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KYBERNETIKA — VOLUME 20 (1984), NUMBER 5

DUALITY IN VECTOR OPTIMIZATION
Part I1. Vector Quasiconcave Programming

TRAN QUOC CHIEN

In this part of the tripaper, on the basis of the abstract theory presented in the first part,
a duality theory is developed for the vector quasiconcave programming. In Section 3 some neces-
cary concepts and assertions of (quasi)convexity are introduced. Section 4 deals with the duality
theory in vector quasiconcave programming with affine constraints. Finally, in Section: 5 a limit
approach is proposed to define the dual problems for the vector quasiconcave programming with
convex constraints.

3. QUASICONVEXITY OF OPERATORS AND RELATED CONCEPTS

In the following definitions X is a topological linear space, Y is a topological linear
space ordered by a convex cone Y, with int Y, % @ and ¥, n(=Y,) = {0}. Let
D « X be a convex subset, having at least two points.

Given an operator G : D — Y we say that G is quasiconvex in D if the lower set

{xeD|G(x) = b})

is convex for all be Y (or equivalently: all its strict lower sets {x € D| G(x) < b}
are convex).
G is convex in D if forallx, ye Dand A e (O, 1)

Glox + (1 = 2)y] S 3G(x) + (1 = 2) G(y) .

G is (quasi) concave if —G is (quasi) convex. G je atfine if for all x, ye D and i e
€(0,1)
Glix + (1 = 2 y] = 2G(x) + (1 — 2) G(y) -

G is quasimonotonic if it is both quasiconvex and quasiconcave. G is lower (upper)
semicontinuous in D if its lower sets (upper sets) are closed with respect to D.

A subset AcX is a polytope if it is an intersection of a finite number of half-
spaces. Obviously, if Yis of finite dimension and G is affine, then all lower (upper)
sets of G are polytopes.
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Theorem 3.1. (Theorem on polytopal feasible sets.)

I Yis of finite dimension and G is a lower semicontinuous quasimonotonic operator
on a polytope A, then the feasible set

{xed I G(x) £ b}
is a polytope for any be Y.
Proof. The proof is similiar to that in Martos [2] (cf. [2] page 78). The only

difference is that X need not be finitely dimensional. [m]

Suppose that X and Y are Banach spaces, G is Fréchet-differentiable at Xe D,
i.e. there exists a continuous linear operator G'(X) : X — Y such that

lim [6(x + 4x) - G(x) ~ <G'(%), 4x) “o

J4xli~0 “A‘("

G is said to be locally quasiconvex at X with respect to D if forallx e D
G(x) £ G(x) = (G'(X),x — ¥y 0.

G is locally pseudoconvex at X with respect to D if it is locally quasiconvex at X with
respect to D and for all x e D

G(x) < G(x) = <G'(x),x — %y < 0.
G is pseudoconvex in D if it is locally pseudoconvex at any x € D with respect to D.
G is pseudoconcave if — G is pseudoconvex. G is pseudomonotonic if it is both
pseudoconvex and pseudoconcave.

Theorem 3.2. (Lincarization theorem for pseudomonotonic constraints‘)

Let G(x) be a pseudomonotonic operator in the convex set D and let e G(D) = Y.
Then for any x° such that G(x°) = f# we have

2(B)={xeD|G(x) £ B} = {eD|G(x).x - x°) £0}.
1f, in addition, D is a polytope and Y is of finite dimension, then #(f) is a polytope.
Proof. The proof is analogous to that of Theorem 43 in [2] )

We formulate finally a separation theorem of convex sets which will be used in
the next section.

Theorem 3.3. (scc [3]) If 2 nonempty, relatively open convex set M does not meet
a nonempty polytope N, then there existes a hyperplane H, strictly separating M from
N, i.e. there exists a continuous linear functional f and a scalar « such that

fox) Sa<{f,y> ¥xeN, VyeM.
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4. VECTOR QUASICONCAVE PROGRAMMING WITH i
AFFINE CONSTRAINTS

In this section X, Y, Z and W are topological linear spaces, Y and Z are ordered by
the positive convex cones Y, and Z, (int Y, # @ and Y, n(=Y,) = {0}), D is
a subset of X. Further, suppose that we are given an affine operator F, : D — W,
a quasiconcave operator F, : B— Y, where F,(D) = B = W, and an affine operator
G :X — Z. Denote F(x) = F,[F,(x)] Vx € D. The following problem '

find Sup" {F(x) | xe D, G(x) =0} = S”

ity

is called the vector quasiconcave programming problem with affine constraints.

Throug hout the paper we suppose that the problem (4.1) has a feasible solution.
Further in order to apply the theory developed in Section 2 we slightly modify the
problem (4.1) as follows. We put

u(x) = {ye Y|y £ F(x)}
for any x € D. Then instead of the problem (4.1) we will study the following program
m find Sup® U px)=S;.
xeD,G(x)=0
This modification is rather formal than essential since if y*eS;, y* e ug(x*),
x*e P = {x e D|G(x) = 0}, then obviously F(x*) € ¥ and x* is an optimal solu-
tion of the problem (4.1).
Now we can convert problem (I) into the abstract model from Section 2 of [1].
We put
E=Zx W, Ay=—-00; A*= 4w
P={(z;w)eE|IxeD:z = G(x)&w = F (x)}
Q,={(zsw)eE|z=08&weF,(D)&F,(w) 2 y} VyeY
20=UQ,; Po=PnQ
yeY
wa) ={yeY|aecQ}VaeP,
‘We have then the problem
(0 find Sup® U u(a) = S;

aePo

Lemma 4.1,
U ndx) = U u(a)

xeD aePo

Hence the problems (1) and (I) are equivalent.
Proof. Let y € U it{x), then there exists an x’ € D such that y < F(x'). Puta’ =
xed

= (0; F,(x")). Evidently a’ e P ~ Q, consequently y € p(a’) = 1} pu(a).

€Po
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Conversely if ye U u(a) then there is an a’ & P, such that a’ € Q,. It means that
aePo

there is an x' € D with @’ = (0; F,(x')) and F,[F,(x')] = F(x') 2 y which implies

yeudx) e Ugup(x) O

Now for any (z*; w*; r) e Z* x W* x R we denote

Hopor = {(z;w)€Z x W! {z,z) + {wH, w) £ 1}
and
E* = {H....|2*€Z* & w* e W*&reR)}

Further put

P* = (HeE*|P c H}
O ={HeE*|Hn Q, =0 V) 2}
0* =y oy
ye¥
P} = P* QF

WH)={yeY|HeQ)} VHeP;.
According to Section 2 we have the following dual problem

(1) find  Inf™ U v(H) = I

HePo*
Lemma 4.2, If P is a polytope and F, is lower semicontinuous, then
(4.2) Sy =1Ipn
Proof. Using Theorem 3.3 it is easy to verify the conditions [Alj, [Az]A Thus
according to Theorem 2.2 (4.2) holds. |

Corollary. If X, Z and W are of finite dimension, D is a polytope and F, is lower
semicontinuius, then
Sy =1Ip.

Lemma 4.3. For any H,« ., € Py

Proof. Let y € Inf" v(H.. ,» ). Then for any y' < y, ' ¢ v(H.. ), it means that
there is w € F1(D) such that {w¥, w) < rand y' < Fy(w). It follows

y’ € U /le(W)
weF, (D)
(whwyEr
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hence

yeSup¥ U pup(w) .
weF (D)
{w*,w)sr

Now let ye Sup® U pr,(w). BY the same consideration we have y € v(H.s - ,)
weF (D)
(wt.wysr

and hence y € Inf¥ v(H.. . ,)- o
We have now
Py = {He e,
(4.3) < rV(z; w) € P & Sup” {Fy(w) | we Fy(D): <w*, w) < v} + 0}
Put

z*e Z*, wre W*, reR: {(z*,z) + {w*,w) <

(4.49) T r(z*, w¥) = sup {(z%, z) + (wh, WD | (z; w) e P}
4.5) & = {(z*; w*)€2* x W*|3r: H,. ., € Py}
then obviously
(4.6) Py = {Hppo, | (2 w¥) e 2 & 1 2 r(z*, wH)}
Since
V(H e o) © WHou o paowey) V7 2 (2%, w¥)
we have
@47 UvH) = U v(Ho o)
HePo* (z*,w*)e?
Further
Inf¥ U v(H) = Inf¥ U v(H.e e pioonm) (see (4.7))
HePo* (2%, wh)ee
=1Inf" U Inf¥v(H.ews,owe) (see Remark 1 of Sec. 1.)
(z*,w*)es
=1Inf* | Sup” U #p(w) (see Lemma 4.3)
(2% w)e® WeF (D
{whw) sr(z*,w*)
=1Inf* U L(z* w*)
(2*,whe?
where
(4.8) L(z*, w*) = Sup” U ur(w)

weF (D)
(we,w) Sr(z%,w%)

Thus we have proved
Lemma 4.4. Problem (I*) is equivalent to the problem
1 find Inf* U L(z* w*) =1Ip
(z*,w*)eZ

where L(z*, w¥) is defined in (4.8).
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The problem (1*) is called the T,-dual to problem (I). From Lemmas 4.1, 4.2 and
4.4 it follows

Theorem 4.1. If P is a polytope and F, is lower semicontinuous, then
(4.9) Sy=1Ip,

Corollary. If X, Z and W are of finite dimension, D is a polytope and F, is lower
semicontinuous, then (4.9) holds.

Remark 1. The problem with inequality constraints
(Tc>y) find Sup” {F(x)| x e D : G(x) < (z) 0}

where F, G and D remain as in problem (I), can be transformed to the problem with
equality constraints by the traditional way as in linear programming. Then after some
simple arrangements we obtain the dual of (I.(.,)

(ltr>)) find Inf¥ U L(z*, w*)
(27 w)eL <)
where
(4.10) Loy = 1w e 2| < (2)0)

and L{z*, w*) is defined as in (4.8).

Remark 2. If the constraint operator G is not affine, but quasimonotonic or pseudo-
monotonic, then after a linearization of the feasible set (see Theorems 3.1 and 3.2)
we can apply the theory introduced above.

We shall now apply this duality theory to some examples.

Example 1. Suppose that
A = (a;) isanm x n matrix,
b = (b;) isa vector in R™
xi
F(x)=|: ] for x=(x,...x,) eR".

2

Xn

We are given then the problem
xi

(4.11) find Sup* 4 ¢ || x = (x5, %) Z0&Ax £ b
2
xn

Since F(x) is quasiconcave in R’,, we can apply the theory introduced above. Here,
X=W=Y=R', Z=R"
G(x) = Ax - b, Fy(x)=x.
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Further, for any z € R™ and w € R"
r(z, w) = sup {z/(Ax — b) + w'x} = sup {(z’A + w)x — z'b} =
x20 x20
_f=2Zb if ZA+ W 0
" ]+ otherwise

2

X1
Sup*il: ||x20&wWxE —zbr+ 0wz 0.

2

n

Hence according to (4.10)
(4.12) Fo={(z;w)eR"x R"|zS0& A+ w S 0&w 2 0}

and -
(4.13) L(z,w) = Sup” U pgx)-
wix<—-z'b
The dual of problem (4.11) is then
(4.14) find Inf¥ \J L(z, w)
(z,w)ef <

where £ . and L(z, w) are defined in (4.12) and (4.13).
We illustrate it by a concrete example. Let

(o ()

then the problem (4.11) has the form
2

(4.15)  find supw{(;;>gx,,xz 208&x, +x, <1&x, —x, £ 0}.
2

According to (4.12) we have
(4.16) Lo={(zw)eR* x R?|z<0&wW208&z, + 2, + w; <

S0&z, —z, +w, §0}
and
r(z, w) = —z; V(z; w) e .
It is easy to see that

(4.17) . z; <0 and z; £2,<0
and .
(4.18) Uooml) = Y wrlx)
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So the Ty-dual problem of (4.15) is

(4.19) find Inf* () L(z, w)
N (z,w)e?,
where
(4»20) &£y = {(Z:' Wi ‘4’2)ER3 I —12220&w;,w,20&
& -1 +z+w £0& —1 —z+w, S0}
and
(4.21) L{z,w) = Sup® U ).
Wi €1
The set L(z, w) in (4.21) is illustrated in Fig. 2 where z = — 4, w, = jand w, = }.

— ——- Fig.2
Example 2. Given a matrix
A= [ai,r](:l ,,,,, m+p
J=0. 1. n
we define
(4.22) P ={x=(xp.ux)ER|x20&a,+ Ya,x;=0,
Jj=1
"
P=1 e M& Ao + Y Qg X, >0, k=1,..,p)
ji=1
r n
(4.23) Ji(x) :rHa (amsio + Y, s k%)
k= =1
. l’{ ,L
(4.24) Sox) = Y ey Ya, L ox
k=1 j=1

The problem in question is

(4.25) find Sup” {(28) [xe 9} .

Put
X =R'x R’
D={(x;w)eR"x R?|x 2 0&w > 0}

[

"
g{x,w)=a;o+ Y, a;ix;, i=1,..,m
j=1
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n
g,,,+k(x, W) = Apk,o T z Apig, jX; =~ Wi, k=1,...p
Jj=1
G = (gl’ ceey gm"‘p)
/| r A\
[T ws
k=1
F=1,
3 e
W=1 /
then the problem (4.25) can be rewritten as follows:

(4.26) find Sup” {F(x, w) | (x; w) € D & G(x; w) = 0}

For any z e R"*? and v € R” we have

m+p P

(4.27) oz o) = sup (Y zgdx, w) +/.;Dkwk) =

(xowieD i=1

mp nom+p »

= sup (lei”i,o + .Zl(_zlziaij) Xj +,Zl(vk = Zye) W) =
= j=1i= k=

(x,w)eD i=

m+p m+p

+w otherwise
and
id A
II Wy r +
(4.28) Sup® "? | w>08& Y vy £ z
k=1 i

Wi
kzle

mtp

< Y za0>0&y > 0Vk=1,...p
i

Summarizing (4.27) and (4.28) we have
m+P m+p

(429) L ={(z0)|zeR™ P &veR &Y, 2it;0 > 0& ) 2,0, ; £0
i=1 i=1

Vi=1,.. n&0 <v < ZmruVhk =1,...,p}

and
(4.30) L(z, v) = Sup” U r(w)¥(z;0) e & .

o

w>
mip
vewkS I zifli0
=1

MY

k=1

Notice that if 0 < u S v  z,,.4 Vk = 1,...» P then

(4.31) Vye U ImOERS U wew) iy >y
w>0 w0

r mip » m#p
L uwes I ziagq I #eS L Zidio
k=1 i=1 ’ k=1 i=1
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From (4.31) it follows that

(4.32) Inf* U L(z,0) = Inf* U L(z)
(z.v)e# 2%
where
m+p m+p

(4.33) Lo ={zeR""| Z]z,-a,-‘o > o&lzlziai,j £0 Vj=1,..,n

&z, >0Vk=1,...,p}

and
(4.34) L(z) = Sup” V) ne(w) -
w>0
8 zmrones”E 20
k=1 i=t
Hence the problem
(4.35) find Inf™ U L(z)
ze¥o

where £, and L(z) are defined in (4.33) and (4.34) is the dual of problem (4.26),
thus of the initial problem (4.25).

5. VECTOR QUASICONCAVE PROGRAMMING WITH
CONVEX CONSTRAINTS

In this section a duality theory is developed for the vector quasiconcave program-
ming the constraint operator of which is not affine, but convex or, equivalently, the
feasible set of which is not polytopal but convex. In the foregoing section we have
seen that Theorem 3.3 plays a crucial role in proving the strong duality principle
(see Lemma 4.2) and it is easy to verify that it may fail if N is not a polytope. There-
fore we cannot use Theorem 3.3 directly if the constraint operator is not affine. Our
main idea is to approximate the convex feasible set by a sequence of polytopal sets.
After that, by a limit passage, we obtain the dual problem.

At first let us define some basic distance notions. In this section X and Y are
Banach spaces. For any subsets 4 and B of X we define
(3.1 0(A4, B) = sup inf Hu - ww + sup inf ”u - w

weAd veB veB weAd

w©

o(A, B) is called the Hausdorff distance of 4 and B. Let {4,}, be a sequence of
subsets in X. We say that A, converge to A in the Hausdorff sense, A, —2— 4, if
lim o(d4,, A) = 0
n=w

A, converge to A in the Kakuiani sense, A, —%— A, if

(5.2) VX e Xy € Ay X, > X > x €A
and
(5.3) Vxed Ix,ed,n=1,2,...x, > x.
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Lemma 5.1.

A, - A=4,—F>1

Proof. Let A4,—"— A4, x,e A,,n = 1,2,... and x, — x. Fix an arbitrary ¢ > 0,
then there are an integer n, and a point x; & A such that |x — x,| < &2 and

|%a, = x5 < /2. Consequently Ve 3x;,|x < & what means x € 4.

’
= Xy,

Conversely if x € 4 then for any integer k there is an n, such that
Ynzn, Ix,€A,: Hx,, — x” < 1Jk

From these x, one can choose a sequence that converges to x. - O

Let B, B,,n = 1,2, ... be subsets of Yand Y, be a convex positive cone in Y. |

Lemma 5.2, -
B,—2~B=B, - Y., —"->B-7,

Proof. Letve B,,we B, v,, w, € Y,, then

i (0= 02) = (v = w)] £ nf o=

wael
and
inf 0 = w.) = (o = 0)]  inf o~ w]
veBy veBy
vieY 4

Consequently
(5.4) o(B, — Y., B~ Y,) = o(B, B)
The assertion of the lemma follows easily from (5.4). . . O

Now let us have an operator F: D — Y, where D < X, let 2, €« D,Vn = 1,2,...
and @ < D. Suppose that F is defined on the set 9, = {xeX |inf |[x — x| £ 4}

x'e?

for some fixed 4 > 0.

Lemma 5.3. If 2, —2— @ and F is uniformly continuous on 2, then
F(9,)—2-F9).
Proof. We have
(55)  o(F(2,).F(@)= swp inf |y—z|+ sup inf |y—z|=

eF(@n) zeF(2) 2<F(9) yeF(Tn)
= sup inf |[F(v) — F(w)| + sup inf |F(v) — F(w)|
ved, we2 wed  vedn

The assertion of the lemma follows from the uniform continuity of F, with regard
to (5.5). 0
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Put
) wi{A) = F(4) — Y.

then from Lemmas 5.2 and 5.3 it follows

Lemma 5.4, Under the same conditions as in Lemma 5.3 we have

1(@s) —= 14(2)

Lemma 5.5. Let B, B,, n = 1,2, ... be subsets of Y such that

>

(5.6) B—Y,cB and B,— Y, c B,¥n=1,2,...

and B, —— B. Then

Sup* B, —X— Sup“ B .

Proof. We need to verify conditions (5.2) and (5.3). Let x, € Sup™ B, Vn = 1,2, ...,
x, = x. For every n there is an x,, € B, such that “x,,,, . x,,“ < 1/n. Consequently
X, — x and by Lemma 5.1 x € B. If x ¢ Sup™ B, then there is an x’ € B such that
x' > x. According to Lemma 5.1 there exists a sequence {x;},%,x,€B, V¥n=1,2, ..
... x;, = x'. Hence there is an nq such that for all n = n, : x;, > x,, what is a con-
tradiction to x, € Sup™ B,. We have proved (5.2).

Conversely let x € Sup™ B. Choose an e eint Y, such that

(5.7) Bie) = {ye Yl Iy — eu sl}cy,.
Put

(5.8) I(x;e) = {x + te l te R}

and

(5.9 I{x;e) = B, nI(x;e).

By Lemma 5.1 there is a sequence {x,}:2, x; € B, Vn such that x; — x. Using (5.6)

n=15

we can choose, for any n, y, €(x, — Y,) n I(x; e) such that y, — x. Put
x, =sup l(x;e) = x + t,e Vn.

From (5.6) it follows that x, e Sup™ B, and as liminf x, = lim y, = x we have
n-r 0 n—roo .

t, 2 0 Vn=1,2,....If x, does not converge to x there arc an ¢ > 0 and an integer

n, such that for any n = nsux,, - x“ = nx + t,e — x“ = t,,ile" > ¢ Hence t, >

> ¢[[e]|. Consequently

2

inf ||x, — y| = inf |x + t,e — y| = inf tlle — (v — %)/t,
yeB yeB yeB

> inf tn!“e - z\l =t, > a/He“ vnzn, (see(5.7)).
2€¥|Y 4 ‘
1t means o(B,, B) + 0, what is a contradiction to B, —H . B. We have proved x, = x
and thus (5.3). The proof is complete. [}
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Summarizing Lemmas 5.4 and 5.5 we obtain the following theorem.

Theorem 5.1. Suppose that @, —*— & and F is uniformly continuous on 9. Then
Sup® p{2,) —5— Sup” p{(2) .

Lemma 5.6. If A < B < Y then

VyeSup* A4 VzeSup"B:y 2 z.
Proof. Trivial.

Lemma 5.7, Let B, By, B,, ..., B,, ... be subsets of Y fulfilling (5‘6) and
(5.10) B,>BVYn=12. .

Then B, —-— B implies
Sup® B = Inf* {) Sup™ B, .

n=1

Proof. Let y e Sup* B then by Lemma 5.5 y e U Sup B,. From Lemmd 5.6 it
n=1
follows that there is no z € U Sup® B, with z < y which means y € Inf"™ U Sup® B,.

n=1 n=

Now let y ¢ Sup™ B. Then if

(i) y € B, there is y' € Sup™ (I(y; €) » B) = Sup™ B such that y’ < y, where ¢ and
I(y; €) are defined as in the proof of Lemma 5.5 (see 5.8). Accordmg to Lemma 5.5

there is some y" € U Sup®™ B, such that y” < y, thus y ¢ Inf¥ U Sup® B,, or (ii) there

isy eB such that ¥’ > y, one can choose an ¢ > 0 such that .%7 (y) = {z eY||z -
— yﬂ <¢g B < B, Vn, which means that %,(y) ~Sup“ B, = 0 Vn. Hence

¥ ¢ U Sup B,, and thus y ¢ Inf™ U Sup"™ B,. The proof is complete. O

n=1

In the further development suppose that F, : D — Wis affine, F, : B -» Y, where
F(D) = B < W, is quasiconcave and g,:X — R, n=1,2,..., are real affine
functionals. We will extend the duality theory introduced in Section 4 to the class
of problems of the following type:

(5.11)  find Sup“{F(x) = F,[F\(x)] |xe D& g {x) 20 Vn=1,2,..}.

Instead of the problem (S.I 1) we will work, as in Section 4, with the problem

(5.12) find Sup” () ug(x) = Sup* pf9) =
xe@

where

(5.13) 9={xeD‘g,,(x)§0Vn:' 1,2,..}.
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Put

(5.14) D, ={xeD|g(x)£0, i=12,...n

then we have, for all n, the subproblems

(5.15) find Sup™ up(2,) = S, .
According to Section 4 the Ty-dual problem of (5.15) is

(5.16) find Inf¥ ) / Iz, w*) =1,

where R

(5.17) L, ={ziw)eR" x WH|z; £0,i=1,...,n&(z, w¥) =

= sup [i 2,g(x) + <w*, Fy(x)>] < +o0 & Sup™{Fy(w) | we
xeb i=1
€ Fy(D) : {w*, wy £ r(z, w*)} = 0}

and

(5.18) L,(z, w) = Sup” U pry(W) -
weF, (D)
(w*,w) Sr(z.wh)

Remark 1. By the Corollary to Theorem 4.1, if X, W are of finite dimension D is
a polytope and F is lower semicontinuous then

5.19 S, =1, vn.
( =1,

Definition. The problem

(5.20) find Inf*y U Lz, w*) =1

n=1 (z,wHesn

where &, and L, are defined in (5.17) and (5.18), is called the T,-dual for the problem
(5.12).
We have immediately
‘Theorem 5.2. (Weak Duality Principle.)
VyeS Vzel:y 2z
Theorem 5.3. (Strong Duality Principle.)

Suppose that X, Ware of finite dimension, D is a polytope F; is lower semicontinuous
and @, —H—~ 9. Then S = I.

Proof. By Lemma 5.7 we have

(5.21) = Sup” u(2) = Inf* | Sup™ ux(2,)
n=1
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and according to the Corollary of Lemma 4.2

(5.22) Sup® up(2,) = Inf* \J v(H)
- HeP*p,,
where Pj , stands for P} in problem (I*) for the problem (5.15). From (5.21), (5.22),
with regard to Remark 1 of Section 1, we have
S=Tnf*UInf* U v(H)=Inf*y U »(H) =

=1 HeP*o,n n=1 HeP*o.n

=Inf*yy U Inf¥y(H)=Inf*{) U LfzwH)=1T

n=1 HeP*,, n=1 (z,w"e?,
(cf. Lemma 4.3). O
Further suppose that f, : D — R, k = 1, ..., p, are convex real functionals. The
problem
(5.23) find Sup™{F(x)|xeD:f(x) 0. k=1,..,p}

is called the vector quasiconcave programming with convex constraints. In order
to apply the duality theory introduced above we need to transform the convex con-
straints to the affine ones (maybe of an infinite number).

Definition. Let f : D — R be a convex functional and z € D. A linear continuous
functional v € X* is called to be a subgradiant of f at z if
Hx)z f(z) = <o,x —z) VxeD.

The set of all subgradients of f at z is denoted by @f(z) and called the subdifferential
of f at z.

We summarize some facts concerning subgradients and subdifferentials (for details
see [5]):

(i) 1 £ is differentiable at z then df (z) = {4f(z)/0x} where 8/ (z)/ox is the gradient
of f at z.

(i) Jf f is continuous at z, then 9f(z) is nonempty weak*-compact and bounded
in X*.

(iii) If f is continuous on D, then

J(x) = max £1(2) + <olz), x — 2>} ¥xeD

where ©(z) is an arbitrary vector from ¢f(z) for all z € D.

From (iii) it follows immediately

Lemma 5.8. If f is continuous on D and D' < D is dense in D, then
1(x) = sup {f(z') + <v(z'), x — 2>} Vxe D
z'eD’
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and consequently
(5.24) {xeD|f(x) £0} = {xeD|f(z) + (=), x — 2> 0 Vz'e D'}

where v(z') is an arbitrary vector from 6f(z') forall =" e D'

Lemma 5.9. Suppose that dim X < + oo, 4, are closed convex subsets of X such
that A, > A,,., Vn and () 4, = A is bounded, then
n=1
A, Mg
Proof. At first we prove that

(5.25) IN Vn = N : 4, is bounded.
Indeed, if (5.25) does not hold the sets
Co={xeX||x| =14, +1xc 4, V1 20}
are nonempty and closed for all n. Since C,.; = C, Vn we have
(Z):FalC,,:CC{xEXH[xH:I&A+thAVIgU}

what is a contradiction to the boundedness of A.
Suppose that 4, - 4, then there exists an & > 0 such that

B,=d4,n(X N A4)*0 Vn
where
A, = {xeX|inf x — z| < &}.
zeA

B, are compact for all n 2 N (see (5.25)) and B,.; < B, for all n. Hence

@4:(?3"=(?}A,,0(X\A,)=An(X\A,:)=(D
n=1

n=1

what is absurd. The proof is complete. [}

Now let us return to the problem (5.23). From the foregoing lemma it follows
immediately

Theorem 5.4. Suppose that dim X < +cc and
9 ={xeD|fi{x) £0,k=1,...,p}

is bounded. Let the system {z; ,};=, < D be such that
n=1.2

{Xe D ‘fk(zk,n) + X =2z S0 k=1..,pn=12, } =9
where v, , is an arbitrary vector from éf,(z, ,)- Then

2,49
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where

Zy={xeD |fk(zh,i) + o X — S0 k=1,..,pi=1.., "} -
We have then, with regard to Lemma 5.8, the following

Corollary. Suppose that dim X < +ov, 2 is bounded and the set {z,}7., = D
is dense in D, then

where

2, = {xele,\(zi) + s x—zyS0k=1,...pi=1,...n}

and v, ; is an arbitrary vector from af,(z,).
On the basis of Lemma 5.8 one can transform the problem (5.23) to problem

(5.11) and then apply the duality theory presented above. If dim X < 4o and 2
is bounded Theorem 5.4 or its Corollary guarantee the strong duality principle.

Example.
(5.26) Find Sup® {(;g) |xx; Z208&x] +x3 l}
The modified problem of (5.26) is
(5.27) find Sup® U{u,-(x) =S
where .
(5.28) D={x=(x;3%)eR|x,x, 20&x} +x3 <1}

and
uex) = {yeR? |y £ (x},x3)}
The function f(x) = x? + x2 — 1 is convex and differentiable with
Uz _ (22
-—5;— B (2:2) ’
By (iii) we have

D ={xeRy|2zx; + 22,%x, S 1 + 2} + 23 Vz = (255 2,)

:ﬂ{xeRi|-—i’ ~~~~~ — X, +-——ZZWXZS1( L ~—»-+\/(z%'+z§)>}:

(%
2
i

e+ T YE )T T2 2
= N {xeR?} lax, + bx, £ 1}
a.bz0
a?+p2=1

On the curve I' = {(a; b)

1%

0| a* + b* = 1} we choose an arbitrary countable set
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I

Iy = {(ak; bk) l alg + bf

"
- 2
P, =N{xeRi ‘ apx,
k=1
We have

={(z =
ZyseeenZ

(5.29) 2, ,,,Ul,vz)eR”HI:_-

I
+ (Z]Zibi + Uz)xz ;Zzi] = _Z
i= i=1 i=

<

+ v,X;

{CIRR vy} € R2 | i £

" n
Yz, <0&Y za; + vy

i=t1 i=1

1} that is dense in I'. According to Theorem 5.4

H

+ by £ 13} 7.

£0,i=1,...n&sup (Y za; + v))x,+

xz0 Q=1

3
z; & Sup® {(‘) [ X1, % 2 0:0yx +
1 X3

a0} -

0,i l,...,n&v:(vl;vz);O&

=

i

SO0&Y zb; + v, £ 0}

i=1

and

(5.30) L,(z, v) = Sup” @]
x20

vix; +oawa S -

Hence, by Theorem 5.3 the T,-dual of (5.27)is

find Inf* ) U Lyz.0)=1

n=1 (z,0)e%,

(5.31)

and we have
S=1

After a short arrangement we obtain a simpler form of (5.31)

find Inf* J U K,(z) =1

(5.32)
n=1 zex,
where
n
Hpy={z=(21,...,2,)eR"|220& -2 = 1}
and
x3 2
w . 1
K,(z) = Sup U {( 3) — R+} .
Xi,%220 X3
(*E‘:-H.MH* gxzib.)n/\l
(Received October 3, 1983.)
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