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v

GENERALISED DIRECTED DIVERGENCE
WITHOUT SYMMETRY

P. N. ARORA, SUBHASH CHOWDHARY

The authors have characterized axiomatically the generalized directed divergence (which is
a symmetric function of its variables) by considerably weakening the symmetry.
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4, = {(p1, P2o s Do) P 2 =2,3,...,
and

A ={(p1.pareeuPa)s >0, k=12, Yp =1}, n=23..,

be the sets of all finite n-component discrete probability distributions with non-
negative elements and positive elements respectively. Let P = (py, pas -, Po)s
Q0 =(q4, 92, .., q,) and R = (r, ry,...,1,) €4, The generalized directed diver-
gence of three probability distributions P, Q and R is defined as

(1) Fipi P2 o s 410 Q0 4 7o T2 o0 o) = 3 pilog L,

L
by20,4¢,20,n20, k=12 ...,nYp=1=%g=3r.
k=1 k=1 k=1

where F, 1S, > B, n =2,3,...,and S, be a set of 3n-tuples of the form (p,. ps, ...
s Pui Q1 Qo oo G Tis T2 vens r,,) such that g; = 0 and p; = 0 for all those indices
i for which r; = Oand also p; = 0 whenevergq; = 0,i = 1,2, ..., n.

(Here the base of the logarithm is taken as 2).

Kannappan and Rathie [3] characterized (1.1) by assuming the following set
of postulates.
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Postulate I, (Recursivity). For all probability distributions P, Q and R € 4,, and
n =3,

(1.2) FuPis P2 oo Pus Q1> Q25 -5 s Fis Fap eoms T) =
=Fo y(py + P2sevvs Pus A1+ Qaseees @ Ty 4 T ooen Ty F

D . q r r
R M S A A
Py + P2 Prt P2 qi+4dr g+ gy vttt

with p; + p, > 0,4, + g2 >0and ry + 1, > 0.

Postulate IT, (n = 3). F3(py, P2, P33 41 42, 33 Ty, T3, 73) is @ symmetric function
of its variables (p;; g5 7)), i = 1,2,3.

Postulate 111 (Deri;'ibi]ity). The mapping (x, ¥, z) — f(x, y, z), (x, ¥, z) € J posses-
ses continuous first order partial derivatives with respect to each variable (x, y, z)e
€ (0, 1), where f(x, y, z) = Fy(x,1 — x; y,1— p;z,1—z)and J = (0, 1) x (0, 1) x
x(0,)u{(0,5,2,05y<1,0=Zz<1}U{(L,y,z),0<)y <1,0<z L1}

Postulate IV (Normalization).

fG33) =% and f(33,3)=0.
Postulate V (Nullity).
fp.p.p) =0, pe(0,1).

The main object of this paper is to axiomatically characterized (1.1) by consider-
ably weakening the symmetry Postulate 11, (n = 3}assumed by Kannappan and Rathie
[3] and by many other research workers.

Instead of Postulate II,, (n = 3), we assume the following postulate:

Postulate VI,. For all probability distributions P, 0 and Re 4, — 4, and
nz3

(13)  FuPis Do eoos P ooos Pus Q15 Q2o ooon Qs oo os s Ty T vy Ty oo ) =
= F(Djs Pas evor Prs vvos Pus @js G2s oovs Qs o or Qs Fiy T2, ey Tis vens T) 5
2£jEn, if r,>0 and ;=0 or ¢, >0 and ¢;=0

or p,>0 and p;=0 holds.

Postulate VI, allows the simultaneous interchange of p, with p;, ¢, with g; and
ry with r;, 2 < j < n is such that either p; > O and p; = 0 or g, > O and ¢; = 0
orr, > 0and r; = 0 holds. It is obvious that Postulate II, (n = 3) implies Postulate
VI, (n = 3). But the converse is not true. For example: Consider F, : S, —» R defined
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as
F(P1s D2r s i Qs G20 -0 i Pio Ts oo r)=pqiry if P,Q and Redy,
Lif P, Q and Re(4, — 47).

Then it is easy to check that F, satisfies VI, but not 11, (n = 3). Thus VI, does not
imply that F,, n > 2, is a symmetric function.

I

2. CHARACTERIZATION THEOREM

Theorem. Let F,: S, » R, n = 2,3, ..., satisfy Postulates I, (n = 3), III, IV, V
and VI, (n 2 3). Then F, is of the form .

(21) F,,(Pp P2s oo Pns q15 425 -+ dns F15F25 005 1',,) = Z DPe 10g %:
k=1 %

P=20,q,20r20k=12...n Yp=1=Yqg=>r.
k=1 k=1 k=1

Proof. Before proving the main theorem, we shall prove the following lemmas:

Lemma 1. Postulates I, (n = 3)and V1, (n = 3)=
(2.2) Fy(0,1; 0,1; 0,1) = 0 = Fy(1,0; 1,0; 1,0).

Proof. From Postulate VI, (n = 3), we have
(23) Fi(1, 5,0, 4,4,0, 4,3,0) = F3(0, 3, % 0,3,4; 0,4, %) =

=F;10,% 4,04 3,0,4).
which by Postulate I, (n = 3)in (2.3), we get (2.2). ]

Lemma 2. Postulates I, (n = 3) and VI, (n 2 3)=

(24) Fo(Dys Paseves Doy d15 920 o5 Gn> Ti> Tas oo 1) =
=For(0, Py, eoes Py 015 ooy @3 0,750 1), B2 2.

Proof. Let p; be the first non-zero element in the probability distribution P such
that p;> 0=4q;>0=7r;>0, 1 £j<n, and using Postulates VI, (nz3),
1, (n = 3) and (2.2), we get

Fo(D1s Par - oos Bus Q15 G20 vos s T1s T2s oo Tn) =
= F(Pjs o Pus Qi ooos Qs Tin oo Ta) =

=F 0+ PpeoosPu; 0+ qjs oo s 0 + 1y m) + i Fa(1,05 1,05 1, 0) =

=F,1(pj 0, P39 05 eees €3 735 05 oo ) =
3 Foa(py, 0, .., Pireeo P> 90 L N I ST R
e Fpoi (0, prsovs Pos 0,1, 00 43 O 1ps vs ) - [m]
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Lemma 3. Postulates I, (n 2 3)and VI, (n 2 3)=F,basnl,n = 2, 3, ..., permuta-
tions = F,, n = 2, is a symmetric function.

Proof. Here we prove the symmetry of F,, n = 2, by the method of induction

on n.

When n = 2. We have the following cases:
Case 1. When 0 < r; < 1 holds in Fj:
Then, 0 < r, < 1 also holds in F, and it implies that either
() a1 =0=p; =0, pp=qp=11in Fy or (i) 0=p, <1, 0<p, =1,
0<g;,<1,0<g,<1in F,

The proof of (i) is as follows:

(25) Fy(0,1; 0,15 71, 1) 2P F4(0,0,1; 0,0, 15 0, 7y, 7,) 12 Fy(1,0,0; 1,0,0;
Fa 71, 0V D Fo(1,05 1,05 1,0) + Fy(1,0; 1,05 75, 7y) BB Fy(1, 05 1,05 75, 1)
Similarly, the proof of (ii) follows.

Case 2. When either #; = Oand r, = 1 or r; = 1 and r, = 0 holds in F,:

Then, it implies cither p, =0 =g¢g, and p, =g, =1 or p, =¢q, =1 and
P2 =4, =0in F,.
This case is obviously true from (2.2).
Thus we have proved the symmetry of F, over S,.
When n = 3. We have the following cases:

Case 1. When 0 < p;,<1,0<g¢;<1,and O0<r; <1, i=1,2,3 holds in Fj5:
Then by Postulate I, (n = 3) and (2.5), we have

(2:6)  Fu(Pi> P2 P35 15 920 €35 715 72:T3) = FalP2 P1, P33 420 41> 433 T2 71, T3)-
and

(27)  Fs(p1s P2 P53 41> 420 @35 715 725 73) B2 Fyf0, by, P2y P33 0, 41 42 43

0,74, 72, 7'3)(1;’) Fi(p3, 01> P2 05 43, 41, G2, 05 73,74, 7, 0) @y
Foy(p1s Pas P2 05 G1s 435 25 05 74, 73,75, 0) 52 F (0, p3, pa 13 0. 43, 420 443
0,13, 72, 71)(2—;3) Fs(Pa» P25 P15 93> 925 415 T35 T25 T1) -

Therefore,

(2'8) Fs(l’h P2, P35 915 42> 435 Ty, Fp, ra)(g) Fs(l’z, D1 P35 92> Q1> G35 Fa, Fiy 73) =
2. . . . .
(:Z)Fa(Psn Pis P25 435415425 T3, Ty, "z)u:s)Fa(Pp D3> P25 415 93> 925 ¥y, 13, fz) =
(L—'Z)Fa(l’z, P3s Pis 42 93 413 T2 73, 11) 0 Fy(ps, D2 P15 3 42 415 73072, 71) -

From (2.8), we get the symmetry of F, over Sj.
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Case 2. When

D pi=0 i=123 0<p;<l, j+i=123 0<qg;<L 0<r<1,
J=1,2,3 holds in Fj:
or :
(i) g;=0=p, =0, i=1,23, 0<p,<1, 0O<gq;<l jEi=123
0<r;<1,j=1,2,3holds in Fy:
or
(i) ri=0=>g,=0=>p;=0,i=1,230<p,<1,0<q<L0<r<l
J#i=1,23holds in Fj.

In these subcases, the proof is similar to case 1.
Case 3. When
() pi=0. p;=0 i%j=123 p=1 k+i+j=123 0<ag<l

0<r,<1,k=1,23holds in Fy:
or

({iy p;=0, g;=0=p; =0, j+i=123, p=1, k+i+j=123
O<ge<l,k+j=123 0<r <1, k=1273holdsin F5:

or
(iii)p,-:O, rj=0=>q;=0=p; =0, i%j=123, =1 k*ifj=
=1,2,3 0<gqg. <1, 0<r,<1,k=*j=1,23holdsin Fj:
or
(iv):=0=p; =0, g;=0=p; =0, i+j=1,23 po=qg =1 k*i*
+j=1,23 0<r<1,k=1,2,3holdsin Fj:
or

(V) 4 =0=p;=0,7r,=0=¢q;=0=>p;=0,i%j=123, =a=1
k+i+j=123 0<r <1 k+j=123holdsin Fj:

In case (i), we have

(29) Fs(o’ 0,15 g4, 42, 435 71,725 r3)(1-L—a.)F3(1, 0,0; g3, g2, 915 735 T2» 7'1)
@ F3(0, 1,05 g2, 93, 915 T2, 735 ”1)(2—;7] Fs(O, 1,05 91,43, 425 T15 F3s rz) :
(Q)Fs(l, 0,0; g3, 45, q25 '3 7y, rz)(g]Fa(o» 0,15 g2, 43, 415 T2, 73 "1) .

Thus (2.9) shows that F is a symmetric function. Similarly, the proof of other
sub-cases follows from sub case (i).

Case 4. When r,=0=>¢;=0=>p;=0, r;=0=>q;=0=>p;=0, i$j=
=1,2,3, pp=q.=r=1k=+i%j=1,23holdsin F;:
Then, by Postulate VI, (n = 3), we have

Fs((), 0,1, 0,0,1; 0,0, 1) = Fa(l, 0,0; 1,0,0; L,0, 0) =
= F40,1,0; 0,1,0; 0,1,0)

Hence we have proved the symmetry of F; completely.
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When n = 4. We have the following cases:

Casel. When 0 < p;<1,0<g;<land 0 <r; <1, i=1,2,34 holds in Fu:
Then, we have
(2‘10) F4(P1~ P2: P35 P4 415 92: 93, 445 V1572, T3 7'4) =
= Fa(P2, v P3 P 420 415 430 445 T25 71y T30 Ta)
and
2.11) F4(P1v P2, P3s Pas 415 92> 435 Qa5 F1o T, 13, T4) =

g F5(0, Pis P25 P3s Pas 0, 415 425 935 445 0,745 72, 73, "4)
D Fo(pss Pis P20, Pas 43 445 92,05 945 P37 T2, 0,74)
219 Fs(Pla P3s P2, 0, Pas 415 93, 92,0, 945 71,73, 72, 0, is)
D Fy(0, p3, P2 Pis Pas O, 43 425 41> Gas 05 Py P, 710 T)
(2;‘)'1:4(1’3’ P2 P1> Pas 43, ‘12: Q1> Gas T3 P2 T, Ta) -

Similarly, we can show

(2.12) Fo(P1> D2s D3 Pa> Q1> 425 93 445 715 P25 T3 Ta) =
= Fy(Ps> P2> P3> P15 Gas 92 G35 Q15 Tas T2, T3, T} -
i

(2.13) Fy(pss P> P3s Pa3 41 92 43 4ai T T2 T ry) =
2D Folps, P2y 1o Pas 93920 41, 443 T52 P2 0o o)
2L Fy(pss P2» P1s P35 4as 425 41> G35 Tas T2 Tt r3)
L0 Fo(p2, Pas p1s P3: ?‘%, 94 45> G35 T25 Tas T15 73)
Ly Fyp1, Pas P2s P3 q‘}, Gas 42> 435 T15Ta5 T2y "3)
42 F4(P3s Das P2> P13 435 Gas 925 415 T3 Tas T2, 71)
(2:19 Fy(pa> D3> P2> P15 qv41’ G342, 415 Tas T3, 725 T1)

2.12 . -
et )FA(pp P3s> P2 Pas 41> 935 925 Gas T1, 735 Fas r,,)

Using Postulate I, (n = 4) and symmetry of F, and F; in I, I, IiT, IV, V and VI
of (2.13), we have 4! = 24 permutations of Fy = F, is symmetric.
Case 2. When
() pi=0i=1,234 0<p;<li+j=12234 0<g;<l, 0<r;<1,
Jj=1,2,3,4holds in Fj:
or B
(i) g;=0=>p;=0,i=1,2340<p;<1,0<qg; <L i%j= 1,2,3,4,
0<r;<1,j=1,23,4holds in F,: ’
or
(i) r;=0=>¢;=0=p,=0,i=1,234, 0<p;<1, 0<g;<l, 0<r;<1,
j*i=1,2,3,4holds in Fy:
The above sub-cases follows from case 1.
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Case 3. When
(i)p,»=0, p;=0, i+j=1234 0<p <!, kxi+j=1234
0<g<1,0<m <1, k=123 4holds in F,:
or
(i) pi=0,g;=0=p; =0, i+j=1234 O0<p <Il, k$i+j=
=1,2,3,4, 0<g. <1, kdj=1234 O<r<l1, k=1,234,
holds in Fy:
or
(i) p; =0, r; =0=>q; =0=p; =0, i+j=1,2340<p <1, k+i=*
+j=12340<q<1,0<r<1,k+j=1,2734holds in Fy:
or
(iv)q;i=0=p;=0,9;,=0=p; =0,i +£j=1,2,3,4 0<p<l, 0<q <
<Lk#+i%j=12134 0<r,<l,k=1234holdsinF,:
or
(v)qi=0;>pi:0,f'J-=0=qj=O=>pj=0,i:i:j:1,2,3,4,0<pk<1,
O<q<l,k+i+j=1,2340<r<1,k+j=1234holdsin F,:
or
(V) ri=0=2q,=0=p; =0, r;=0=y;=0=p; =0, i+j=1234
0<p<L,0<g<1,0<r <1, k=+i%j=1,234holdsin F,:
Letus assume p; = 0 = pyg. p» = 0 = p,, in (i) and using (2.10), (2.11) and (2.12)
in F,, we get
t
(2.14) Fa(P1o> P20: P3s Pas fha[?:v G3: Qa5 ¥1: T2 T3 Fa) =

(2.11
= )F4(I’3~ P20s P1o> Pas ({3« G2>q1s Gas V3, T2y Iy 7‘4)
n
2.12
2 Fy(ps, P20 Pio> P35 Qs G2 1> 433 Tar P20 Tys T3)
.10 . .
=2 Fa(P20: P> Pros P35 425 Qas 41> 435 25 Tas T4 73)
v
(2.11 .
LD F4(1710, Pas P2os P35 415 Qa5 925 935 T15 Fas T2 "3)
v
1
212 F4(l73> Pas P20s Pros 435 94> 925 15 35 Ty, Fas "1)
(.19 F4(P4‘ D3> P20 Dios ([14, 43> 92,415 Tas ¥3, ¥2, "1)
v
L 1“4(17;0, P35> P20s Pas 415 93> 925 445 15 735 F2s 7'4)-
Now we shall show below that I of (2.14) contributes 4 permutations of F, which
are as follows:
(2.15) (a) Fa(Pro> P20s P3> Pas d1s 2> 435 das Tis P2, T3, Fa) =
4
[z"‘)Fs(Os Pi0s P20s P3» Pas 05 Q1 25 430 qas O, 74, 72, 73, Fa)
1.3
EE Fs(p20s P10s 05 P> Pas 42> Q1> 0 43, 445 25 7y, 0,73, Ta)
4
g Fg(0, P20 P10s 05 P3s P45 0,92, 41,0, 43, q43 0, 72,71, 0,73, 74)
3
(2 I‘G(va D200 0,0, P3, Pas 41542, 0,0, g3, gy 74,72, 0,0,73, "4)

153



S F(,(O» P20, 0, P10, P3: P45 0,42, 0, q1, 43, 445 0,72, 0, 7, 75, "4)
@ Fg(on’ 0, P1os P3> Pas 42,0, 41, G5, Gas 72,0, 74,73, Fa)
‘1=-'3)F5(0, D20 P1os P3s Pa> 05 G20 415 G35 Gas 0,72, 71, 73, 7a)

@ FA(onv P1os D3> Pal Q25 d1s 43> G4° T2, F1s F3s Py -

(2.16) (b) Fu(P10> P20> P3s Pas Q1s G2 30 dal T1s T2 T30 Ta) =

(2—;—4)F5(0’ Pios P20 P3> Pas 0, d4s 2, G, 4as O, 7yy T2, 35 74)

AD Fo(p3s Pro> P20s Os Pas 435 15 925 05 Gas T3, Fys 12, 05 7g)
(2'4)3—(——1'3’FG(P4a P3> Pro> P20s 0, 05 qus 430 415 42, 0, 05 74, 73, 74, 72, 0, 0)
“'3)-3—9'4)‘1'-5@& Pios P20» Pas 05 G35 G15 G2 Gar 05 73, 71, 72, 74, 0)
(1'3)'=(2'4)F4(P10’ D205 P P35 41> G2 9> G35 T T2s T4 T'3)

Similarly, we can show that
(2.17) F4(I710, D20> P3> Pas G5 G2 93> Ga3 T1s 12, T35 Fa) =

= FA(on’ P1os Pa> P35 92> 415 Gas 935 T2 T'ps Fas T3]

Now using Postulate I, (n = 4) and symmetry of F, and F; in II, 111, 1V, V and VI
of (2.14) and (2.15), (2-16) and (2.17) in I of (2.14) would yield 4! permutations of
F, = symmetry of F,. Similarly, the proof of other subcases follows from sub case (i)
of case 3.

Case 4. When
) pi=0,p;=0,p=0,i*kjFk=1234p=1I1+i+j+k=
=1,234. 0<q;<1,0<r,<1,1=1,234 holds in Fy:
or
(ii)p,»:O, p;=0,=0=p, =0, i*j+k=1234 p=11+i%
+j+k=1,234 0<q<l,l+k=12340<r<l,I=1234,
holds in F,:
or
(i) p;=0, p; =0, r,=0=q, =0=>p, =0, ik jk k=1234 p=1,
lFi+j+k=12340<qg<L,0<r<1,I+k=12734,holds
in Fy:
or
(¥} Pi=0,4;=0=p;=0,g=0=p =0, i%j+k=1234p=1
l+i+j+k=1,2340<qg <1 l+j+k=12340<r<I1,
1=1,2,3,4, holds in F,:. o
or
Mpi=04=0=p =0r=0=>¢=0=>p =0,i+j+k=1234,
p=L1l*itj+k=1234 O0<q <1, I+j+k=172734,
O<r <1, 1%k=1,23,4holdsin F,:
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or

(i) pi=0, r;=0=g;=0=p;=0, 1, =09 =0=p =0 i%j+
+hk=1234p=LI1*i¥fj+k=1234 0<q,<L, 0<r <],
14:j*k=1,2,3,4holdsinF4:

or

(Vii)qi=0="pi=0"1,':O:Pj=0,4k=0=>pk=0,i#j4=k‘172,3,45
p=q=11%i+j+k=12340<r<1,1=1234 holds in
Fu:

or

(viii) ¢; =0=p; =0, ¢;=0=p; =0, 5, =0=>¢, =0=p, =0, i+j*
$hk=1234 p=q=L1+i%j+k=12340<r<1 1+
+ k=1,2,3,4 holdsin F,:

or

(x) g;=0=>p;=0,7;=0=¢;=0=p; =0, 1, =0=¢q, =0=>p, =0, %
+j+k=01234 p=q=1 l+i+j+k=12734 0<r<l,
I+j+k=1,2,34holds in Fy:

Let us assume p; = 0 = Pio. p2 = 0 = Pag, p3 =0 = pyy and pa = 1, in sub-
case (i) of case 4 and using (2.10), (2.11) and (2.12), we get
i
(2.18) F4(P10, D205 P3os Pas 915 925 935 445 T'15 25 T3, 7'4) =
i
2.
{ =11)F4(P30; P20+ P1os Pas qla’ Q2> 915 445 ¥3, ¥y, Fy, 7'4)
i
(2.1
=2)F4(P4, P20s Pros> P305 94> 92, 915 43> Yas Fa, Ty, 7'3)
(2.10
24 )Fd-(on, Pas P1o: P3os 925 Gas 415> 935 Fa, Pas Ty, 7'3)
: v
(z—"L“F‘t(Pw, Pa> P20 P305 Q1> 9as 925 435 T1> Pyy 2, T3)
(2.12) M
LI Fu(P30s Pas P20> Pros 43> 44s G2» A5 T35 o Tas r1)
(2;0)F4(P4’ P30> P20s P1os 94> 93> 42> 915 T4s T3, T2, "1)
Vi
(ZéZ}F4(P107 P30> P20> Pa> 91> 93> 925 945 T15 F3, ¥a, "4) .

Using Postulate I, (n = 4) and symmetry of F, and F in III, IV and V of (2.18),

and (2.15), (2.16) and (2.17) in I 1T and VI of (2.18), we get 4! permutations of F, =

= the function F, is a symmetric function. Similarly, the proof of other subcases

of case 4 follows from subcase (i) of case 4.

Case 5. When r;=0=¢;=0=p; =0, r,=0=>¢;,=0=p;=0, ,=0=>
=>q,=0=p=0,i+j+k=1234 p=q=r=1,1%ixj+k=
=1,2,3,4holdsin Fy:

Then symmetry of F4, obviously, follows by applying Postulate VI, (n =4)in F,.
From case 1 to case 5, discussed above, we conclude that F, is a symmetric function

for all set of values of p’s, ¢’s and #’s.
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When n = m
From the above results, we conclude:
(i) If F, has 2! permutations, then F, is a symmetric function;
(i) If F; has 3! permutations, then F; is a symmetric function;
(iii) If F, has 4! permutations, then F, is a symmetric function;
Assuming that F,,_,, m= § is a symmetric function and thus it has (m— 1)! permuta-
tions, we shall prove that F,, has m! permutations which imply F, is a symmetric
function for m = 5. We proceed as follows:

Case 1. When0 < p; <1,0<g; < l,and0 < g; < 1,i =1,2,...,mholdsin F,:
Then we have

(2.19) FoP1s P2s s P Q15 Q25 -+ or Qo T1s T2 2o0s T =
= Fu(D2s Pis o> Db G20 G5 o> s 72> T1 -+ Tr)

and by Lemma 2 and Postulate VI, (n Z 5) in the function F,,, m 2 5, we get
)

(220) Fo(D1s P2s oo By 35 G5 +oor Gs T2 P25 +oos Tr) =
@)

= Fm(l’a, P2s Pi> Pas «++s Pm> q3s qz(;)tha Gas eos Gms T35 2 715 Fay -eey rm) =
= Fm(Pct» P25 P35 P1s Ps> ++»s P> Gas 42> q?:‘fh: sy« Gm> Fas ¥ F3: P Fsy ees rm) =
J
= m(Ps: D25 P35> Pas P1s> Pes =+ s Pm> 95> 92> 935 94> 915 96> ---
weos s Tso P2s Fas Fas Tpy Py waes Tg) = o0 =

(m—-2)th
= FolPm~1> P2s +os Pr=2> P> Do Guum 15 Q25 - 0> Din=2> 1> s T 15 T2 - T1 Tr) =

(m—1)th
= Fm(pnu D25 oo Pmet5 P15 Do G20 -+ s =10 Q15 Tows P23 veos Tt T2) -

Using Postulate I, (n Z 5) and symmetry of F, in (2,), (3), ..., (m — L)th of (2.20),
we get

@
(221)  Fulp2s P3s P1> Pas o> P G2 030 Q1> Gas -5 > 725730 T4 Ty o3 Tr) =

)

= F(P2, P4s P3s P1> Pss o+ P> G2 Qs Q3> 1> s> -+ o> s 725 s T35 Tis Ty ooy ) =
(m—1)th

== m(PzaPms--'»Pm»l»Pﬁ 92y Gy -5 Dm=1> D15 25 Tpps -5 7'm—1,"1)-

Again using Lemma 2 and Postulate VI, (n = 5) (as used in obtaining (2.11) and
(2.12)) in (2), (3), ..., (m — D)th of (2.21), we get

(&) .
(222) FolP1s P2svos Pui Gt Q2o vvvs Gon P15 T2s vees T) =
. @
= Fm(pl’ D35 P2s Pas + -+ P> 91> 93> 925 as <+ Qs P15 735 725 Fay vy Vm) =
3)
= Fo(P1s Pas D3 P2s Pss - oos Py 15 Qs G35 D25 Gs -+ s T1> s 73, 72, Ty vy Ty} =
(m=1)th

T . = Fm(l’v DPus ~+ s Pm—1> P25 Q15 Qs ++ > =15 925 Yio Py oo Ty g 7’2) .
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Using (1) of (2.20) = (2) of (2.20) (i.e. replacement of 1st element of each distribution
with third clement of each distribution) in (3), (4), ..., (m — L)th of (2.22), we get
@

(2'23) Fm(p35 Pas> P1> P25 P3ss -+ s P> 43> 9as 41, 42, G5, -+

s Qs F3s Tas Ty oy Fsy s rm) =
(4)

= Fou(P3, Pss Pis Pas P2> Pos -+ P> 43 95> 41> s 425 doo -+

cons Gy T35 Tss Fis Fan Py P oo r,,,) =
(m—1)th

= = Fm(plh Pos > P25 435 Qo - -5 G25 T30 Tr =-03 2)

Similarly, use of (1) of (2.20) = (3) of (2.20) (i.e. replacement of first element of each
distribution with fourth element of each distribution) in (4), (5),...,(m — 1)th of
(2.22), we get

@
(2:24) FulPas Pss cvos Py Qs Qs +ovs Qs T Ts5 o0y Tor) =

5

= Fo(Pas Pos s P> Gas Q65 s G T Tgs - ) =
(m—1)th
= oo = F(Pas Pus -5 s Gy -3 Tt T +-)

and so on.
In the end, use (1) of (2.20) = (m — 2)th of (2.20) in (m — 1)th of (2.22), we get
(2.29) Fo =15 P -3 =15 Qo -+ Tmim 15 P =) -

Using Postulate I, (n Z 5), symmetry of F, and F,,_, in (2.22), (2.21), (2.23), (2.24),
and so on, and (2.25) then each F,, in these would yield 2(m —2)! permutations
of F,, and (2.22), (2.21), (2.23), (2.24), and so on, and (2.25) would yield 2(m — 1)
(m—2)1,2(m —2) (m—2)!,...,2 (m—2)! permutations of F,, respectively. Thercfore,
the algebraic sum of all these permutations of F,, is 2(m — 1) (m — 2)! + 2(m —2)
(m—=2)!+... +2(m —2)! = m!, which implies that F,,, m 2 5 is a symmetric function.
Again, we may come across various cases similar to the one, as discussed in the
symmetry of F3 and F,. They can be easily verified for the symmetry of F,,, m = 5.
Hence we conclude the symmetry of F,, n > 2.

Thus Lemma 3 is proved. O

Proof of the main theorem

Now Postulates I, (n = 3,4) and VI, (n = 3, 4) gives 3! permutations of Fy =
= symmetry of F5. Kannappan and Rathie [3] has also taken symmetry of F; as
one of the postulate in their proof. Replacing 3-symmetry of F; by our Postulate
VI, (n = 3), the proof of the theorem follows from their lines of action. Hence the
theorem is proved. 0

Remarks.

1. The authors have proved in this paper that the symmetry of generalized directed
divergence (1.1) for n 2 2 follows from Postulates I, (n 2 3) and VI, (n 2 3)
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and thus have proved that (1.1) can be characterized without symmetry postulate.
2. It has been analytically proved that F, has n!, (n 2 2) permutations = F,, (n 2 2)
is a symmetric function.
(Received December 30, 1982.)
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