
that

[y, 2] e h(z, x) «> (Py x N{) o hiz,x) =0 A
AIRReR Az, x,NjJeR AVEEeN, A Z} x x} x 1, nR £ 0 >
— P, x (u(z, R, x) " N3) 0 h(Z, x) + 0))
for all Py in @y, Py in @5, yin Py n Py + @, Ny, Ny in 7y, Np, N3 in 75, x in X and

for some z in Ny n N, % @ and some z' in Ny n N3 =+ Q.

4.6. Theorem. .o/ can be embedded into a network of the second kind, the output
of which is realized by its components according to 4.1, iff there exist partitions



¢, and g, of Y, nontrivial partitions t, and 7, of Z and some R such that [g,, 7]
R-depends on [, ,] and ¢; . 2 = Oy, 7, . T, = 0 (the respective zeropartitions),

Proof. Similar to 3.11 if f is substituted by h. ]

5. EXAMPLE

The autonomous NDA 7 = [{x}, {1,2,3,4}, /] is to be decomposed into a net-
work of two components provided f is defined as follows:

NN
x‘{l,s}}

2 ‘ 3 ‘ 4
BN

The only candidates for the state partitions are 7, = (1, 2/3, 4), t, = (1, 3/2, 4), and
73 = (1, 4/2, 3). However, there does not exist any network of the first kind with
two components into which o/ can be isomorphically embedded because neither
M, = {7y, 7.}, M, = {r;, 3} nor My = {1, 75} are independent sets. We select 7,
and 7, for state partitions. Omitting x, we have:

f% = {1, N/, N,/2,N[3,N,[4, N, [4,N,} .
(The blocks of 7, and 7, are denoted by N, N, and M, M,, respectively.)
If the second component is in state {3, 4}, then it needs information about the
next state of the first one. That is because &/ does not have the next state 3 if the
present state is 4, however, it is (4, x) 1 {3, 4} = 0 and f(4, x) ~ {1, 3} + 0 while

(4, x) 0 {3,4} n {1, 3} = 0. Hence, we must investigate the following cover of .

/™ which separates the transitions 4 - N, and 4 - N,:
R =y (1, N1, Np[2, Ny [3, N4, Ny [[1, N [1, N3J2, Ny [3, NoJ4, Ny) . -

Ry R,
This implies:
z l 1 2 3 4 1 2 3 4
R ’ R R,
u(z, R) { Z Ny N, Ny Z Ny N; N,

One can easily verify that 7, really R-depends on 7,. Now we construct &/, and 7 ,:
of | = [{x} x 15, R, 1y, h,] where h is defined as follows:

T Z2
! i

M, | M,

Ny {[R;, M1, [Ry, N, {{Ry, N11, [Ry, N11}
[Ry, Ni1, [Ry, N, 1}

Ny {[R1, N1, [Ry, N1} ‘ {IRy, N1, [R;, Ny1}
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o/, = [{x} x R, 73, [,] where f,:

;\‘\\ X-
7 ‘\\\: Ry . R,
M, {m,} ()
M, {Mx-Mz} {Mz}

This implies &' = [{x}, 7, x 15, f"] where

b Mg i Wb | ) } Ny, M,)
x (v My, | (VoM | N, M {INy, My, [Ny, My,
Wy ML} | [Ny, M1 [Ny, M1}

Obviously, & is isomorphic to <"

Note that instead of R we could have chosen every smaller cover than the above
one, e.g. R" = (1, Ny[1, N,/4,N,[[2,N |3, N,[4, N,). The only restriction is that
[4,N,] and [4, N,] are separated. Possibly, this freedom can be used for finding
‘simple’ components.

(Received August 5, 1974.)

ACKNOWLEDGEMENT

The work reported herein is part of the dissertation A thssis of the author who gratefully
acknowledges the suggestions of Doc. Dr. Peter H. Starke of the Humboldt University of Berlin.
Particularly, he wishes to thank his wife, Liebgard, for her patience and warm encouragement
during the coursz of this work.

REFERENCES

[1] J. Hartmanis, R. E. Stearns: Algebraic Structure Theory of Sequential Machines. Prentice
Hall Inc., Englewood Cliffs (N. 1.) 1966.

" [2] P. H. Starke: Abstrakte Automaten. VEB Deutscher Verlag der Wissenschaften, Berlin 1969,
(Translation: Abstract Automata. Elsevier/North Holland, Amsterdam 1972).

[3] K.-A. Zech: Homomorphe Dekomposition stochastischer und nicht-deterministischer
Automaten. Elektronische Informationsverarbeitung und Kybernetik 7 (1971), 5/6, 297—316.

[4] K. - A. Zech: Realisierung des Zustandsverhaltens nicht-deterministischer Automaten.
Elektronische Informationsverarbeitung und Kybernetik 9 (1973), 4/5, 241257,

Dipl. Math. Karl-Adolf Zech, Schliemannstr, 28, DDR - 1058 Berlin. German Democratic
Republic.



		webmaster@dml.cz
	2012-06-05T02:26:58+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




