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INTRODUCTION

The article is based on lectures given in the Seminar on the Theory of Random
Processes at the Faculty of Mathematics and Physics, Charles University. In the
martingale approach to continuous time random processes with a discrete state spa-
ce the basic notion is that of a rate. In general probability theory the rates are en-
countered in the renewal theory as failure rates and in Markov processes where we
have rates of transition between the states. In Chapter I the mutual densities of pro-
bability distributions are expressed by means of the rates. Using the densities and
the Bayes formula, the problem of estimating the rate from the observation is dealt
with in Chapter IV. The control of discrete state random processes consists in chang-
ing the rates. Limit theorems for martingales are employed in Chapter 111 to examine
the asymptotic properties of controlled processes.

Beyond the basic probability theory only general knowledge of the martingales
and of the stopping times is expected from the reader. For information about the
literature on the subject, references [4], [5], [6] should be consulted.

I. OCCURRENCE RATE OF RANDOM EVENTS
1. Renewal processes

The classical model of the renewal theory is the following. Imagine a machine and
a particular component of it which is subject to failure. There is an infinite stock
of spare components whose life times (operation times) o are mutually independent,
identically distributed

Ple<t)=F{1), t=0.

After failure the component in the machine is instantaneously replaced by a new one.
The failure times, coinciding with the replacement times, constitute a random se-
quence of points = {r,,n = 1,2,...} in the time interval (0, o). The distribution
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of the first failure time 7, depends on the age of the machine component in time 0.
It can therefore be different from F. t is equivalently defined by its counting process



% is the indicator of the random event in the curly bracket. In words, N, is the number
of replacements made until time ¢.

Assume that F has probability density f, and define the failure rate of a component
of age t = 0 to be

40) = F()F(), where F(i)=1— F(1) =rf(s) ds.

It holds then
Ploe(t,t + d)| o> 1) = q(t)d + o(d) as 4 -0+,
provided that q is right continuous.

Returning to the renewal process 7, let us denote by Q = {Q,, t= 0} the evolution
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Fig. 2.

of the failure rate in time (Fig. 2). Define X, to be the age of the component in opera-
tion at time 1, ’

X,=t, 02tL1, X,=t—1,, 1,<t=T,, n=12..

LetX* = {X/, t 2 0} be the right continuous version of X = {X,, t = 0}. Since
the failure rate depends solely on the age of the component, we have

Q|=q(X:). t=0.

Random function Q has the property that the probability of failure in time interval
(t,t+ 4)is 0,4 + o(4) as 4 - 0+. We shall call Q a failure rate as well. The
mentioned probability is conditioned on the entire past of the process. At time ¢
this is the collection of the events defined on N, s < ¢, in symbols,

F,=0a(N,0s5=1).



Example 1. Let f(f) = ge™, ¢ 2 0. Then N is a Poisson process, 4(t) = ¢,
t = 0. Define
M,=N,—qt, tz0.
M ={M, t 2 0} is a martingale with respect to & = {#,,t = 0}. Namely, for
0Ls<,

A

E(M,| #,} =E{(N.=N,) = q(t = )| F} + M, = M,. O

Let us generalize Example |. Consider a renewal process with life time density
S(1). We shall show that

t
M, =N, —fQudu, 120,
0
is a martingale. This amounts to verifying
(3
M E{N:-Nslgs}=EHQudﬂfs}, 0ss<t.

Let I be the age of the component in operation at time s. The replacement times after
s form a renewal process with initial density

Sy =1t + i1 = F1).

Thus to establish (1) it suffices to prove
{3

) N = [0, 120,
0

for arbitrary initial density f,(r). Applying the Laplace-Stieltjes transform to (2)
we get

peo w .
J e‘”dEN,:f e""dEJ Q,du, p>0,
0 ]

0

or
(3) E-[ e P dN, = Ef e rQ, dr .
o 0
We have on one hand
© @ w o .g)(f)

E CmszE e Pt — gfg p-1 __ J1 s

L = EZ, SV L0 = o 2(f)
where % means the Laplace transform. On the other hand, v

0 T1 b “Tnt 1
E'[ e Q,dt=E [J e g,(s)ds + Ze"""J e 7™ g(s — 1) ds:I =

° 0 n=1



- ﬂ e g(5) ds £,(r) dr ﬂiﬂm £y f m f e " qs) ds /(1) di =

= 2(1)) +,§l.‘é’(f,)$(f)" - =l

Hence, (3) holds.

Renewal process with preventive replacements. Assame that in the renewal process
besides the replacements after the failure of the component preventive replacements
are made according to a certain rule. Most simple is the age replacement. An x > 0
is given. Whenever the operation time of the component reaches x, it is replaced
by a new one (Fig. 3).

T
Fig. 3.

The replacement rule can be rather arbitrary. It has to employ only the information
about the past of the process (nonanticipativity), and must not imply an infinite
number of replacements in finite time. We denote by N = {N,, t = 0} the counting
process of the failures. Note that the times of preventive replacements can be re-
constructed from N and from the replacement rule.

For any admissible replacement rule the failure rate satisfies

Qv:‘I(X;L)sigO-
Further,

"t

M,=N,7J Qudu, 120,
0

is a martingale with respect to & . This can be seen heuristically as follows. Take u = 0.

There are no preventive replacements in (u, u + 4), if 4 is sufficiently small. Hence,

P([\HH-A -N,z1 |‘97u) = q(X:) 4+ D(A) >
A
PNy - Nu22|7,) =I F(4 =0/ + ) FE) ™ dy = of4)
0

as 4 - 0+. Thus,
’ E{Nyss = N | 7} = a(XJ) 4 + 0(4).



Further,
+4
E {f a(XJ)ds| EF} =g(X} )4 + o(4).
We conclude that
E{My1q = M,| .} = o(4).
Let 0 < s < . Set 4 = (t — s)/n. It holds

n—1
E{M: - M, I 975} :kZUE{‘Ms+(k+1]A — M4 | "d".s} =
= E{;E{Mﬁ,wm = Moy | F s} | s =

— E{To(4)| 7] - 0.

as n — oo. This yields the martingale property of M.

Let us observe that N as a nondecreasing process is a submartingale, and that
¢
N, =M, —(—j Q,du, t=0,
o
is its Doob-Meyer decomposition. The process

Ar:fQudue 120,
0

is called the compensator of N.

2. Markov processes

The probability distribution of a Markov process X = {X,, t = 0} with finite
state space [ is specified by the initial distribution P(X, = i), i €I, and by the transi-
tion rates q(i, j, t) which, for i = j, are related to the transition probabilities by the
formula :

P(Xoa=J|X,=1)=q(i,ji1) 4+ o(d), 4~>0+.
We set
(@ = Yalij, ) =a(i,i.1), iel.
Jj*i
We imagine process X defined on the set @ of all paths (trajectories) w(t), t 2 0,
with values in I, piecewise constant and right continuous. We let Xt(w) = w(r),
(canonical representation of X). X generates a nondecreasing family of ¢-algebras

F,=o0a(X,sZ1), t=20.

The basic g-algebraon Qis F , = V& ,.
t



Take any state iel, and consider the process x{X, =i}, t = 0. A martingale
is obtained by subtracting from x{X, = i} the integral of the transition rate,

t
M, = X, = i) -f 4(X,,i,5)ds, 120.
0
An intuitive verification that ‘M is a martingale is the following. The relations
q(Xu. i u)A + O(A), X, *i,
ElriXens = 1) = 2t = 3} 7 =
~ Y q(i,j,u) 4 + o(4), X, = i,
JEi
imply with regard to (4)
E{Myrg=M,| 7} =0(4), 4-0+.

In § 1 we saw that this implies the martingale property.

Proposition 1. X on (Q, #,,, P) is a Markov process with piecewise continuous
transition rates g(i, j, 1), i, j eI, t = 0, if and only if ‘M, i eI, are martingales with
respect to F.

Proof. Let X be a Markov process with transition rates ¢(i, j, t). Denote p(i, j; s, f)
its transition probabilities. Then for 0 £ s £ ¢

E(M,— 'M,| 7} =E {X{Xz = - =1 _.r

s

q(X", i,u)du E 9'_,} =

' T
=p(X, i35, 0) — x{X, =i} — f Y (X, ks s, u) qlk, i, u) du =
k

s
"

= p(X,, i;5, 1) — p(X, iss, 5) —J — p(X,i55,u)du =0
s Ou

by the forward system of Kolmogorov differential equations.

Let ‘M, i eI, be martingales. Then for 0 £ s < ¢

0=E{M, -~ M| F}=PX,=i|lF)-x{X,=1} -
—J‘t;P(X,, =k|F)qk, i,u)du.
&
This means for fixed s and variable ¢
) oi’t P(X, =i £) = X PO = k| #)al 1),

PX,=i|F)={X,=1i}, iel.




On {X, = j} (5} is the forward system of differential equations for p(j, i; s, 1). We
conclude that

P(X, =i

F)=pX.i;s,1), 0=s=r, iel.
Thus, X is Markovian with transition rates q(i, j, t). O

The martingale characterization of the probability distribution is suitable for
controlled Markov processes. Before considering them let us give an cxample.

Example 2. Customers of two types 1, 2 arrive at a single server system. The arrival
times of the customers of type i = 1, 2, form a Poisson process with rate g;, their
service times are exponentially distributed with mean 1/r;, and the server gains the
amount a; > 0 per unit time of the service. The customer is lost, if the server is not
free at his arrival. It is therefore undesirable to have the server blocked by the custo-
mers yielding littie gain. It is to be decided, whether to accept both types of customers,
or to reject the customers of one type always or in a part of the time period in con-
sideration.

The state of the system at time 7 is

0 ... the server is idle,
/

X, = 1 ... the server serves a customer of type 1,

2 ... the server serves a customer of type 2.

There are three possible decisions: z = 0 not to reject any customer, z = 1 reject
the customers of type 1, z = 2 reject the customers of type 2. Since a; > 0, i = 1, 2,
the rejection of both types of customers is not advantageous. The decisions are
efficient only when X, = 0. The matrix of transition rates is

{01+ ), q, d4\z=0

0} — ga, 0, gy|z=1
- q q;,, 0 fz=2
1 ris —-r, O
2\ 23 0, —7'2/~ O

The dynamics of a controlled Markov process with state space I is defined by the
transition rates-

q(i, j;2), i.jel,

depending on a control parameter z € J. Let J be a compact set, and let g be conti-
nuous in z. We limit ourselves to the time-homogeneous. case. The initial distribution
P(X, = i) = p;, i €1, is assumed to be fixed.

The control parameter at time ¢ is chosen on the basis of the observation until time ¢,
i.e. on the basis of the events from #,. A control is a random function Z = {Z,,

9



¢t 2 0} on (@, # ) with values in J, left-continuous and such that Z, is & -measur-
able for ¢+ Z 0. Closed loop controls

(6) Z,=2%(X]), 120,

are called stationary or homogeneous Markovian controls. In (6) (i) is a mapping
from I into J, {X;, ¢ Z 0} is the left-continuous version of X.

With any control Z we want to associate a probability measure P on @ Z,).
being the probability distribution of X under the control Z. Recall that we have the
canonical representation of X. Thus, PZ is a measure on the set of trajectories. If (6)
holds, we define P* so that X is a Markov process with transition rates (i, j; Z(i)),
i, jel. From Proposition 1 follows that then

rt .
(7). iM,=;({X,:Vi}—J a(Xo.isZ)ds, 120, iel,
o
are martingales with respect to #. The extension to general controls is evident.

The probability distribution of the controlled process X under the control Z
is the probability measure P* on (2, # ) such that ‘M, iel, defined by (7) are
martingales with respect to &, and P/(X, = i) = p;, iel.

The existence and the unicity of P will be established in § 7.

3. The rate of a point process

A point process is a random sequence of points t = {r,,n = 1,2, ...} in the time
interval (0, oo] satisfying the following conditions:
f.1,>0, limg, = .
n—oo

2. 1, < 71,4+, whenever 1, < 0.
In addition, we shall assume

3. The counting process
Ny=Yx{u<1, 120,
n=1

has finite expectation, i.e. EN, < oo, t = 0. In applications the point processes are
constituted by the occurrences of a repetitive random event (earthquakes, vehicles
passing a point etc.).

First we shall consider the point process alone, isolated from other events. Only
the the random sequence t or, which is the same, the counting process N is observed.
The increase of the field of events in time represents the nondecreasing family of
o-algebras

FY =0alN,s<1), t20.

10




The trajectory of 7 is a nondecreasing sequence of numbers @ = {s,, s,, ...}, positive
or oo, with the properties:

1. lims, = o0. 2.5, <s,y; whenever s

n>w

< 00

Let Q denote the set of all such sequences. We take (Q, F% ) for the basic space with
(W) =s,n=12, ..

The probability distribution of  is defined by means of counditional distribution
functions

F!(’)=P(T1 = ’),
8) F(tity oo tyy) = P(z, < ’|71 = e Tyt = lymg) s
O<t, <tz<..<t;<cw.

Obviously, F,(t,—y; 1y, ..., t,-1) = 0for ¢, < . We shall assume that conditional

distributions (8) have densities f,(t; 1, ..., f,-1), n = 1, 2, .... Then the rate of the
point process can be constructed analogously to the rate of a renewal process. To the
failure rate g(t) = f(1)/I /(s) ds correspond the conditional rates

o0
05 11 o) = S 11 oo 1) j f,ds.
t

In fact,
Pr,e(t,t+ A)| 1y =ty s Tyey = by, T, < 1) =

t+ A4 )
=j f,,ds/f F2ds = 6 trs oo i) 4+ 0(4), 4 -0 .
t t

As in § 1, the evolution of the rate in time is of interest (Fig. 4). The occurrence rate

O

gt /
q,lty7)

2
5 — ! —t
K T4 Ty
Fig. 4.
of the n-th event is x{t, > 1} q.(t; T(» ..., T,—1)- Hence,

®

Q=Y x>t a(tty, . nt-r), 120,
n=1

11



The compensator is the integral of the rate,
_ f o t AT
A, = Quduzz qn(u;rly""1n~1)dua tz0.
0 n=1Jo
t A T, means min (¢, 7,).

Proposition 2. M, = N, — A4, ¢ 0, is a martingale with respect to #".
Proof. Let 0 £ s < t. We demonstrate
E(N,— N, ~ (4, - A)| #}} = 0,

375} =0.
Thus, it suffices to prove for n arbitrary

) P(s<r,,§z[ﬁf):E{fﬂnqndulﬁf‘f}.

SATh

or

@ A Th
E{Z(Z{s<‘rn§t}f q,,du)
n=1

SAth

t

Specifying the observation up to time s to be
Ty =ty =SS,
we rewrite (9) as
(10) Pls <1, S 1]ty =t o0 tp= Iy Tuyy > 5) =

EATh
= E{f lq,,du[rl = ey Ty = b Thgg > s}.

SATH

For k = n both sides of (10) equal 0. For k < n (10) follows, if we prove

(11) Pls <1, £ ZITI =l T = L s Tym g = ’nﬂ) =

ATy
= E{j q,,duir, =y Ty = by Ty = t,_l}

SATh

for arbitrary 4,,, < ... < t,_,. The right-hand side of (11) equals

'ty t el
(12) ' JJ gn du f, dy +f 4a duf Sudy.
SJ 5 s t

Integrating the first term by parts we transform (12) into [{f, dy equal to the left-hand

side of (11).

The formula for 4 can be generalized to include the case when the conditional

distributions are not absolutely continuous. Namely,

A=y f At o Bet) iz,
=1

o 1= Fyu=;14 .y T,—y) o

12




The proof that N, — A,, t = 0, is a martingale proceeds as above. It involves partial
integration of Stieltjes integrals.

In the preceding the point process was investigated separately, the rate was related
to the family of o-algebras #%. Compensator A is therefore called the minimal
compensator of N. Let us turn to the general situation.

Let (@, o/, P) be a probability space equipped with a nondecreasing family of
o-algebras F = {ZF,, 1 Z 0}. A point process on (R, #, P) is a sequence t = {r,,
n=1,2,...} of stopping times with respect to & having Properties 1, 2, 3 stated
at the beginning of this section. Recall that by definition 7 is a stopping time with
tespect to & if {t £ t} e #,,t 2 0. Hence,

is & -measurable for t = 0. A right or left-continuous process with this property
is called nonanticipative (with respect to %). Thus, the counting process N is non-
anticipative, and # < #,,t = 0. v defines N and vice versa. We may call N a point

process as well.

dt.

Example 3. Let W= {W, 120}, W, =0, be a Wiener process, E(dW,)* =
1,2,...

W generates a nondecreasing family of o-algebras #¥ = #. Lett = {1, n =

y t
) e S ————
3 6, M 6, L 6, T
Fig. 5.

be the sequence of the first times at which W has reached the levels 1, 2, ... (see Fig. 5).
In symbols, )
T, =imf{t:W,=n}, n=12..

7 isolated is a renewal process with
Pl —m s =2(1-a(L)) = Fo).
SR : \/t : ;

3



where

F has density
1
V(@m)
The rate of 7 with respect to £~ is obtained from the formulae of § 1.
Consider now the rate Q of = with respect of #%. Take ¢ = 0, and assume known

the trajectory W,, s < t. Let n levels be passed before time ¢,ie. 71, <1, < ... < 1, <
< t,and let W, = x < n + 1. Then

= 3/2 e—l/(lt) 3

1)

. , 2
< \/2 VIA exp {— ( +21A %) } =o(4), 4-0+.
n n+l-—-x

We see that for each 1 not coinciding with any 7, holds Q, = 0.In points 7, Q should
be the Dirac function. Consequently,

(13) Q=Y8t-1), 120.
n=1
The integral of the rate is

T
A,:fods:N,, t=0.
. 0

With respect to #" process N is its own compensator. ]

A point process having the rate (13) will be called predictable (with respect to the
family # in consideration). ' : :

Example 4. Let us now present the construction of a point process, which with
respect to &V is the Poisson process with rate g, and which is predictable with
respect to F". Take o, = 7, from Example 3 having distribution function F(z).
Hence,

ot = — Llog F(oy),
q

with F(t) = 1 — F(r) has exponential distribution with density g ™. It holds
oo = F i)
or, from the definition of o4,
0% = inf {1 : Wpesemuey = 1} .

o* is not a stopping time with respect to #* because F~'(e™®) < 1, t 2 0, is not

14




true. To improve this, we shall employ a property of stochastic integrals. Namely,

>
[;h(s)zds’-t 20,

t
[ h(sYdW, =W~

0 J

where % is also a Wiener process. Choose h(z) so that
! -qt 1/2
f h(s) ds = F~'(e™), i.e. h(t) = ( A ) )
1] f(F—l(e—qz))
Then

rt
ot = inf {t :J h(s) dW, = 1} =Nl W posgemne = 1}
0

is a stopping time with respect to #" having exponential distribution with mean 1/g.
Repeating the construction from a§ onwards we get o7, further o3, 63, ..., mutually
independent. Consequently,

T=0g+ ...+, n=12..,

is a Poisson process with rate g. The argument presented in Example 3 shows that

©* is predictable with respect to F". O
Predictable processes are an extreme case. Let us therefore illustrate the dependence

of the rate on the family % on two further examples.

Example 5. As in § 2, let X = {X,, t = 0} be a Markov process with finite state
space I and transition rates g(i, j, t), t = 0. Choose a state i, and observe the times
at which the trajectory jumps into i. The times form a point process © = {t,, n =
=1,2,...}. Denote by N = {N,, t 2 0} the counting process of z. The rate of ©
with respect to the family #* associated with the observation of the entire trajectory
of X is

(14) 0 =(1 - y{X,=i}) q(Xpir1), t20.

(14) is intuitively evident. When X, = i, the rate vanishes, when X, =+ i, Q, equals
to the rate of the jump into state i. We refer to § 7 for a more elaborate argument.

Let us find @ = {Q,, t = 0}, the rate of = with respect to #" whose integral is the
minimal compensator. Take ¢ Z 0. It holds :

P(Nysy— N> 0| FY) = E{P(N,sy — N, > 0] #))| 77} =
- JZP(X', = | FY) P(Npya = N> 0| X, = j) =
=j;iP(X, =j| FY) i, i, 1) 4 + o(4) = E{Q,| #T} 4 + o(4)
as A — 0+4. We arrived at the relation )

(15) 0, =E{0,|#)}, ¢

v
=]

15



The general validity of (15) will be verified in the sequel.

Let us show, how the aposteriori probabilities P(X, = j| #7) are calculated.
For the sake of denotational simplicity set 7o = 0, P(Xo = i) = 1. Let 1, S ¢ <
< T,44. The observation of 7 until time ¢ thus says that X, = i and that there are no
jumps into i during (t,, t]. The Markovian character of X implies that
(16) P(X, = |77 = wli.js w X (i kit 1),

k
where p(i, j; s, 1) are transition probabilities with exclusion of jumps into state i.
They fulfil the system of differential equations

(7) 2 plicissin) = alis s, ) (i 1),
t

— (i jss, 1) = Y pli ks ) qlkjor), j+i, 1 >,
ot

k
pi,i5s,8) =1, p(i,j;5)=0, j*+i. |

Example 6. The queuing model M/M/1/1 provides a special case of the preceding
situation. Let g be the rate of the incoming Poisson stream of customers, and let r
be the service completion rate, » + ¢g. Let X, = 0,1 be the number of customers
in service at time f. Assume X, = 0. Consider the outgoing stream of customers
7 = {r,,n = 1,2, ...} identical with the moments of jumps into state 0.

The rate of 7 with respect to F* is
0, =rX,, tz0.

Equations (17) have the form

op(0,0;55,1) = — 4p(0, 055, 1} ¢ ,

ISR

op(0, 155, 1) = op(0, 055, 1) g — op(0, 155, ¢) r .

Pl

Solving them and using (16) we get the rate of ¢ with respect to F%,
0 = E{Q,| #1} = rP(X, = 1| #7) =
= rq(e—r(r-vn) _ e_”(’"’“))/(q e—r(t-fn) I e—q(r—z,.)) .
1, is the last departure time of a customer not exceeding ¢. ]

We pass now to the proof of (15)in the general situation. First we have to deal
with the unicity of the rate or of the compensator of a point process. Let (€, &, P)
be the underlying probability space with a nondecreasing family of o-algebras
F={F, 120}

16



Lemma 1. Let Y= {¥,,¢ = 0}, Y, = 0, be a martingale with respect to & whose
trajectories are continuous and have finite variation on finite intervals. Then, with
probability 1, ¥, = 0,1 = 0.

Let us present only the main ideas of the proof. Assume EY? < oo, = 0. Y has
orthogonal increments. Namely, for s < t < u < v,

(18) E(Y, — %) (Y, — ¥) = EE(Y, — %,| £} (¥, - %) = 0.

Take ¢ > 0, n positive integer. In virtue of (18),

n—1
EY; = E(kZO(Yr(kH)/n = Yum))* = E;(Yr(nn)/n = Yup)? £
).
In the last bracket the first term tends to 0 as n — oo by the continuity of the trajec-

tories while the second term stays bounded. This yields EY? = 0, t > 0, from which,
taking the continuity of Y into account, we get the assertion. O

= E(maxl Yigsvym = Yiim l ZlYt(k+1)/n = Yam
J k

Proposition 3. Let N = {N,,t = 0} be a point process possessing compensators
A ={A,,t20}, A’ ={4;,t 20} with continuous trajectories. Then 4 and A’
are indistinguishable, i.e. their trajectories coincide with probability 1.

Proof. The difference
A — Ay =(N,—A)— (N, —Ad)=M; - M,, t20,

is a martingale fulfilling the hypotheses of Lemma 1. Consequently, with probability
1,4, =4,t=0. O

Recall that the rate of point process N with respect to & is a nonnegative random
function Q = {Q,, t = 0} such that Q, is & -measurable for ¢ = 0, and

't
M, =N, —f Q,ds, 120,
. 0
is a martingale with respect to #. The first property is evident, since Q, comes from
conditional probabilities with respect to &,. Proposition 3 implies that Q,(w) is
defined uniquely up to a (¢, w)-set of dt x dP-measure 0.

Next proposition includes (15).
Proposition 4. Let a point process N have the rate Q with respect to &. Let F*
be another nondecreasing family of s-algebras satisfying
F,oFioFY, 120.
Assume

or =E{Q,| 77}, tzo0,
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where O* has right (left)-continuous trajectories. Then QF is the rate of N with
respect to F*,

Proof. We have to prove that

it
M?‘=N,—fQ;*dx, 120,
0

is a martingale with respect to Z*. In fact for0 < 5 < ¢

7 + E { j (0, - 0F)du| «7} -

E{M] — M} | 7} = E{M, - M,

s

=JE{E{Qu—Q:iﬁ:}Jﬁf}du=o- o

Point processes recording the occurrence of several random events are called
labelled point processes. They are double sequences 7, = {(t,, A,), 1 =1,2...}.
1, is the n-th time at which an event occurred, and 4, is the label stating the kind
of the event. The set of admissible labels will be denoted by J. As example take
vehicles passing a point classified as cars, trucks, and motorcycles.

I I is finite, | = {1,2, ...,m}, then the labelled point process is adequately
represented by an m-dimensional counting process

N, = ("N, Ny ™N), 120,
where

is the counting process of events with label i.

4. Point processes with deterministic rate

Let v ={1,n=1,2,..} or N={N,t20} be a point process with respect
to family & = {&,, t = 0} defined on a probability space (Q, &, P). A nonnegative
locally integrable function g(f), t 2 0, is a deterministic rate of N if

t
M,=N,—'[q(s)ds, t=0,
0

t
is a martingale with respect to . The compensator of N is then a(f) = v[ gq(s) ds,
o

t=0.
Let us give an example.

Example 7. N is a Poisson process with respect to & with variable rate g(1), t 2 0,

18



if for 0 £ s < ¢ the increments N, — N, are independent of (the events from) #,,
and have Poisson distribution with mean a(z) — a(s). In symbols,

_ 3
(19) P =N = k] ) = GO o g,

The characteristic function of the probability distribution (19) is
(20) E{e™M~¥) | # 1 = exp {(e™ ~ 1) (a(t) — a(s))}, ue(—o0, w). O

Next we show that Example 7 embraces all point processes with deterministic rate.

Proposition 5. Let N have rate (1), 1 = 0. Then N is a Poisson process with respect
to F.
Proof. We shall establish (20) for 0 £ s < . Simple transformations give
el Ne=No) _ g Z (eiu(N_v—Nx) — eiu(Nz~—Ns)) -
s<zZt

t
- Z oiN===Ns) (eiu _ 1)(Nz _ Nz‘) - (eiu _ I)J‘Ciu(N,_~N;) dN, =

<
s<zZt s

't
- (- 1) [ R GV, — a(2)) + (¢ — 1) J" N () dz
Vs s
Assume s fixed, ¢ variable. The before last term being the integral of a bounded
left-continuous nonanticipative random function with respect to a martingale is
itself a martingale. Applying conditional expectation we obtain

(21)  E{et N9 F)a(z)dz, tzs.

t
F=1+4(e"— I)f E{e(N="No)

5
(21) has unique solution

B[ ) = exp (€ — 1) (o) — )
Hence, (20) is valid. [}
Assume a(1) strictly increasing, a(co) = co. Let o(t) be its inverse function,
a(o(t)) =1t, t20.

Then, as it is readily seen, °N = {N,,), ¢ Z 0} is a Poisson process with respect to
°F = {ZF 4, t = 0} having constant rate 1. This is true also for processes with

a nondeterministic rate. Before presenting this result due to S. Watanabe, we recall
some facts about martingales and stopping times.

Let o be a stopping time with respect to &. In the usual interpretation &, is the
o-algebra of random events up to time ¢. Similarly, &, includes the events up to
time o. Its definition is

F,={desd:An{c 2 tfeF,, 120}.
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In words, whenever ¢ < ¢, then at time ¢ it is known whether event 4 took place
or not. Inequality ¢ £ o’ between stopping times implies #, = F,..

Lemma 2. Let Y = {Y,, t = 0} be a nonanticipative right (left)-continuous random
function, o a stopping time, ¢ < oc. Then Y, is an & ,-measurable random variable.

Lemma 3. (Extension of the martingale property.) Let Y be a right-continuous
martingale with respect to & . Let o, ' be stopping times satisfyinge £ ¢’ £ T < w0
where T'is a constant. Then

(22) E{Y,,

F=7Y,.
Lemma 4. Let Y beasin Lemma 3. Let there exist a random variable # such that
IY,] <mn, t20, En < co. Then (22) holds for arbitrary stopping times ¢ < ¢'.
Corollary. Let Y be as in Lemma 3. Then {Y,,,, t = 0} is a martingale with re-
spect to &.

Proof. For 0 £ s < t, using Lemmas 2, 3,

EY, . |7} =Elulo S5} X, | 7 +
+ E{X{G > S} YmnV(r/\a.s) l ‘g}-a} = X{U .S_ S} ya/\s +
+alo>s Y, =Y, i

Proposition 6. Let the point process N = {N,, ¢ = 0} have a continuous strictly
increasing compensator A = {4,, t % 0} satisfying lim 4, = oo. Define {o(t), 7 = 0}
t—=+ o

by the relation
Agy=1t, t20.
Then °N = {N,,, t Z 0} is a Poisson process with respect to °F = {F .t = 0}
having rate 1.
Proof. By the definition of a compensator

My=N, -4, 120,

is a martingale. For each ¢, a(r) is a stopping time, since
{o( s} ={4,z2t}eF,s20

According to Lemma 2, N,y is &, -measurable, { = 0. We conclude that °N

is a point process with respect to °%#. Let us verify EN,(,, < oo. From Lemma 3
follows for arbitrary T < o0

E(‘Nn(t)/\ T Aa(:)u') = EMUU)M =0.
Hence,
ENa(t)AT = EAu(r)AT .
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Letting T — oo we get
ENyiy = Edyy = 1.

With regard to Proposition 5 we have to show that N, — ¢, t = 0, is a martingale
with respect to °#. This amounts to verifying

E{Not = Nogy = (1 = 5) [ Fo9} =0, 0Zs <t
Let 1 be fixed. By the corollary,
(23) Ald(t)/\u > U i 0;
is a martingale with respect to #. Moreover,
IMW)M,J = Nu(z)m + Aa((]/\u = Nou) + Aa(r) , uz0.

Thus, martingale (23) has an integrable majorant. Applying Lemma 4 to the stopping
times o(s), o(t) we get
E{Ma(t)/\a(t) [ 3/70(5]} = A’qu)m(s) = ‘Ma(s) .

Consequently,
0= E{M,() = Moy | Fow} = ENoy = Noy = (doy = Aow) | Fow} =
= E{Nyg = Nogy = (1 = 9) | Foio} - O
As consequence of Proposition 6 we can write

(24) No=A,, t20, A,=stds,
0

where A" = (A, 1 = 0} is a Poisson process with unit rate. In fact the hypothesis
A, = co can be dropped.

©

Example 8. Let the point process N have on [0, T] a rate satisfying Q, < ¢,
te [0, T], where g is a constant. It is intuitively evident that N; will be stochastically
smaller than the corresponding quantity in a Poisson process with rate g. More
explicitly, for any nondecreasing function h(k), k=0,1,2,..., holds

0 K
EW(N,) < 5 (k) %TT) eI

k=0
The proof follows from (24) and from the inequality

W(Ng) = B 1) S W(H y1)
implied by 4; < ¢T. 0

Example 9. A Poisson process /4" with unit rate fulfils the law of the iterated
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logarithm

(25) fm+ Tl s
~o /(2 loglog 1)

A.s. means almost surely. Since 4" has independent increments, (25) is a consequence
of the classical result for mutually independent random variables. Let N be a point

0
process satisfying 4,, = f Q,ds = co. From (24), (25) follows
0

e N, - 4,

f——— =1 as O
=0 +/(24,loglog A,)

11. PROBABILITY DENSITIES
5. Densities of point processes

Consider a renewal process T = {t,n =1,2,...}, T4 = 00, Ty = Ty = Op_y,
n=2,3,.... Let the probability density of the mutually independent random
variables o, be f(1, a) where a is unknown parameter. Let us wish to estimate the
parameter from the observation of T during the time interval [0, T] by the maximum
likelihood method. Let the observed points be

Ty == 51, Ty = Sy evey Tg = Sg
To get the likelihood function evaluate the probability
Pty e (51,85 +dsy), Tae(sg 82 + dsa) o T E (5 5 + dsy)) =

= f(sg, a)dsy f(s; — 51, @) dsy oo f(s% — Si-1, @) dsy .
Moreover, the observation says that 7, — 7, > T — 5;. This event has probability

o

Pltipy — 1 > 7‘—sk)=J f(z,a)dz.

T—sk

Consequently, the likelihood function corresponding to the observation is

0
(s, @) (s — s3sa) ... fs — Si—15 @) f(z,a)dz.
T—sx
Likelihood function is probability density (Radon-Nikodym derivative) with
respect to a basic measure. In this section we shall investigate the densities of point
processes in detail. First we shall deal with the situation, when besides of the realiza-
tion of 7 on {0, T'], T < o0, no other random events are taken into account.
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As in § 3, let the probability distribution of = be defined by the conditional densities
d d
fl(f) = ;i—t P(T1 <1, .fn(t; tiseens 7.,—1) = E; Pz, £ l| TL =gy ey Tyog =

=t,y), n=23 ...
The records of the observation of = during [0, T] are sequences
® = (1, 82,000, 5)

satisfying 0 < s; < s, < ... <5, £ 7T, and the void sequence w = 0. Denote their
totality by Q. Further, set

tfw) =s;, j £ Nyw)=k.
We have

oo
PNy = 0) = J i) dz s
T
and fork =1,2,...

(26) P(Np =k, t1€(s, 8, +dsy), .., te€ (5 5 + dsy)) =

=f1(51) dslfz(sz; Sl) ds, '-'fk(sk; TR Sk*l’) dskJ‘ fle(Z; Sireens Sk) dz.

T

In § 3 conditional rates were defined as

q,.(t; tyyonns tn~1) = fn(’; Tysiny ln—l)/J‘ fudz.
13

00 T t
Jf,,dz = eXP{—J'qndZ}, Ju= q,,CXP{—J.qndZ}-
t 0 0

(26) can therefore be rewritten as

(27) P(Np =k, ty€(sy, 50 + dsy) .., € (Sp, 5 + dsy)) =

'S1 'S2
= q,(s,) exp {— f 'R d:} dsy q5(s23 51) exp {— J. 7> dz} ds, ...
0 51
Sk T
v @il(Si Sps - ees Skoy) €XP {- J‘ i dz} ds, exp {~ '( Gis1 dz} .
Sk-1 Sk

Recall the definition of rate Q (Fig. 4):
Qr(w) = q1(’)a 0st=s, Qr(w) = ‘in('Q Sqy eees Sn-—l)a Sy < I

n=2,..k, Qz(a’)=f1k+1(l§51,~~-a3k)’ 5 <t=T.

Hence,

A

N

n s
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The trajeciories of Q = {Q,, te [0, T]} are assumed to be bounded and left-conti-
nuous. Introducing Q into (27) we get

P(Np =k, ty€(sy, 81 + dsy), oo T € (53 5 + dsi)) =
T T
= exp {J Jog Q, dN, —J Q. dz} dsy ... ds;.
0 0
For the Poisson process with unit rate holds

Poo (Np = k d')'—Tk‘Tk!d d
oiss (N7 = Ky ooy T € (S50 85 + dsy) —;!“c T Sy oo dsg.

Hence, we obtain the probability density
4P T T
(28) = exp {J log Q. dN, + J 1-0,) dz} .
dPoiss. 0 0

The right-hand side of (28) depends only on @ and on Q.(w), ze [0, T]. This
proves the next statement.

Proposition 7. The rate @ determines the probability measure P on (Qg, 1)
uniquely.

Next we shall generalize formula (28) slightly. Let P, P, denote probability distri-
butions on (Q, #}) associated with rates Q = {Q,,1e[0, T]} and °Q = {°@,,
te[0, T]}, respectively. Assume

(29) 0,=R,%Q,, tef0,T],

where °Q as well as the ratio of the rates R have bounded left-continuous trajectories.
The probability density Ly of P with respect to Py is then

=9 _ 4P [ dP e
T dp,  dP, | dP, J

oiss. /

0 T
on dN, +5( 0, — Qz)dz} =

oiss. 0 z o

T T
= exp{J log R, dN, +j (1-R)°0, dz} =
0

o

=~ (T[R.) - exp { ﬂ(l ~R)%, az} .

ST
The probability density on g-algebra #¥, 0 < t £ T, corresponding to the obser-
vation of N during [0, ¢] is from the preceding

(30) ar = exp {[ log R, dN. + J (1-R,)°0Q, dz} =1,.
F N o 0

dp,
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On the other hand
ar

= Eo{Ls | 7N} .
G| =l )

FN

Namely, from the definition of the conditional expectation we have for 4 e #V
f Eof Ly | #Y} dP, :j L dP, = P(4).
A A

We conclude that L= {L,, te [0, T']} is a P,-martingale.
In the general theory the following equation satisfied by L is of importance.

Proposition 8. It holds

't
(31) L=1+ j LR, - 1)d°M,, te[0,T],
0

where

't
“h[,:N,-JOQSds, tef0, T7.
(1]

L is the unique solution of (31).
Proof. (31) means subsequently:

't
L=1 +jLS_(1 —R)°Q,ds, te[0,1),

[

L,=L,_ +L, (R, —1),

21

3
L =L, +f Lo(l - R)°Q,ds, te[ry, ), ...

1
!
First equation has unique solution L, = exp {f (t-R)°Q dz} . The second one
0
implies

L, =R, exp {Jn(l - R)°0Q dz} R
'

the third one

L, = L, exp {Jt (t—-R)°Q dz}: exp {ftlog RdAN + J‘t(l - R)°Q dz} R
0 0

T
te [ty 7y)ete.
Thus we get stepwise that L defined by (30) is the unique solution of (31). O

The hypothesis that the trajectories of R are bounded implies the absolute conti-
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nuity P < P, for T < oo, because it guarantees that L, < o Py-a.s. Let us pass to
the case T = o0.

Let ({2, F Z)) be the basic space from the beginning of § 3. Let P, P, be probability
distributions on (@, #¥) satisfying (29) for all T < o0. L= {L, t = 0} defined
by (30) is under P, a nonnegative martingale with respect to #F" = {F7, ¢ = 0}.
Moreover, EgL, = 1,¢ 2 0, and hence, sup E|L,| < co. This implies (see e.g. [3])

tz0

the existence of an L such that

(32) limL, =L, as.

1o

To establish P < P, we demonstrate
(33) L =E{L,|#}, t20.
Namely, (33) means for £ 2 0

(34) j L, dP, =f LdP, = P(4), Ae#Y.
A A
Extending (34) to A from the o-algebra 5 = V 7, we get
120
J L.dP, = P(4), Ae#F%.
A

(34) follows by letting 1 — co in its second equality provided that
(35) ~ limEg|L, — Lg| = 0.

oo

If Lis uniformly integrable, (35) holds because of (32). To guarantee the uniform
integrability we shall make assumptions derived from the Theorem of de la Valée-
Poussin.

Lemma 5. Let h(x), x 2 0, be a measurable function bounded from bellow and
satisfying lim A(x)/x = oo. If
X+ 00

sup Eq h(L,) < o0,

120
then Lis uniformly integrable.
Proof. We have for K sufficiently large, t 2 0,

f L,dP, = f (L/h(L)) H(Ly) Py <
{LezZK)

(LezK}
< sup (x/h(x)) sup Eq(h(L,) + const.).
x2K 520
The last term tends te 0 as K — oo, and does not depend on ¢. O
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In our problem lr(x) = x log x is a suitable choice. Assuming first

(36) 0<Il<<Rz<K, zz0,

for a constant K we get

d 't
Eo L log L, = ElogL,=E(jlongdN,+f(l —Rz)ondz)=
0

o

=E <J"10g R, M, + Jxlog R,Q dz + Jv(l - R)°0Q, dz) =
[ 0

0

= Ef(l + R, log R, — R)°Q, dz.

o

!
j log R dM has zero expectation, because it is an integral of a bounded left-conti-
[

nuous nonanticipative function with respect to a martingale. Note that 1+ xlog x —

—x 2 0forx=0.

In the general case, when (36) is dropped we shall limit ourselves to a short proof of
T
(37) EOL,logL,gEV[(I+RzlogR:—Rz)°Q:dz, t=0.
1]

But it can be shown that equality holds in (37). Introduce

N

e 1
6,=71, AInf{t:R, Zn}, "R, = max (R,,——) , myn=12..
m

Then as above

tAGn T AGn
E (J log "R, dN, +f (1 —"R.)°Q, dz) =

0 )
tAGn 1 AGn
= Ef (1 + "R.log "R, — "R,) °Q, dz + EJ (R, — "R,)log "R, °Q.dz .
0 0
Letting m — oo one gets

NS
Eo Lyng, log Ly, = EJ (1 + R.logR. - R;)°0.dz .
0

From here and from the Fatou Lemma, (37) follows as n — co. Let us recapitulate
the result.
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Proposition 9. If
(38) Er(l + R, log R, — R,)°Q,dz < 0,
0
then P < Pyon #N.
Example 10. Let P and P, be the probability distribution of the Poisson process

with time-dependent rate (1), ¢ = 0, and constant rate q,, respectively. (38) is in
this case )

(39) J (g0 + a(z) (log ¢(z) — log qo) — q(z))dz < .

0
Thus (39) implies P < P,. Similarly,

o0
(40) j (4(z) + qo(log g0 — log g(z)) — qo) dz < oo,

0
implies Py < P. Adding (39) and (40) we get that

[ e~ ao)omate) - toz o) a2 <
0
is sufficient for P ~ Py . O
Example 11. Let P be the distribution of a pure birth Markov process with jump

rates gq,, n =0,1,...,and let P, be the distribution of the Poisson process with
constant rate ¢. Recall that in the birth process the holding times

o =Ty 0, =Ty — T, B=12.,

are mutually independent and have exponential distribution with mean 1/q,, n =
=0, 1,.... Proposition 9 yields for P < P, the condition

Ef (1 + R.logR, — R,)°Q,dz =EY <1+ I jog n -i">qan=
0 =0 ¢ 4 4

= <£+loggl’~—l><oo. v 0
=0\, q

28



6. Girsanov type theorems

In this section we shall deal with the problem of constructing a point process with
a given rate. The results are an analogy of the Girsanov Theorem for the diffusion
processes.

On a probability space (Q, sZ, Py) let us have a point process t = {1,,,
n=12..3}~N={N,t 2z 0} with respect to nondecreasing family of o-algebras
F. Let © have rate °Q = {°Q,, t 2 0} with left-continuous locally bounded trajecto-
ries. Further, let process Q = {Q,, t = 0} be given by the relation

Q1=Rton 120,

where R is nonanticipative with respect to &, and also has locally bounded left
continuous trajectorics. The aim is to define a probability measure P on (2, &)
for which t has rate Q. We shall mostly omit the words “with respect to % when
speaking about rates, martingales etc.

In § 5 measure P was given. Here we proceed in the reversed direction. We define

13 't
L, = exp {j R, dN, +j (t-R,) OQ,dz}, t=0.
] ]
According to Proposition 8, L satisfies (31).

Lemma 6. Lis a supermartingale under P,. Whenever
(41) EL, =1, t20,

holds, then Lis a martingale.

Proof. Set
o, =inf{s:|L_(R,—1)|zn}, n=12...
Then
t
(42) L, =1 +J s €0} L (R, — 1)d°M,, 120
[

The integrand in (42) is left-continuous, nonanticipative and uniformly bounded.
Hence {L,,,, t = O}, n=1,2,..., are nonnegative martingales. Their limit as
h — o0
L =lmL,,  , tz0,
n—+o
is a supermartingale. Namely, from the Fatou Lemma applied to the conditional
expectations we get for 0 < s < ¢

v

L, = limL,,, = limEo{Li, | s}

oo n=

2 EflimL,,, | #} = Eo{L |

LA Gn
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To prove the second assertion of Lemma 6 assume on the contrary that (41) holds,
but Lis not a martingale. Then, E,{L, ] F,} < L, with positive probability for some
t > s. This implies E,L, < EoL; < 1, which contradicts to (41). [}

A sufficient condition for the validity of (41) is E,L,, = 1, where

L, =IlimL, as.

1=+
exists according to the theorems on the convergence of supermartingales (sce [3])-
The next proposition is an imitation of Girsanov’s Theorem.

Proposition 10. Let E,L_, = 1. Define probability measure P on & by the integral

P(B)='|- L,dP,, Best.
B

If

(43) EN, = E,NL, <o, 120,

then

is a martingale with respect to & on (2, &7, P).
The proof is based on the following relationship between martingales under P
and under P

Lemma 7. If ML= {MXL,_, 13 0} is a Py-martingale, then M is a P-martingale.
Proof. Take 0 £ s < t. Let us show first that

(44) E{M,| 7} =E{ML|F}L".

For Ae & we have using dP = L dP,

f E{M.L | #} L' dP =j Eo{M,L | 7} LJV E{L,, | #) dPy =
A A

=j M,L,dP, =J' M, L, dP, :j M, dpP.
A A A
This proves (44). If ML is a P,-martingale, then )
Eo{M.L, | #} L' = MLL' = M, .
From here and from (44) the martingale property of M follows. . ]

Proof of Proposition 10. Let the hypotheses be fulfilled. Let o be a stopping
time, ¢ = 0 arbitrary. We begin by demonstrating the relation

't t
(45) M, L -:J M,,,_dL, + [ yvgol L,odM, + L,,,—1, t=0,
0 [
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where
't

"M,:N‘-J. %0.ds, t=0.
0
We have

ML= M, ., + M, (Li—1) =M, , + H dM,dL,,
B

46) B={0ZustArc 002t} ={0ZvE,0Su<vAcjyU
v{i0gv<ugtadu{0Lu=vstac.

Decomposing the integral over B according to (46) we get

t tAd
(47) Mr/th:J. MUAH"‘dLU—!_J‘ Lu- dMu+ Z (LD_LV—)(MU—M'J—)z
o ]

vStaag
14 tAg
= j M,,,_dL, + J L,(d°M,+ (1t = R,)°Q,dv) + ¥ (L, = L,.)(N,—N,.).
0 0 vStaa

Further, from (31),

INd

tAo t
{48) J L_(1=R)°Q,dv = L, ~ 1 +'[ L, (1 - R)dN, =
0 0

=Luo—1+ ¥ L-(1-R)=L,,— 1~ ¥ (L~ L), —N,.),

WwStag vStAg
because of

L, = (TIR.) exp {J (1 - R)°Q dz} =R.L...
ksn o

Inserting (48) into (47) we get (45).

Expression (45) of M,,.L, contains integrals of left-continuous nonanticipative
functions with respect to Py-martingales and a P,-martingale. Consequently, if ¢
is chosen so that the integrands are bounded, then M,, L, t = 0, is itself a Py-
martingale. This is the case for the stopping times

t7,,=inf{v:]Mu‘+lLulgn}, n=1,2,...

Hence, by Lemma 7, {M‘,\,,", = 0}, n = 1,2, ..., are P-martingales.
We have

tAOn

0=EM,,, , ie EN,., = EJ 0 ds.
0
From here with regard to (43) we obtain letting n — o
t
oo>EN,=E-[ 0ds, 120.
[

The sequence of martingales {M,,,, t = 0}, n = 1, 2, ..., has therefore an integrable
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majorant

T 't A Gy
N7~+J stgNM,"-%—J‘ Qds 2 |M,,,)|. te[0,T],
] ]

where T < oo is arbitrary. This implies that

M,=limM,,,, t=0,
n e
is a P-martingale, as Proposition 10 asserts. ]

For the application of Proposition 10 we need to have conditions guaranteeing
E,L,, = 1. The condition which we introduce employs the results of § 5 on uniform
integrability.

Proposition 11. Let
w0
(49) J (1 +R,logR, -~ R.,)°0.dz S ¢, Pyas.,
0
where ¢ is a constant. Then E,L, = 1.

Proof. We shall show that under (49) is La uniformly integrable P,-martingale.
Recall relation (31),

13
Lo=1 +.[ Li_(R, — 1)d°M,, 120.
0

Again, to get on the right-hand side the integral of a bounded function, and hence
a martingale, we stop the trajectory. Let

o, =inf{s:|L_(R,— |z n}, n=1,2,...
Then

t
Ly, =1 +J s £ 0} Li(R, — 1)d°M,, 120, n=12,
]

are Py-martingales, EoL,,, = E,L, = 1. An inequality analogous to (37) is

tAdn
EoLir, log Ly, £ EoLqunJ (I + R.logR. — R,)°Q.dz.
o
Hence, with regard to {49)
(50) BoLing, l0g Lyss, S ¢, t20, n=12,....
By Lemma 5, the random variables
Lings 120, n=12..,

form a uniformly integrable family. Letting n — oo we obtain that L is a Py~
martingale. Moreover, from (50) and from the Fatou Lemma follows

EoL,dlogL, ¢, t=0.
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Consequently, L is uniformly integrable by Lemma 5, and this implies
1 =1imEyL, = EgL,, . [
2o

‘We concentrated on point processes on the infinite interval. Same statements are
true for point processes on a bounded interval. They can be conceived as processes
with infinite range such that t, > T implies 1, = 0.

Example 12. For illustration consider again the Poisson process with a variable
and a constant rate. In § 5 we proved the following: If N = {N,, 1 [0, T} is the
Poisson process with unit rate on the basic space (27, F pa P,), then for

T T
Ly = exp {J log q(z) AN, + J (1 = g(2)) dz},
0 [

P(B):.[ LydP,, BeZFY,
B

N is the Poisson process with rate g(t), 1€ [0, T], on (Qg, 7, P). The results of the
present section say that the same is true, if N is a Poisson process with respect to
F = {#, te[0, T]} on an arbitrary basic space (2, &, Po).

Consider now the infinite process. Let N = {N,, 1 = 0} te a Poisson process with
respect to F = {&F,, t 2 0} on (Q, &, Py) having unit rate. Let a given variable
rate g(t), ¢ 2 0, satisfy

j: (1 + q(2) log a(z) — 4(=))d= < oo
According to Propositions 10, 11 for
L, =1imL, Psas., P(B)= J; L,dP,, Bed,
1w
we have that N is a Poisson process with respect to & on (&, , P) having rate (1),
t=0. . O

Let us present the extension of Proposition 10 to labelled point processes t, =
= {(tp A), 0 = 1,2,...} with set I = {1,..., m} of admissible labels. We introduce
the counting process N = {N, = (*N,,...,"N,), ¢ = 0}, where

Ny=Yylt,£0, 4, =1}, 120, iel.
n=1
Let the process be defined on the probability space (2, s/, Py). Let the rate of ‘N
with respect to nondecreasing family of c-algebras & = {F,t 2 0} be °Q =
= {10, 1 2 0}. We want to define on (Q, &/) a probability measure P such that,
for i = 1, ..., m, 'N has rate ‘Q defined as

l‘Qr = "Rriogr: 120.
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As in the preceding we assume that ©°Q, ‘Q, 'R, i eI, have left-continuous locally
bounded trajectories.

Proposition 12. Set

m 't 't
. = exp {Z <J‘ log 'R, d'N, +J. (1 - R,)™"Q, dz)}, tz0.
i=1 o ] .

Lis a supermartingale with respect to & on (Q, #, P,).
Let EqL,, = 1. Then Lis a martingale, and the integral

P(B) =f L,dP,, Bes«,
B
defines a probability measure on (2, ). If in addition

EN,=E,NL <w, t20, iel,
then

v

t
l'M,=‘4N,0—J' iQ,ds, 120, iel,
0

are martingales with respect to & on (Q, «, P).
The proof, which is the same as in the case m = 1, employs the relations

m T
L=1+Y J’ L_{('R,— 1)d®M,, 120,
i=140
t t
M, L = j M, o dL, + j 2o S0} L,_d°M, +
0 1]

t
+Zfx{vgo}L,_(l—"Ru)d"OML.JrZ,M—1, tz0, iel.
j*iJo

7. Controlled Markov processes

In § 2 we dealt with Markov processes X = {X,, ¢ = 0} having finite state space I,
say I = {1,...,m}. X was supposed to be defined on the space Q2 fo paths w(t) as
X (w) = wt). F = {#, t 2 0} was the family generated by X itself. With a con-
trolled Markov process we associated the transition rates

(51) q(i,j,z), i,jel, zelJ.
In (51) z denotes the control parameter. The initial distribution
(52) P(Xo=i)=p, icl,

was fixed. We introduced the probability distribution of X under control Z =
= {Z,, t 2 0} as the probability measure PZ on (Q, # ) satisfying (52) and such that

't
M, = (X, =i} —J-oq(X;,i;Zs)ds, t20, iel,
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are martingales with respect to %#. In what follows it is more convenient to insert
the left-continuous version {X .t = 0} of X into the rate. The question of the exis-
tence and the unicity of P? was left open. To answer it, we shall use the results on
labelled point processes stated in § 6.

Assume for the sake of simplicity that the process starts from a given state i,
i.e. P(Xo = ip) = 1. Denote by 1,, n = 1,2, ..., the increasing sequence of times,
in which the trajectory of X has a jump. There is a unique correspondence between
the trajectory of X and the trajectory of the labelled point process 7, = {(z,, X,,),
n =1,2,...}. Let the counting process of 7, be N = {('N,,...,"N,), t 2 0}. 'N, is
the number of jumps into state i performed by X until time ¢,

IN=Y Xy X, =i}, t20, iel.
sst

In accordance with the intuitive meaning of the transition rates, the rate of oc-
currence of the jumps into i is

(53) 0, = (1 - x{X7 =g, :2), 120,

The rate is taken with respect to &. If X; = i, the rate equals 0, since the transitions
from i into i are not possible. Thus, under P%, by subtracting from ‘N the integral
of {Q we expect to obtain a martingale

t
M, =N, - L(1 — X7 =) a(X7,i;Z)ds, t20.

Next proposition shows that this is the case. Moreover, the two characterizations
of PZ are equivalent.

Proposition 13. Let Z be a control, P a probability measure on (Q, #,,). Then ‘M,
i € I, are martingales on (Q, &, P) if and only if ‘M, i € I, are martingales.

Proof. The proof follows from the relations
t
M, =J (- x5 = Pdp{x, =} -
]

—J (1 - X, =i})a(X;,i;Z)ds = f(l - x{X; =i)d'M,, 120, iel,
0

t
)

¢ ¢
M, =N, -Y | z{x; =i} dN, —f (1 - x{x;
o

i*iJo

i) a(X;, i Z)ds +

t t
+J‘ WX =i} Y a(X7,j52)ds =M, =Y | x{X; =i}dM,, t20, iel,
0 JFi 0

iFi
and from the fact that the integral with respect to a martingale of a bounded left-
continuous nonanticipative function is a martingale. ]

In the sequel we shall assume that the control parameter set J is compact, and
that the transition rates (51) are continuous in Z on J. We shall consider controlled
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process {X,, te[0, T}, whose distributions are probability measures P% on the
o-algebra # ;. Tis finite. As the probability measure P, with respect to which the

density of P% will be calculated, we take the probability distribution of the Markov
process with the transition rates matrix

—(m-1), 1 1, ..., 1
(54) L, o—m-1)1, ., 1
1, 1, 1, , —(m—1)

and initial distribution Po(X, = io) = 1.

Recall from Proposition 12 the formula for the density of a point process

m T T
L; = exp {121 (j‘o log ‘R, d'N, + ,[o (1~ 1R)" 0, ds)}.

Set, with regard to (54) and (53),

09, =1-2{X; =i}, R=0-x{x7 =})a(X;.i;Z,).
Then,

i

T T
ZJ’ log 'R, d'N, = j log ¢(X7, X,; Z,) dN,,
] 0
where
N,=YN,, sef0,T],
is the counting process of all jumps of X. Further,
- ; ‘R, °Q, = — };(1 - 1Xs =) aX;,i2) =

= _‘:L; _q(X;r i ZS) = q(X;’Xs_; Zs) .
1t results that

T T
(55) Ly=-exp {J. log g(X;, X; Z,) AN, + J (m—1+q(X;7, X, 2,) ds}.
0 0
Sufficient condition for EqL; = 1, namely
T
ZJ’ (1 + 'R log 'R, — 'R,) °Q,ds < const.
7Jo

is fulfilled in virtue of the boundedness of ‘R, 1°Q, i € I. Probability distribution P%
can therefore be defined as

P%(B) =J. LydP,, Be#;r.
B
Its uniqueness follows from the fact that the probability distribution of a point

process is uniquely determined by its rate. This was proved in § 5 for point processes
with one type of events.
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III. APPLICATIONS OF LIMIT THEOREMS FOR MARTINGALES

8. Limit theorems

We begin this chapter with recalling the law of large numbers ‘and the central
limit theorem for discrete parameter martingales. We denote by M = {M,,, n=
= 0,1, } a martingale with respect to a nondecreasing sequence of o-algebras

F ={F, n=0,1,..}. Further, let
Y, =M, =M, n=0,1,..,

n

be the martingale differences.
Proposition 14. If

L
SEEY < o,
k=1

then
limn™*M,=0 as.
Proof. Set
-1
My=0, M, = Y., n=12...
o kgo k+1 ¥ ?

M’ is martingale with respect to #. Doob’s submartingale inequality yields for ¢ > 0

P(sup Moy = M| 2 )5 5 EMym— M =278 Lz,
1sksm &? e ¥=n (k+ 1)
Letting m — oo we obtain
P(ﬁ{ sup My, — M| > ¢e}) < im L i L EYZ=0.
n=0 k=1,2,... nw e K=n (k + 1)2

Consequently, finite limit lim M, = M, a.s. exists. We conclude that

o

n=1 . )
limn™ M, =lim(n" My — n" 'Y M, + M) = —M,, + M, =0 as.
k=1

n—o n oo

Proposition 15. Let EY? < o, k = 0, 1, ... Denote
n—1
S, =ZE{Ykzlyk}: n=12..,
k=0 )
and let the following hold:

(56) ) lim n~ 'S, = 6* in probability,

n~o

O
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where 0 £ ¢% < o is a constant;
.1l

(57 lim - Y ER % zeyn}|F} =0 inprob.,
n- o0 k=0

for each & > 0. Then M,[/n has asymptotically normal distribution N(0, 02) as

n— 0.
We shall give the proof of the asymptotic normality under the hypothesis that for

a constant K
(58) %K, k=01,..,

more restrictive than the Lindeberg type condition (57). We assume M, = 0 without
losing generality. In terms of the characteristic functions we have to show that

(59) Jin; Eexp {iu M,[\/n} = exp {—1u%s?} ,
where i is the imaginary unit and u a real parameter. To this purpose introduce

A, = exp {(iu M,[\/n) + 3u® S,[n)} — 1, n=1,2, ..

From (56), (58) it is seen that (59) is equivalent to

(60) lim E4, = 0.
Write
A, =Y By, n=12..,
k=1
where
By, = exp {(iu My/\/n) + (3u® Sy/n)} — exp {(iu M,_,[\/n) +
+ (462 S [y/n)} = exp {(iv My—o/\/n) + (4u? Si/n)} .
< [exp {iu Yoo s [/n} — exp { -3 E{Y2, | #,_,}/n}].
Further, )
IEA"| = IEIEIE{B"'* l yk-l}l = Ek;IE{Bnk I gk—x}l =
(61) < exp {3u’K?} z E|[E{exp {iu Yi_1f/n}| #,-,) —
k=1

— exp {—1E(¥2, | Foo}fn)]

Next we employ the relations
e =1+ ix — ix% + hy(x), Ihl(x)' < 'x3|/6,
e =1 —x + hyx), [ho(x)| < %2, x20.
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From them it follows

Efexp {iv Yoo/ /n} | Foo)) =1 4+ 14 E(Y,_, | Foes) —

Jn

2
U ery2
-5, BX | #-} + Hy,

where
1 (|u| K\?
‘Hll = E(LIF—) > E{Yk—l l'g;k—l} =0,
Jn
and
2
exp {—WE{¥2 | Fo}n} =1 — %1« E(YZ,| Fis) + Ha,

with

s 3 (o)

2n

Thus, from (61) we obtain the estimate

3 252\ 2
IEA,,;éeé("’Kl)n<l<M£) +_1.(l—.K_)), n=12,....
6 \/n 2\ 2n

As n — oo the right-hand side tends to 0. This proves (60). O

When investigating continuous time martingales {M,, t = 0}, to apply the limit
theorems we establish first their validity for {M,, n = 0, 1, ...}, and then prove the
negligibility of the differences M, — My, 1 Z 0. [t] denotes the integer part of t.

9. Renewal processes with preventive replacements
P

Preventive replacements in renewal processes were mentioned in § 1. Here we
return to them to illustrate the use of the limit theorems for martingales. As in § 1
we consider machine components whose life times have distribution function F(t).
One component is in operation. Service replacements after failure at cost ¢, or
preventive replacements before failure at cost ¢, can be made. It is ¢; > ¢, > 0.
We imagine an infinite stock of components with mutually independent life times.
The replacements are instantaneous without causing delays. The objective is to
minimize the average cost per unit operation time of the machine by means of an
appropriate rule for making preventive replacements,

The age replacements policies (sce Fig. 3) are specified by the replacement age x.
If the operation time of the component reaches x, it is replaced by a new one. Let
6(x) denote the corresponding average cost per unit time. It is not difficult to calculate
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it. Namely,
f(x) = . Average cost of replacement
average time between replacements
_ F(x) + c;(1 = F(x)) _a F(x) + ¢ F(x)

J‘:y dF(y) + x(1 — F(x)) f: F(y)dy

where F(x) = 1 — F(x). Let us denote by d the optimal replacement age. We make
the following hypotheses:
1. There exists a d € (0, co) such that

6(d) £ 6(x), xe(0,00).
Ie., we exclude d = oo. We shall write briefly 6 for 6(d).

2. The components have failure rate g(t) nondecreasing and continuous on [0, ).
Hence, ’

- 4 d t
F(f) = exp {—J‘ a(y) dy} T F(t) = f(r) = q(t) exp {—j a(y) dy}.
0 0
The optimal value d can usually be obtained by equating to zero the derivative

009 = (0 = e 6 = F) ) [ FO) .

2

We get
(62) (c; —ez)aq(dy—0=0.

This is a satisfactory solution of the problem. But only age replacement policies
were taken into account. We have to show that the result cannot be improved by
using other policies. Moreover, if the distribution of the life times is unknown, it is
to be estimated during the replacement process. This leads to the self-optimizing
policies ‘([1]) To proceed further we shall first define the concept of a replacement
policy in generality.

We denote by X = {X,, t = 0} the age of the component in operation. Let X
be left-continuous, X, = 0. We identify the replacement process with a labelled
point process t, = {(t,, 4,), n = 1,2,...} having labels 1,2. Label 1 marks the
service replacements, label 2 the preventive replacements. 7, has bivariate counting
process N = {N, = (*N,,*N,), t 2 0},

Ny=Yxu St 4, =1}, t20, i=12.
n=1
For the sake of definiteness, we shall assume that z, is defined on the space Q of its
trajectories. Thus, Q has elements. @ = {(s,, i,), n=1,2,...}, where {s,, n =

=1,2,...} is a nondecreasing sequence of numbers, positive or oo, satisfying
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lims, = 00, 8, < Sy44 if 8,44 * 00, and i, = 1 or 2. We set
L =]
(@) =s,, ifw)=i, n=12...

The age process X fulfils
X, =t, 0t£, X,=t—1,, T, <t ST, n=12,....

The countmg process N generates the family of o-algebras
4

. 9:{.7,—aa(1\/s,s<l)t>0}
To the age replacement with replacement age d corresponds the probability measure
4 on'(Q, 7 ,) with the following properties:
. With probability 1 holds for all ¢ 2 0:X, = d if and only if 2N, — 2N,_ =1,
ie. 141:,,, i, = 2 for some n.
2.

) .
M, =N, —f g(X,)ds, t20,
0

is a martingale with respect to %.

Property 1 is obvious, Property 2 was stated in § 1. The failure rate depends only
on the age of the component. The trajectory of !N together with the age replacement
rule determines the trajectory of 2N. The uniqueness of P“ having Properties 1,2
follows therefore from Proposmon 7. )

Under a general replacement policy the replacement age is not fixed, but it is

0 T ) I T
Fig. 6.

a nonanticipative random function Z = {Z,, t = 0}. taking on positive values
including oo, continuous piecewise and from the left. If X, = Z,, the preventive
replacement is made. Z, associates with the trajectory { ,S€E [0, 1]} the replacement
age (Fig. 6).

The probability distribution of the repiacement process under policy Z 'is the
probability measure PZ on (Q, & ,,) Having the properties:
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1. With probability 1 holds for all t = 0 : X, = Z, if and only if 2N, — 2N,_ = 1.
2.

't
M, = ‘N,—J. q(X,)ds, t=0,
0

is a martingale with respect to &
We omit the proof that PZ exists and is defined uniquely.

Let us now turn our attention to the statement that the average cost per unit time 0
arising under the age replacement with replacement age d cannot be improved by
using a general replacement policy. 0 is the minimum in the class of the age replace-
ment policies Z, = x, t 2 0. Since ¢, is the cost of an after failure replacement,
and ¢, the cost of a preventive replacement, the total cost incurred until time ¢ is

C,=c¢,'N, + ¢, °N,.
If the replacements are made in age d, then

G,/

L . n
lim ¢ 'C, = lim =0 as.,
o0 nw Tyl

according to the law of large numbers for the sums of mutually independent iden-
tically distributed random variables with finite expectation.

Let Z ={Z, t 2 0} be an arbitrary replacement policy. We are going to de-
monstrate .

(63) limt !C,z 0 P?as.

=0
(63) expresses the mentioned global optimality of 0. To prove it we shall look for
a bounded function w(x), x = 0, such that

S,=C,—19+W(X:'), 120,

is a submartingale. S is right continuous provided that w(x) is right continuous. Note
that X* is nonanticipative, since

X1+ =X,){{N, = N!A} , 120,
If we succeed in finding w(x), then we have
S, =M, +4,, 1tz0,

where M is a martingale, 4 a nonnegative nondecreasing process. Moreover, if M
fulfils the law of large numbers, then (63) follows from

(64) 0=1lm: M, £limt!S,=lim¢'C,— 0 as.

t—w o t—+ o

To find w(x) we shall use a heuristic argument. It has to hold

E{S;+4 — S,| X} = x and no preventive replacement}

v
o
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Distinguishing whether there was a failure or not in the time interval (t, t + A),
4 — 0+, we obtain for the conditional probability the expression

q(x) 4(c; — 64 + w(0) — w(x)) +
+ (1 = q(x) 4) (=04 + w(x + 4) — w(x)) + o(4)
= A[-0 + w(x) + g(x) (ex + w(0) — w(x))] + o(4) 2 0.

Similarly,
E{S,44 — S, | X; = x and preventive replacement} =

= ¢, + w(0) — w(x) + o(1) = 0.
From these inequalities we get
(65) W) + g) (e + w(0) = w(x)) — 02 0,
(66) e + w(0) — w(x) 2 0.

Let us set w(0) = 0. Suppose the equality to hold in (65), and solve the differential
equation

(67) w(x) + q(x) (c;, — w(x)) - 6=0, w0)=0. .
The solution is
(68) w(x) = (—c1 F(x) + OJ‘:F(J}) dy)/F(x).

(66) is also valid, since

(69) e = w(x) = (02 Fix) + o F(x) — oj Fly)d y>/F(x) >
> (cz FO) + e1 F(x) — 0(x) J ") dy)/F(x) —o0.

Note that (69) for x = d implies w(d) = c,. Further, using (62) we obtain from (67)
that w'(d) = 0.

Define w(x) by (68) for x € [0, d], and set
(70) wix)=¢, x=d.

w(x) has continuous derivative on [0, «c). (66) holds. Inserting from (70) into (65)
we get the condition
g(x)(c; —¢c;) - 020, x=2d.

Its fulfilment follows from (62) because g(x) is assumed to be nondecreasing.
Proposition 16. It holds

00 om0 = (e )N, = )89 +
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+ f "oz = W(X,) 4N, + (e, ,z)f £{d < X} (a(X) = ad) ds. 12 0.

The last two terms are nonnegative and nondecreasing.

Proof. We have setting 7, = 0
T Th+ 1 AL
J w(X)ds= Y w(X)ds =Y wX,,  ..) =
<t

o wm<t ),

t
- j w(X,) d('N, + 2N + w(X}).
o
Since C, = ¢, 'N, + ¢, °N,, (71) is equivalent to
T t t
[y =opas= [ o) ety es o (o = e [ <) atx,) -
0 0

0
. —g(d))ds.
This equality follows from (67), (62), (70). Namely,

J' Cw(X,) - 0)ds = J "%, S d) (W(X,) — 1) g(X,)ds — 0 'f " d < X} ds =

- j C(WX) — e) a(X)ds + (e — ) f "pld < X (a(x) = g(@)ds

The last two integrals in (71) have nonnegative integrands because of {66), and
g(x) — g(d) = 0, x = d. Consequently, théy are nonnegative and nondecreasing. []

The first term on the right in (71)
. !
M, = f (er — w(X) (d'N, — q(X)ds), 120,
o -

is an integral of a bounded left-continuous nonanticipative function with respect
to martingale under arbitrary replacemeitt policy Z. Thus, M is a martingale (with
respect to F ) Onmitting the verification of the hypotheses of Proposition 14, let us
state that M fulfils the law of large numbers. With regard to (64) we conclude that

(63) holds.
Note that for the age replacement Z, = d, ¢ Z 0, the last two terms in (71) vanish,

and equality holds in (64). This provides another proof of
+ lime™'C, =0 Plas.
t—=
Let us now illustrate that decomposition (71) is a suitable tool for studying the
average cost in the situation, when d is estimated during the renewal process (se—
quential improvement of the age replaccment).
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Proposition 17. Let Z be a replacement policy satisfying
(72) i limZ, =d Ptas.

1w

Then
limt™'C, =0 Pras.

t=x
Proof. Let (72) hold. Decomposition (71) reduces the proof to the demonstration
of

t 13
(73) lim ¢t* '[ (c; — w(X,))d®N, = lim¢™! j (c; — w(Z,))d®N, =0,
0 0

t—o0 1> o

(74) tim 17 j 2ld < X, £ 2} (a(X,) - a(d)ds = 0 as.

1w

Since w(d) = c;,, the integrand on the right in (73) tends to 0 as s — oo. The time
between two consecutive preventive replacements is in the limit at least d, i.e.

Im 2N/t £ 1/d as.
fand=s]
From here (73) follows. {74) holds, because the integrand there tends to 0 as well. [J

A more elaborate investigation of {C,. t 2 0} under sclf-optimizing replacement
policies can be made applying the law of the iterated logarithm to the martingale M.

10. Average cost in a Markov process

We turn our attention to controlled Markov processes X = {X,, t= 0} having
transition rates
q(i,j;z), i,jel, zeld,
as defined at the end of § 2. To be able to compare the controls we introduce an
evaluation of the trajectory called here the cost. Under the cost until time t we
understand the integral

t
C,=j X, Z)ds, tz0,
0

where c(i, z) is a continuous function on I x J. First we shall be looking for the
minimal average cost per unit time, lim f~!C,, under homogenecous Markovian

t—
controls. Such controls are of the form
(75) Z,=%X;), tz0,

where Z is a mapping from [ to J. If (75) holds, then X is a homogeneous Markov
process with transition rates

(76) a(i,j; 2(i)), i.jel.
Its probability distribution will be denoted by PZ.
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Let us make the following hypothesis: For each Z, the rates (76) define a Markov
process the states of which are recurrent and communicate with each other. (The
indecomposability of the rate matrix.)

The hypothesis implies for each Z the existence of the limit probabilities

lim PA(X, = i) = pP(£) > 0, iel.
o0
They are the unique solution of the system of equations
(1) ;p;"(i) q(i,j; 7)) = 0, jel, Ypr(E)=1.
Denote
0(z) = X p7'(2) (i, 2(3)) -

It is intuitively clear, and follows from the law of large numbers for Markov processes
that
(78) lim 71C, = 0(Z) P™as.

t—ro

We shall in fact prove it in the sequel. The minimal average cost is
(79) min 6(z) = 6(2) = 0.

6(Z) as a continuous function on a compact set assumes its minimal value at an

optimal control 2.
@ is the minimum in the class of homogeneous Markovian controls. As in §9
we are first going to prove that under arbitrary control Z = {Z,, t = 0} holds

(80) limt !C, =20 PZas.
[ aud-c]
(80) follows in the same way as (63) if we find numbers w(i), i € I, such that
S,=C,—19+wX,), t=0,

is a submartingale for each Z.
To define S recall that by definition of P*

't
M, = y{X, = j} ——.[ 9(X,.j3Z)ds, t20, jel,
o
are martingales. Hence, for w( j), Jj el, arbitrary
't
M, = ¥w(7) M, = w(x,) — f S a(Xa s Z)w(i)ds, 120,
J o J

is a martingale with respect to & for each Z. It obeys to the law of large numbers,
since the differences M,+; — M,, n = 0,1, ..., are bounded. Setting

fl2)=c(iz) + L ali.isZyw(j) — 0, iel, zel,
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we have

1) Com 10+ w(X,) = M, +J f(XuZ)ds, 120.
0

1f we can choose w(j), j € I, so that
(82) fli,2)z0, iel, zelJ,

then {81) becomes the Doob-Meyer decomposition of submartingale S.
To this purpose let us solve the system of equations

(83) o(i, 2(0) + X q(i js 2D) w(i) — 6 =0, iel,

J
for unknowns 0, w(j), j € I. Multiplying (83) by p7’(£) and adding for i € I, we obtain
in virtue of (77)

Eilp?(f)C(i, 2(i)=10.

Symbol @ is therefore consistent with that introduced by (79). The matrix of the
system (83) is, up to the sign of the last column, transposed to the matrix of (77)
for z = 2. The latter has rank m, because (77) has unique solution. We conclude
that the set of solutions of (83) is one-dimensional. The general solution of (83)
has the form 6, w(j) + const., je 1.

Before proving (82), Tet us return to the law of large numbers for Markov processes.

Let (83) hold, i.e.
(84) fG2()) =0, iel,
and let

Z,=2X;7), t20.
Then

Ci—10+wX)=M, t20.

Hence, -

limt'C, =0 Plas.

10
results from the law of large numbers for martingale M. The same proof applies to

(78).
Lemma 8, If w(j), j € 1, satisfy (83), then (82) holds.

Proof. Assume (83), and on the contrary f(ig, z,) < 0 for some igel. zo€ J.
Define
2(i) = 2(i) for i+ iy, Z(ig) = zo-
Then for
z-xx7). 120,
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follows from (81) and from (78)

6(z) - 0 = lim¢~* J‘l F(X, 2(X,))ds = p(£) f(io, zo) < 0 P-as.

0

This contradicts to the minimality of 6. |

From (81), (82), (84), and from the law of large numbers applied to M one geis
immediately the subsequent propositions.

Propositions 18. Under arbitrary control Z,

lim:™!'C,z 0 P?%as.

t- o0

Proposition 19. Let Z be such that

. - P?-a.s.
(85) limo(Z,, 2(X;)) =0 ) B
P%in probability.

t=w

¢ denotes the distance. Then

1w .

Z_
(86) limeic, = 04F &% -
PZ.in probability.

Proof. We have
g t
(87) lim (Z’IC, -0~ t"lj (X, Z) ds) =0 Pias,
1=+ o0 0
The a.s. convergence in (85) implies lim f(X,, Z,) = 0 a.s., and hence

=

13
lim ¢~ lf f(X,Z)ds =0 P"as.
0

t— o0

The convergence in probability in (85) implies lim E f(X,, Z,) = 0, and
[3ndcs]

t t
lim ¢! Ej f(X,Z2)ds =0 or P*lim Z_IJ f(X.2Z)ds=0.
0 0

t= o0 - o

From here and from (87) follows (86). O
Proposition 19 refers to the case, when the optimal control £ is unknown, and is
estimated from the observed trajectory.

Let us now use decomposition (81) to investigate the asymptotic distribution of
(C, — 10)/\/t as t - oo. The control Z is supposed to fulfil

(89) P2lim o(Z,, 2(X7)) = 0.
Landcc]

As we shall sce, (88) implies that M,[\/t has asymptotically normal distribution
N(0, 0%) as t — oo. We shall determine the asymptotic variance 2. From (81) it is
then seen that a necessary and sufficient condition for (C, — 10)/,/t to have also the
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asymptotic distribution N(0, 67) is '
.1

(89) PZ-lim — J f(X,.Z)ds = 0.
1> \J/l 0

Introduce the martingale differences

Y, = Moy = M, = w(X,) = w(X,) - j

n

n+ 1

Zq(Xx,j; Z) w(j) ds, n=0,1,....
i

Since

Y,

Zconst., n=0,1,...,

the Lindeberg condition (57) holds. Thus, to verify the hypotheses of Proposition 15
it remains to demonstrate

n—1
(90) Prdim L Y E(Y2 | #) =a”.
. n-ow N k=0
Lemma 9. For k = 0,1, ...
i+ 1
(91) E(Y? |7} =E {j 9(X,. Z,)ds | fk}
k
where
g(i,z) = Y a(i,j; 2) (w(j) — w(i))?, iel, zel.
J¥i

Proof. Divide the interval [k, k + 1] into subintervals of length 4 = 1/n, and
let n = oo, This yields

n—1
(92) E{Ykz | gk} = E{_ZO(MH(J'H)A - Mk+j4)2 [ 971.} -
i=
SB[ Y (w(x)— WX F
k<ssk+1
since :

(M:+A - ]W:)Z = (W(XH-A) - W(X:))z +

+ 2(w(X 1s) — W(X) JTMZW ds + (J’ Yaw ds>z,

and the sum of the last two terms for t = k -+ jd, j = 0, 1,...,n — 1, is negligible
as n - .

T+ A

i

In § 7 we showed that the point process of the jumps into state j, /N = {/N,, t = 0},
has compensator : -

i
j(l-x{X: =i} a(X; i Z)ds, 120, jel.

0
Consequently,
.
£000) = w0607 = £ [ 00) = v o, 120,
sSt i Jo
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has compensator

Z'r (w() — wx )P (1 = 2{X7 =5} a(X;,j; 2)ds = J" 9(X7,Z)ds, (20.

i 0

We conclude that
t
(w(X,) — w(Xx;7))* — J 9(X, Z)ds, 120,
s<t )

is a martingale with respect to #. This and (92) yield (91). O
According to Proposition 19, (88) implies
.
©3) PP lim J a(X, Z)ds = ¥ p2(2) 9, 2(1)) = o* -
1~ 0 i
Further,

" n-1 n n—1
Ln:jgds— 3 E{Y,f|97,¢}:fgds« ¥ EH
0 k=0 0 k=0

k

k+ 1

gdslﬁ"k}, n=20,1,...,

is a martingale with respect to {#,, n=0,1,...}. Its differences are bounded.
Hence, from Proposition 14,

limn 'L, =0 PZ%as.,
n—+o

which together with (93) gives (90).

Let us restate what was demonstrated.

Proposition 20. Let the control Z satisfy (88). Then (C, — t0)//¢ has asymptotically
normal distribution N(0, 6%) as t - oc if and only if (89) holds.

Particularly, the optimal control
(94) , Z = 2X7), t=0,

satisfies the hypotheses of Proposition 20. (89) states, how fast must a self-optimizing
control converge to (94) to provide C with the same asymptotic distribution as (94).
Self-optimizing controls based on maximum likelihood estimation of the unknown
parameters fulfil (89) under certain regularity assumptions.

IV. FILTERING OF RATES
11. I'-distributed rate

Poisson processes N = {N,, 1 Z 0} whose rate Q = {Q,, t = 0} is a random process
are called doubly stochastic Poisson processes. The observation of N gives us in-
formation about the rate Q. In this chapter we shall deal with the estimation of Q
from N. The estimate of Q, from N, se [0, ], minimizing the expected quadratic
error is the conditional expectation

(95) Qr = E{Qr l 9,,,-:/} , t20,
where #¥ = ga{N,, s € [0, £]}. We consider ¢ variable, and conceive (95) as a problem
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to design a filter having the observed process as the input and the estimate as the
output. The mathematical solution is a differential equation for §. A filter is a devi-
ce for materializing this equation.

We begin with a simple case. Let N be the Poisson process with rate

Q, = éexp{J“ a(s)ds}, t=0.
0

& is a I'-distributed random variable with probability density
(96) ("/r(m))x™"te ™™, x20.

a(r), t = 0, is supposed to be a piecewise continuous function.

In§ 5 we derived that the probability distribution P of a point process {N,, se [0, ]}
with rate {Q,, s € [0, {]} has with respect to the Poisson process with unit rate the
density

©7) s —eo{[ os0.an+ [ 1 -0)al.
o 1]

dP;;.

Given ¢ = x, we have Q; = x exp {[§ a dz}. Substituting for Q into (97} and multi-
plying by (96) we get the joint density of & and {N,, s€ [0, {]}

s

dPen = f(x,N) = (b"/I(m)) x"~! e " exp {.r (log x +J-
0

dx x dP,. [

e R e e G R R

where ¢ is independent of x. The conditional density is

G| N) = (e zv)/ 0, N)dy—(b«kj CXp{ adz} S>M'.

otenfeo[on{ e}

From here we conclude that

0, = exp U; a ds} fxf(x [N)dx =
1 8 e

Although the estimate is simple, let us present the differential equation for it in the

a dz) dN, +
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form familiar in filtering theory. Computing the differential we get
(98) dQ, = a(t) k(t)dtf(m + N,) — k(1)* de(m + N,) + k(t)dN, =
=a(t)Q,dt + k({)(dN, - 0,dt), 120,
0(0) = E¢ = m/b .

Further,

%k(r) = a() k(1) — k(. 120, k0)=1/b.

In § 3 we proved that { is the rate of N with respect to #”~, Hence, the last differential
in (98) belongs to a martingale with respect to #"

T
M,:N,—f 0.ds, 120.
¢

Let us determine the mean quadratic error. We have

E(Q, — Q)2 = EE {[k(:) (m + N,y — Ek(1) (b + J-; exp “: a dz} ds)]zk_}': .
= E k(t)? (C J: exp U: a dz} ds + b? (rZ - f)z) =

=k(r)2(%ﬂexp {J:ad:}ds + bj’%) :k(t)%exp U;ads}, 120,

12. Markovian rate

Let X = {X,, 1 = 0} be a Markov process with state space I = {1, ..., m} having
initial distribution
99) P(Xo)=i)=p;, i€l,
and transition rates
q(ij. 1), ijel, 120,

continuous piecewise and from the left. Using (55) we can find the probability density
of {X,, se[0,1]}, since the difference between a controlled Markov process and
a time-inhomogencous one is for this purpose unsubstantial. The density is taken
with respect to the distribution P, of the Markov process on [0, f] with transition
rate matrix (54) and initial distribution (99). We have

T 't
(100) §P£ = exp {j‘ log g(X;, X,, s) d*N, + J (m—1+q(X;, X, 5)) ds}.-

] ] 0

XN is the counting process of the state changes in X. : A
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Suppose that X is observed indirectly by means of the observation of a point
process N with the following properties: For each ¢ > 0, given the trajectory
{X,, 5[0, £]}, the process {N,, s e [0, {]} is Poissonian with rate

0, =a(s,X,), sef0,1].

The nonnegative function a(s, i), s 2 0, i €1, is assumed to be continuous piecewise
and from the left. According to (28) the conditional distribution of N has with
respect to the Poisson process with unit rate the density

at
exp { J log a(s, X,) dN, + f
o

o

t

(1 = a5, X,) ds}.
Combining this with (100) we obtain the density of the joint distribution

(0  LEN) =

P ! \
— = ex log g(X7, X,, s)d*N +
aPoxdP p{J‘O 2 q( ) AN,

oiss.

T i3 {3
+J' (m— 1+ q(X7, X, ) ds + J log a(s. X,) dN, + J' (t = afs, X,) ds}.
0 0 0

We intend to derive equations satisfied by the aposteriori distribution of X, given
the observation of {N,, s € [0, ]}, i.e. by the probabilities

mo=PX,=i|F)=E{x{X, =i} | #V}, 120, iel."
We have
in(N) = ' L(X,N) dPO(X)/fL,(K N)dPy(Y) = fg,/; o,
where ae
(102) ' o, = J L dPy = Ey x{X, = i} L,.
{Xe=i}

E, denotes the expectation in X under P, for N fixed,

Let us calculate the differential d ‘o,. From (101) follows that ‘g has discontinuities
only in the jump points of N. In such points is N, — N,_ =1, and the differential
becomes the difference (points of positive measure). Hence,

(103) d'o, = o, ~ ‘o, = i_,_(Cxp {IOg a(Nt - Nl‘)} - 1) =

= g,(alt, i) — 1)dN,,

because the integral in {102) extends over {X, = i}.

Outside the discontinuity points of N is' %o absolutely continuous. To obtain its
differential we shall investigate ‘o, 4 as 4 - 0+, employing the following property
of Markov processes: For X, given, {X,,0 < s £ } and {X,, s 2 1} are independent.
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We have .
(104) iQH»J = ZPO(Xr = ]) EO{L: l X: = ]} Eo{X{XﬁA = i} Lr+AL:l IXr = ]} =
J
= Zj(’r Eofx{Xees = i} Ly 4Ly lX: =j}.
i

To cstimate the conditional probability in (104) we shall use an argument common
in the theory of Markov processes.

Let X, =j #+ i, N, = N,_, and let t be a continuity point of g and of a. Consider
three possibilities:

1) With probability 4 + o(4) as 4 — 0+ is X, = i, and the jump from j to i
is the only state change of X on [1, 1 + 4]. Then

XX eia = i} Ly L7t = exp {log q(J, i, )} + o(1) = q(j, i, 1) + o1).

2) With probability of order o(4) is X,+4 = i, and there are at least two state
changes on (1, ¢ + 4].

3) With probability 1 — 4 +0(4) is X+, + i, and therefore x{X,,, = i} = 0.
It results that

(105)  Eo{x{Xs1a = i} Lyai' | Xo = j} = q(i, i, ) 4 + o(4) as 4 - 0+.

Let X,=1i, N,=N,_, and let ¢ be a continuity point of g and of a. Distinguish
again three cases:

1) With probability 1 — (m — 1) 4 + o(d) is X, = i, for all se [t, # + 4]. Then
X s = Ly i =exp{(m — 1+ q(i,i,0)) 4 + (1 — aft,i)) 4 + o(4d)} =
=1+(m-1+4q(i,i0+1—ati)d+ o4).

2) With probability of order o(4) is X, 4 = i, and there are at least two state
changes of X on [t,t + 4].

3) With probability (m—1) 4 + o(4)is X, 4+ i, and consequently, x{X,. s = i} =
= 0.
The result is

(106) E{t{Xioa = i} Lyl | X, =1} =
=1+ (q(i,i,0) +1 ~a(t,)) 4 + o(4) as 4-0+.
From (104), (105), (106) we conclude that
0,04 — 0, =j;ijg, q(i, i, ) 4 + “ofa(i, i, 6) + 1 — a(t, )) 4 + o(4) .
Hence, for N, = N,_ we get the differential

(107) die, = Yo, q(j, i, 1y dt + ‘o1 — a(t, 1)) ds .
J
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(103) and (107) can be combined into
(108)  d'o, = Yo, q(j, i, ) dt + ‘o,_(a(t, i) ~ 1) (AN, —~dr), iel.
i

The initial conditions are ‘g, = p,, i € I. System (108) for the unnormed probabilities
‘o, 1 €1, is more suitable for computational purposes than the system which we shall
obtain for ‘n, iel. (108) is linear, its solution has jumps when N, — N,_ =1,
a(t, i) + 1.

It is not difficult to compute now the differential d 'z,. First we determine its

purely discontinuous component. Let N, — N, = 1, and consequently (103), hold.
Then

d iﬂr = :’n' _ iﬂx— =d iQ,(Z'iQr—)gl —_
J
- iQr Zd th(ZjQr— ngl)>1 =
Jj T J
= 'n,_(a(t, i) = 1) = =, Tom,(a(t,)) = 1).
J

Substituting
n,="n,_ +dn,,

we get from here
d'n, = (Xj;"nh a(t, /)" ‘n,_(a(t, i) — an,_ a(t,j))dN, .
The differential of the absolutely continuous compc;nenl isforN,=N,_
d'm,=d ‘Q,(;"g,)” = o gd fg,(]Z_"e,)’z =
(109) = Yim, q(j, i, 1)y dt + 'm(l — a(t, i) dr —
7
- "n,(;(;kn, a(k, j, 1) dt + ‘n (1 — a(t, j)) df)=
= [-jzfn, q(j, i, t) = nfaft, i) - ;fn, a(t, j))] dt .

The sought system of filtering equations is obtained by putting both components
together. In (109) /n, can be replaced by the left limit Jr,_. We get

(110) din, = Yn,q(j,1,t)dt + 'n,_(a(t, 1) — Y7n,_ a(t, ).
i i
(3 m, a(t,j))_l (dN, — Zjn, a(t, j) dt) , t20, jel.
7 7 .
Integrating the last differential in (110) we obtain
t
M,=N,—J ngafs,j)ds, 120.
07
M is a martingale with respect to %" since according to § 3 the rate of N with respect
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to " equals
E{a( ,X,){ 7 Z’n a(j, t) t=20

Ifa(t, i) = a(t), i e I, t 2 0, the observation does not depend on the trajectory of X.
(110) turns into the forward system of Kolmogorov differential equations.

Example 13. Let X have two states 1, 2, and the transition rate matrix
-1, 1
1, —1/.
Let the rate of the observed process be

a(t,l)=a,, a(t,2)=a,, 120, a,+a,.
System (108) for the unnormed probabilities g, i = 1, 2, is

d 1
" Yo, = —a e, + %o,
_d_z _1, .2 h N =
0 = 0~ a; ¢, when N, =N,_,
dt
‘o, = ‘o,-a,,%0, = %¢,_a; when N,-N,_ =1,

‘oo =Pis 200 =P |
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