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KYBERNETIKA —VOLUME /4 (1978), NUMBER 4

On a Characteristic Property
of the Asymptotic Rate

Steran SuiaN

The asymptotic rate [4] is shown to be the only effective element of the family of all admissible
measures of uncertainty for the set of all discrete stationary information sources.

1. INTRODUCTION

The concepts of sufficiency, regularity of conditional probabiliiies, and ergodicity
are strongly related (cf. [1], and [3] in a more general setting). In the present note
a new justification of the asymptotic rate {4] is given by means of these interrelations.
The reasoning is independent on the information-theoretical concepts (such as
communnication channels, transmission rate, capacity, etc.). Thus the results complete
in a sense the program of [5]. According to [5] all the relevant properties of the
asymptotic rate have to be established within the framework of the ergodic theory
only, i.e. without calling attention to the information-theoretical concepts mentioned
above.

2. SUFFICIENCY AND WEAK CONVERGENCE OF SAMPLE
DISTRIBUTIONS

We shall follow the notations of [4] and [5]. Let .# denote the family of all
stationary sources discrete in time (the time being represented by the set I of all
integers) and having a countably infinite alphabet (say, the alphabet N = {1, 2, ...}).
Hence the space of all messages (or, the sample space) will be identified with the set

(2.1) N'={z:z={z},z;e N for iel}.
Let x e N" (n e N), let i € 1, respectively. The sets of the form
(22) [X]in = {z: 2€ N, (zis -0 Zisn—y) = X}
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are said to be the elementary cylinders. Let % denote the product o-algebra in N”
(wc consider the family of all subsets as the g-algebra in N). As well-known, the
countably infinite family & of all elementary cylinders generates & ; in symbols
F = o). Let T denote the shift-transformation in N’, i.e.

(2.3) (Tz); = z;4, for zeN', iel.

In what follows we shall identify the family .# with the convex family of all pro-
bability measures g on (N', #) such that

(2.4) wWE) =T 'Ey, Ec#.
A measure u satisfying (2.4) is called T-invariant. Let
(2.5) Fo={E:Ee#, T"'E = E}

be the subg-algebra of # consisting of all T-invariant measurable sets. To finish the
preliminaries let us introduce the following notations:

a.e [u] — for all z e N' except a measurable set A with y(A4) = 0,

a.e. [#] - forallze N'excepta measurable set 4 with u(4) = Oforall ue .,

L'(N', &, .4#) — the space of all real-valued 4-measurable functions integrable with
respect to every pe M,

G = A'[#] — givenany set G € ¢ there is a set H € # such that for the symmetric
difference G A H we have 4(G A H) = 0 for all pe ..

Proposition 1. The g-algebra &, (cf, (2.5)) is sufficient with respect to the family ..

Proof. We have to prove that given any function f e L'(N', #, .#) we can choose
the versions E,{f || #,} of the conditional expectations independently on pe /.
The individual ergodic theorem gives

2.6) B 70} (@) = tim S 5(75) we.[4]

no Bj=

for all g e .#. For fixed f, the right-hand side of (2.6) does not depend on pe ..
Henece the sufficiency follows.

Remark. It is possible to prove a stronger result. Actually, a. e. [] can be replaced
in (2.6) by a. e. [.#] and, moreover, by a. e. [.#] simultaneously for all f e L'(N', #,
#). The proof depends on the topological propertics of the space N' ([4], p. 810)
and the resulting topological properties of the space . (cf. e.g. [2], especially Sec-
tion I1. 6).

The family .# contains, in general, an uncountable infinity of pairwise singular
probability measures. Consequently, it is not dominated. 1t follows that there is no




single sufficient statistics Y : N' — R' such that
Yo', = F[a].

Here, %, designates the Borel g-algebra in R'. On the other hand, we shall obtain
another useful characterization of #,.

A measure p € .4 is said to be ergodic (in symbols, u € .# ) provided u(E) € {0, 1}
for all E € # . The family .#, can be parametrized by the set R of all regular points

N* ([4], p. 808). Recall that z e R iff there is u, € .4, uniquely determined by the
point z via the relations

1 n—1 .
(27) p(A) =lim = ¥ y(T'z), Aeo
n—oo B j=0

(x4 denotes the indicator function of the set A). Then R e %, and p(R) = | for all
pe 4 ([4], p. 809). Consequently,

(2.8) My ={p:zeR}.

According to (2A7) the one-parameter family . , is # ,-measurable, i.e.
(a) for every fixed z € R, p,() is a probability measure on (N', #);

(b) for every fixed E e #, p,(E) is #,-measurable (only on R, but since u(R) = 1
for all pe M, we have F, = R n F o[ M]).

Note that the parametrization by means of the set R is not identifiable, i.e. there may
be many points z € R yielding the same measure p € .#,. It is possible (of course,
only by means of the axiom of choice) to get an identifiable set R’, however, we need
not this property.

Proposition 2. The o-algebra & is the least g-algebra such that the one-parameter
family {y,: z € R} is measurable.
This means that if {y,: z € R} is ¥-measurable then either > Foor ¥ = F,[ /).

Proof. Assume ¢ is such that there are a set Foe #, — % and a measure ye 4
with (F,) > 0. Let $[0, 1]denote the Borel g-algebra of the unit interval [0, 1].
Given F,, the function fo(z) = p,(Fo) maps R.into [0,1]. By the assumption
£5'8[0,1] = 4. Let us consider the set {1} € 8[0,1]. Then fg'{i} = R F, =
= Fo[#]. Consequently, f5 '{1} ¢ %, a contradiction.

Let ,(*, z) assign the mass 1/n to every of the points z, Tz, ..., T" *z. If pe 4
is the product measure (i.e. a memoryless source) then the weak limit of the sequence
{2, 2)}nen Of the sample distributions a.e. [4] equals the “true” measure y; in
symbols

ulzize N A 2) = w) = 1
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(cf. [2], Sect. 11.7). In the general case start with (2.6). Since N is a completée separable
metric space in its product topology ([4], p. 810) there are regular versions of the
conditional probabilities P,{ | #,} (cf. [2], Sect. V. 8), especially

29 E{f] #o} (o) = Jf(.v) Pdy | #o} () a.e[u]

for all pe M, fe INN', #, M). According to the definition of the sample distribu-
tions, both (2.6) and (2.8) imply

(2.10) lim j}'(y) iuldy, z) = Jf(y) Pldy | Fo} (z) ae [u].

Using (2.7), (2.6), and (2.9) one easily concludes

wzize R P | Fol (@) = ()} =1, ned;
hence

(2.11) wz:ze R, A 2) = p)} = 1

for all pe A (cf. also Theorem VL. 9.1 in [2]). Rewriting (2.11) we obtain the fol-
lowing

Proposition 3. The family of all weak limits of the sample distributions coincides
with the & ,-measurable one-parameter family {y.: z € R} of all ergodic measures.

Remark. It follows from the above proposition that it is unpossible to recover
by means of a sample path the measure p € .4 unless y is ergodic. Hence in order to
construct some reasonable testing and parameter estimation procedures for stationary
processes, one is forced to implement also some additional constraints upon the
underlying stationary process. The author hopes to deal with the related problems
in a separate paper.

3. ADMISSIBLE AND EFFECTIVE MEASURES OF UNCERTAINTY

Let V(*): 4 — (0, oo] be assumed as a candidate for a measure of uncertainty.
Given p e, let I(z; p) denote the amount of information provided by the sample
path z. Let P(y, z) denote the posterior distribution given y and the sample path z.
According to the usual interpretation of uncertainty and information we shall
require that the information provided by a sample path equals the difference between
the prior and the posterior uncertainties, respectively. In symbols,

X)) I(z: 1) = V() — V(P(g, 2)).



In spite of (2.11),
(32) 1(z; 1) = V(g) = V(i) (]

for all pe 4. In information theory, the statistical properties of the information
sources are assumed to be known. Since they are described by the corresponding
probability measure p on the sample space N/, all the relevant information before
sampling is given by the prior distribution p. If u e ., then

(3:3) pf{zizeR, = p} =1

([4], p. 810). In this case, the posterior distribution coincides with the prior one
almost everywhere. Consequently, sampling cannot provide us with an additional
information. This fact is conform with the intuitive meaning of sufficiency, since for
e My, the prior information is measurable with respect to a sufficient g-algebra.
On the other hand, it is reasonable to take as a measure of uncertainty in the ergodic
case the “least possible” one. This means that a reasonable measure of uncertainty
should be & ;-measurable. The entropy rate H(*) (cf. [5], Lemma 5 and (1.8)) has
the required property. Thus, our first requirement is

(3.4) V(i) = H(p,) forall zeR.

On the other hand, if the prior information is not & ,-measurable then the sampling
can provide us with some additional information. Thus, we require

plzizeR (z;p) 20} =1; ped,
ie.
(3.5) u{z: zeR, V(y) — H(y,) = 0} =1; ped.
Definition 1. A measure V(*): .# — [0, o] of uncertainty is said to be admissible

for the family 4 provided (3.4) and (3.5) take place. In (3.5), we addopt the con-
vention oo — o0 = 0.

If V(-) is admissible, define V() by the properties
V() = V(n) forall pe.#,,
V()= V(p) +5 forall ped — M.

Clearly, V'(*) is again admissible. In order to avoid such pathological situations, we
introduce the following

Definition 2. A measure Vo(*): . — [0, co] of uncertainty is said to be effective
provided

(1) V() is admissible for the family .#;
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(2) for any other admissible ¥(-) we have the inequalities

Vo) = V(w), peut.

Proposition 4. The entropy rate H() is not an admissible measure of uncertainty
for the family .# of all stationary information sources.

Theorem. The only effective measure of uncertainty is the measure VD(-) defined
by the relations

Vo{n) = ess. sup H(u,); ped,

zeR{n]
i.e. the asymptotic rate.

Due to (3.5) the above statements are almost self-explanatory. For the sake of
completeness the proofs are presented below.

Proof of Proposition 4. Let ue .. Then

H(s) = j H(3) )
R
(cf. e.g. [5], Lemma 5 and (1.9)). Choose p € .# such that

u{z: ze R, H(u) = H(p,)} > 0.

It is well-known that such sources pu always exist. The exceptional ones are the so-
called strongly stable sources (cf. [4], esp. Sect. 11). Then we can find a set R, = R
such that

u(R!) >0,
H(H;) > H(u), ze Ry,
a contradiction with (3.5).
Proof of the Theorem. Let yu e .#,. Then
wzizeR, p,=pp =1,
hence Vo(i) = H(p). Clearly
Wz 2 e R, Vi) — H(u) 2 0} = 1.
Let V() be any other admissible measure of uncertainty. Let u € .4 be such that

V() > V(p) -
Since

ess. sup H(p,) = inf{r: p{z: ze R, H(u,) S 1} = 1},

zeR[u])



it follows that 29t
uf{zize R, H(u) > V(p)} > 0.

The latter relation contradicts (3.5) for V().
(Received March 1, 1977.)
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