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KYBERNETIKA — VOLUME 3/ (1995), NUMBER 2, PAGES 109-139

A PENCIL APPROACH TO HIGH GAIN FEEDBACK
AND GENERALIZED STATE SPACE SYSTEMS

DIEDERICH HINRICHSEN AND JOYCE O'HALLORAN!

In this paper we study limits of generalized state space systems under high gain feedback
modulo system equivalence. Different group actions on the space of system pencils are
considered and related to the action of pencil equivalence. A recent result on the orbit
closure problem for pencils is applied to obtain necessary conditions for a system to be
a limit of a given system under high gain feedback. These conditions are shown to be
sufficient for arbitrary state space systems. The result is used to investigate a high gain
version of Roscnbrock’s problem: invariant factor assignment in the limit via high gain
state feedback.

1. INTRODUCTION

In the sixties the theory of matrix pencils [4], [14], [24] created by Weierstrass (1867)
and Kronecker (1890) was the main mathematical source of inspiration for the emerg-
ing structure theory of lincar stale space systems, sec [13], [21]. In the late seventies
and eighties, Rosenbrock’s description of linear systems by polynomial system ma-
trices [21], [22] provided a bridge for the application of pencil ideas to generalized
state space systems. Pencil ideas were used to work out an adequate equivalence
concept for singular systems [20], (22], [23] and to obtain invariants and canonical
forms for controllable systems under the action of the “state” feedback group [5],
[15]. In this paper we apply pencil methods to classify limits of generalized state
space systems under high gain feedback.

As explained in [7], a natural setting for studying limits of state space systems
under high gain feedback is that of generalized state space systems. Neglecting
the outputs, these systems are described by mixed lincar algebraic and differential
equations of the form

Ex(t) = Az(t)+ Bu(t), t>0; E,A€K"*", BeK"*"™, (1)

1The second author was supported by a grant from the National Science Foundation and by
awards from the Portland State University Faculty Development Program and Research and Pub-
lications Program during the writing of this paper. The second author would also like to thank the
University of Bremen for its support during the writing of this paper.
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where K is either the field C of complex numbers or the field R of real numbers, and
the pair (&2, A) defines a regular pencil, i.e.

det{(sE— A) £ 0 2)

If E'= I, we refer to the system (1) as a state space system.

Generalized state feedback w = Fz transforms the triplet (5, A, B) into (F, 4 +
BF, B); but this triplet does not necessarily satisfy the regularity condition (2).
Therefore it is convenient to study the effect of feedback transformations on the
whole space of triplets (£, 4, B) € K**(Zn+m) If (F,) is a high gain feedback fam-
ily (i.e. an unbounded family in K™*"), the resulting closed loop triplets &, =
(E, A+ BF, By will in general not converge as ¢ — 0. Generalizing an idca of
Young, Kokotovic and Utkin [28], one may obtain a “limit” of this family of systems
by replacing each system £, with an equivalent one in such a way that a limit exists
as € — 0. In [28], high gain feedback is applied to state space systems and only scal-
ing operations are considered as equivalence transformations. The limits obtained
are generalized state space systems. In this paper we apply high gain feedback
to generalized state space systems and allow more general equivalence operations.
To yield adequate equivalence concepts, these operations must preserve both the
“finite” and the “infinite frequency behaviour” of a system. The most general oper-
ations of this kind arc the transformations of strong equivalence as defined in [23].
Unfortunately these transformations depend on the individual system and do not
form a transformation group. Therefore we also consider the stricter concept of
restricted system equivalence [22] which is described by a GI,(K) x GI,(K)-action.
Additionally we allow for linear coordinate transformations in the input space.

Two systems (5;, A, B;), i = 1,2 are said to be feedback equivalent if one can be
transformed into the other by state feedback and the above equivalence plus input
transformations. In this paper we focus on the high gain feedback classification
problem: Given a system Ei = Az + Bu, which systems E¢ = Az 4+ Bu can be
obtained as limits of systems that arc feedback equivalent to Ez = Az + Bu?

There are two distinct versions of this problem (see (HGF1), (HGF2) in §2)
corresponding to the two different equivalence concepts considered in this paper.
A third and closely related question is that of determining all the limits of pencils
which are equivalent to a given system pencil [sE — A B] satisfying (2). While this
problem has been solved completely [11], only partial results are available to date
concerning the two versions of the high gain feedback problem. Our results include
a complete solution of the state space high gain feedback classification problem, i.e.
a complete description, up to feedback equivalence, of state space systems which can
be approximated by applying high gain feedback to a given state space system.

This paper is partly a survey and partly a research paper. It develops a pencil
approach to high gain feedback and gives a unified presentation with full proofs of
recent results, which have been reported in a scattered way and without proofs in
several conference proceedings [8], [9], [10]. On the other hand it also contains a
number of new results. The paper is organized as follows. In the next section we
analyze the action of various groups of pencil transformations on system pencils of
generalized state space systems. We show that every operation of pencil equivalence
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Two systems E;& = A;z + B;u or the associated pencils [sF; — A; Bi],i=1,2 are
restricted system equivalent if there exist L, R € GI(KK) such that

R0 .
[sEg —Ag Bgl=L[sEj - Aj Bl][o lm]’ ie.

Ey=LE\R, Ay = LA\R, By = LB. (6)

If det E # 0 — in particular if the system is a state space system — the oper-
ations of strong equivalence coincide with the transformations of restricted system
equivalence. ~

Note that systems of different dimensions may be strongly equivalent, whereas
restricted system equivalence preserves the dimension of a system. It follows from
[20, Thm. 7] that two systems of the same dimension are strongly equivalent if and
only if they can be transformed into each other by operations of the form (3).

The definition of strong equivalence is of an algorithmic nature. A closed form
expression which yields a common framework for both kinds of operations (3), (5)
has been given in [20] (“complete system equivalence”). While the operations of
strong equivalence (3) will be primarily used in this paper, the trivial deflations and
augmentations (5) allow us to consider lower dimensional state space systems as
feedback limits of higher dimensional state space systems.

In [23] arguments are given which show why strong equivalence is an adequate
equivalence concept for singular systems. In fact, strong equivalence can be charac-
terized by an isomorphy between the solution spaces of the corresponding system
equations [23, Remarks 3.3, 3.4]. Moreover, two state space systems are strongly
equivalent if and only if they are similar. Finally, an extended version of Kalman’s
realization theorem holds for this concept of equivalence: Controllable and observ-
able generalized state space systems are strongly equivalent if and only if they have
the same transfer matrix [23].

In (3), left multiplication by L corresponds to row operations on the system
of equations and right multiplication by R corresponds to a change of state space
coordinates, but what system-theoretic sense does the modification of B have? This
question is best answered in Willems’ behavioural framework [25]. The behaviour of
asystem Ei = Az Bu is the set of pairs of C® functions ¢ : R — K", v : R — K™
such that Ez(t) = Az(t) + Bu(t) for all t € R. Consider the transformed system

Fi = Az + (B — AX)u

or, equivalently,
E(¢ — Xu) = A(x — Xu) + By,

where EX = 0. The behaviour of this system is isomorphic (as a ]K[%]»module) to
the behaviour of the original system E¢ = Az + Bu via the isomorphism (z,u) —
(2 — Xu,u) which preserves the control but modifies the state by adding to it a
linear combination of control variables.

The operations of restricted system equivalence (6) form a transformation group.
On the contrary, the more general operations of strong equivalence (3) are defined
relative to a given system (1) (because of the constraint EX = 0); they do not
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which preserves the structure of a system pencil can be decomposed into the product
of four transformations, vz. 1) an operation of state feedback, 2) an operation of
strong equivalence, 3) an input transformation, and 4) another operation of state
feedback. In Section 3 we derive from Kronecker’s result a canonical form for gen-
cralized state space systems with respect to these transformations, Tor later use we
also discuss a canonical form due to Loiseau, Oscaldiran, Malabre and Karcanias
[17) with respect to the operations of state feedback, restricted system equivalence,
and input transformation. Section 4 contains the main results of this paper and
deals with orbit closure problems for pencils and, in particular, for system pencils.
Necessary and suflicient conditions are specified which the Kronecker invariants of a
pencil have to satisfy in order that it be representable as the limit of pencils belong-
ing to a fixed equivalence class (“orbit”) of pencils. However, thesc conditions are
not sufficient if the limit is required to be a limit of system pencils. In Section 4 we
show that these necessary conditions are sufficient in the case of state space systems.
In Section 5 we present some system-theorctic applications. In particular, we discuss
a high gain version of Rosenbrock’s problem: Given a generalized state space system
(E, A, B), which invariant factors can be obtained in the limit by applying high gain
feedback to the system?

For the convenience of the reader, we have included a glossary of terms at the
end of the paper.

2. SYSTEM TRANSFORMATIONS AND PENCIL EQUIVALENCE

The concept of high gain feedback limit depends on the underlying concept of system
equivalence. In this paper we consider the two concepts of strong equivalence and
restricted system equivalence. Two systems E;& = A;z + Biu of the form (1) or the
associated pencils [sE; — A;  B;}, 1 = 1,2 are said to be strongly equivalent [23] if
one can be transformed into the other by a finite sequence of the following two kinds
of operations:

i) Operations of strong equivalence:

[sBaeAs Bol=LisEi -4 Bl ® X1, ie
0 In

Ey=LE\R, Ay=LAR, By=L(B—AX), (3)

where
L, Re GL(K), X €K™ and E X =0. (4)

it) Trivial augmentation/deflation:

Ey O]

_ A 0 B
Ez~[ 0 Opne ,Az:[ 0 Ik]' Bz:[ ! ] for some k € N.  (5)

Ok xm
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define transformations on the set of all systems of the form (1). In order to describe
strong equivalence in terms of the action of a transformation group, we suspend
the condition EX = 0 in the first part of the analysis. This is done by viewing
systemns and system transformations within the Jarger context of pencils and pencil
equivalence.

For arbitrary integers p, ¢ > 1, a p x ¢ matrix pencil is, by definition, a pair
(M, N) of matrices M, N € KP*9, These pairs are denoted by sM + N. Twopx ¢
pencils are said to he equivalent [4] if they can be transformed into each other by
the following action of the group Gl,(K) x GL;(KK) on the space of p x ¢ pencils

(P,Q)-(sM + N)=(sPMQ™' + PNQ™"), PeGhL(K), Qe GL(K). (7)

Every system (1) defines an n x (m + n) pencil [sE — A B]; we refer to pencils of
this form as system pencils. System pencils which satisfy the regularity condition
(2) are called regular. By P, n»(K) = K2**(*+m™) we denote the vector space of
n x (m + n) pencils over K endowed with the usual product topology. The closed
subset of all system pencils is denoted by Snm(K). The subset 8;°%,(K) of regular
system pencils is dense in S, ,,(K).

Applying any pencil transformation (7) given by

R X

B X € @ ®)

PeGL(K), Q'= [

to a system pencil [sE — A B] € 8p,m(K) yields an n x (n + m) pencil
(P,Q)-[sE—A B} = [sPER- P(AR- BF) P(sEX +BW —AX)] (9)

which is, in general, not a system pencil. Thus S, »(K) is not invariant under
arbitrary pencil operations. In fact we have, for any [sE — A B] € Sa,m(K),

R X

PlsE—A B][F. W

} € Sam(K) <= EX = 0. (10)

I(P,Q) [sSE-A Bl=[sE—A B]E Sum(K) we obtain from (9) and (10) that
tkE =1k PE[R X}=r1k[PER (]=1k E, (11)

i.e. the rank of E does not change under pencil transformations which preserve the
system structure of the pencil. Given any pencil sM + N € Ppn m(K) there exists
Q € Glapm(K) such that MQ~! is of the form [E 0], E € K**". Thus every
pencil orbit in Pp m(K)

O(sM + N) = {P(sM + N)Q™%; P € Gl(K), Q € Gloym(K)} (12)

contains a system pencil [s£ ~ A B). However, it does not necessarily contain
a regular system pencil. In the following lemma we see that pencils whose orbits
contain regular system pencils are those which are regularizable in the sense of
Ozcaldiran and Lewis [19]: .
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Lemma 2.1, A system orbit O([sff — A B]) contains a regular system pencil if
and only if it is regularizable, i.e. there exists F € K™*™ such that det(sf — (A —
BI)) #£0.

Proof. The  if’ part is immediate since every feedback transformation is a
transformation of pencil equivalence. Now assume that there is a pair (P, Q) as in
(8) such that

det(sPER — P(AR~ BF)) £0,

see (9). Then det(sER — (AR — BF)) # 0 and, by continuity of the determinant
and density of nonsingular matrices in the space K**" there exists a nonsingular
matrix £ close to R such that

det(sER — (AR — BF)) = det(sE — (A — BFR™Y))det R 2 0.
Hence (E, A, B) is regularizable by state feedback. ]
Regularizability has been characterized in terms of (A, E,\Im B)-invariant sub-
spaces in [19]. In Section 3 we will express this property in terms of pencil invariants

and thus obtain a characterization of those pencil orbits O(sM + N) which contain
regular system pencils.

Remark 2.2. If O([sE — A B]) contains a regular system pencil it [ollows from

similar arguments as in the previous proof that O([sE— A  B])N 578 (K) is dense
in O(sE~A B])NSnm(K):

AOsE -4 B)NSEEK) =cl(OE—A B)NSam(®).  (13)

The group GI,(K) x Gloym(K) of pencil operations (P, Q) on P, »(K) contains

the following important subgroups of system transformations of which the first threc

leave S3%, (i) invariant whereas the remaining ones ((17), (18)) preserve the system
structure but may destroy the regularity condition (2):

1. Similarity transformations:
P o0
P, 0 I, , P e GI(K). (14)
2. Input transformations:
I I, 0 .
mlo ow . W e Gln(K). (15)
3. Transformations of restricted system equivalence:

<p’[§ I?HD PR € Clo(K). {16)
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4. State feedback transformations:
In 0 - n
(In.[ FoI, D Fe k™™, (17)

5. Generalized feedback transformations:
R 0 R 0
(P, [ Fow D P € GL(K), [ Fow ] € Gliym(K).  (18)

The corresponding transformation groups are, respectively, Gl,(K), GIn(K),
Gln(K) x GI,(K), K™*" and the generalized feedback group

Gnm(K) = Gl (K) x T m(K), (19)
where Fy m(K) is the full feedback group

Fam(K) = {[ 1{3 v?/ . R€ Gla(K), W € GLn(K), F eIK"‘X"}. (20)
If the generalized feedback transformations are restricted to the set of state space
systems, we have the full feedback group action on the set of state space systems:

R 0 ]‘1

R 0 ‘
[ Frw @n

F W]‘[s’““‘ B]=R[si - A B][

Pencil equivalence (7) is given by the action of a reductive group (Gl (K) x Gl (K))
on a vector space whereas the generalized feedback transformations (18) and the
full feedback transformations (21) are actions of non-reductive groups (Gn,m(K) and
Frn,m(K) respectively) on vector spaces.

Definition 2.3. Two systems (E;, 4;, Bi), ¢ = 1,2 are said to be feedback equi-
valent in the first (resp. second) sense if [sIl — A3 By] is obtained from the pencil
[sE1 — Ay Bi)] via some combination of operations of state feedback (17), input
change of coordinates (15), and strong equivalence (3) (resp. restricted system e-
quivalence (8)).

Clearly, systems which are equivalent in the second sense are also equivalent in
the first sense.

Using the transformations introduced above, we now turn to the main topic of
this paper and consider limits of a given system under high gain feedback (in the
sense indicated in the introduction). Depending on the equivalence concept used,
two different notions are obtained, one (HFG1) is based on strong equivalence and
the other (HFG2) is based on restricted system equivalence.

HGF1: The system E¢ = Az + Bu is said to be a high gain feedback limit in the
first sense of the system E¢ = Az + Bu (for short, HGF1-limit of (E, A, B)) if
the pencil [sE—A B]is a limit of a scquence of regular systen pencils [sEy —
Ay Bi], where the system pencils [sE, — Ax  By] are feedback equivalent in
the first sense to [sE — A B].
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HGF2: The system E¢ = Az + Bu is said to be a high gain feedback limit in
the second sense of the system Ei = Az + Bu (for short, HGF2-limit of
(E, A, B)) if the pencil [sE ~ 74 B] is a limit of a sequence of regular system
pencils [sEy ~Ax  Byi], where the system pencils [sEx— Ay By] are feedback
equivalent in the second sense to [s5 — A B

In either case, we refer to a high gain feedback limit as nontrivialif it is not feedback
equivalent (in the first, resp. second sense) to the original system.

Note that the set of transformations applied in HGF2 is a subset of the set of
transformations applied in HGFL; comparing the definitions of strong equivalence
and restricted system equivalence, we see that the two concepts coincide when the
matrix £ is nonsingular.

Both concepts of limits under high gain feedback are defined via special trans-
formations of pencil equivalence (7). We will now show that arbitrary pencil trans-
formations may be used in the definition of HGF1-limits, i.e. £ = Az 4+ Bu is a
HGF1-limit of the system Ez = Az + Bu if it is the limit of a sequence of regular
system pencils which are pencil equivalent to Ez = Az + Bu. It is not a priori
clear that a pencil equivalence operation (9) which transforms a system pencil into
another one can be decomposed into a product of system transformations of the
form (15), (17), (3). (Note, in particular, that in (8) the matrices R and W need
not be nonsingular.) The following lemma resolves this issue.

Lemma 2.4. Every transformation T' € Gln4m(K) can be written as a product of
the form

ro[fB 0J[R X][L 0]_ R+ XP X
TlA Lo WP || FRYRXRBR+WF FX+W |

(22)
where Fy, Fy € K™*" X € K**™ R € GI,(K) and W € Gl (K).

Proof. Let T = %j %z ] € Glnym(K). We need to find Fy, R, W, X and
F; such that R, W are nonsingular and
[ Ty Tz | _ R+ XF, X (23)
Ty Tz | | AR+ AXF+WE, RX+W |7

Set X = T2 and choose F, such that R := Ty — Ti2F, is nonsingular. Since
tk[Th1 Tho] = n, this is possible. Now define F1 = (To1 — ToaF2) (T11 = T12Fy) !
and W = T2 — F1Ti3. Then

R+ FIXFy+ Wy = FyT + TpeFy — F1TapFy = Ty
so that (23) is satisfied. It only remains to show that det W # 0. But this follows
from

detW = det(Thz — (To1 — ToaF2) (Tay — Th2F2) "' Th3)

T — ThaF2 le] Thy = Ty )1
det[ Ty — TyeFs The (det(T11 — T12F32))
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Ty Tz

= det
e[Tm T2

] (det(Th1 — TiaFp)) ™" # 0.

[n]

Remark 2.5, i) The factorization of T' € Gluym(K) in (22) is not unique. But
once Fy € K™*" is chosen such that det(T11 —~T12F2) # 0 the remaining submatrices
Fy, R, W, X are uniquely determined.

ii) By transposition of (22) we see that every transformation 7' € Glaym(K) can
be written as a product of the form

[ X R 0 I X
T‘[o ImHF WHO rm]' (24
where again R € Gl,(K) and W € Gl (K).
As a consequence of the above lemma we obtain

Proposition 2.6. Any two system pencils [sE; — A;  B;] which are pencil equi-
valent can be transformed into each other by applying successively the following
operations: i) State feedback (17), ii) strong equivalence (3), iii) input transform-
ation (15), iv) state feedback (17). In particular, they are feedback equivalent in the
first sense.

Proof. If
(P,Q) [sEy — Ay Bi)=[sEz—A; By, (25)

- T T

then EyTyy = 0. Decomposing 7' = Q™! according to Lemma 2.4 we obtain

[ o R Xw-! I, 0 I, 0
T'[Fl lmHo In HU WHF2 Inm | (26)
where R € Gl(K), W € Gln(K) and E;XW~! = 0. This concludes the proof,
-1
since the pair ( P, 102 X?V defines an operation of strong equivalence for
[sEy = (Ay— BiFy) By o

Tor state space systems, pencil equivalence simply reduces to equivalence modulo
the conventional action of the full feedback group Fp, m(K) (21). In contrast with
general pencil transformations (see Proposition 2.6), the operations of the full feed-
back group on state space systems can be decomposed into successive application of
only three elementary operations (14), (17), (15). In particular, state feedback does
not have to be used twice.
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Corollary 2.7. Two state space systems [s] — A; B;], i = 1,2 are pencil equi-
valent if and only if they lie in the same orbit of the full feedback group F, . (K).
More precisely, each one can be transformed into the other by successive application
of the following three operations: i) Similarity transformation (14), ii) state feedback
(17), iii) input transformation (15).

Proof. If (25) holds with By = Ey = I, then necessarily 712 = 0 and @~ has
the form

N PR R | P |
Tl T T || 0 In Ty Inm 0 Ty’

Pt o0 I, 0 In 0
A TS

Thus

and this concludes the proof. O

For our purposcs, the most important consequence of Proposition 2.6 is that the
first high gain feedback concept HGF1 can now be expressed in terms of pencil
transformations:

HGF1': The system EZ = Az 4 Bu is a high gain feedback limit of the system
Et = Az + Bu if and only if

[sE — A Blecdl (O([SE —A B])ﬂS;eﬁ,(]K)) =c (O([sE — A B)NSpm(K)).

(27

(The set equality follows from Remark 2.2.) This characterization establishes a
connection between high gain feedback limits and orbit closures of system pencils
under pencil equivalence. Note, however, that a characterization of the orbit closure
c(O([sE~A B])) does not determine the set of all HGF1-limits of Fz = Az + Bu
since, in general, equality does not hold in the following inclusion

(O(SE— A B])NSnm(K) C A(O(E— A Bl)N Spm(K).

The following characterization of IIGF2-limits follows immediately from the defini-
tion.

HGF2': The system Ez = Az + Bu is a high gain feedback limit of the system
Ez = Az + Bu if and only if

[SE-A Blecd (Gum(K) -[sE~A B]). (28)

If we restrict our attention to state space systems (E = E = I), the two concepts
HGF1 and HGF2 coincide and we obtain the following characterization: A system
& = Az + Bu is a high gain feedback limit of the system ¢ = Az + Bu if and only if

[sI-A Bled(Fam(K)-[sI-A B]). | (29)
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3. CANONICAL FORMS OF MATRIX PENCILS AND SYSTEMS

In this section we describe Kronecker’s canonical form for pencil equivalence [14]
and a canonical form for the action of the generalized feedback group established
by Loiseau, Ozcaldiran, Malabre, and Karcanias [17]. A simple modification of
Kronecker’s canonical form provides a canonical form for arbitrary regularizable
systems with respect to transformations of strong equivalence, state feedback, and
change of coordinates in the input space.

Kronecker’s canonical form is described in terms of the following invariants:
column indices, row indices, and elementary divisors, see [4]. The column indices
(c1,...,cx) of a pencil sM + N € Py m(K) are defined as follows. Choose a min-
imal degree solution X1(s) € (K[s])"*™ to the equation (sM + N)X(s) = 0. For
each i > 2, choose a minimal degree solution X;(s) € (Kis])"*™ to the equation
(sM + N)X(s) = 0 which is not contained in the K[s]-span of {X1(s),..., Xi—1(s)}.
This process ends after a finite number k of steps (k < m). We define ¢; =
deg Xk—i41(s),i = 1,.., k. Obviously, ¢; > .. > ¢;. The row indices (ry,...,7¢) of a
pencil sM + N are defined similarly as minimal degrees of solutions of X(s)(sM +
N)y=0.

We also associate to each pencil sM + N of rank p a set of polynomials {D;(sM +
tN)}Y;_y in K[s,1]. Let D;(sM + tN) be the (normalized) greatest common divisor
of the set of all minors of order j of the associated homogeneous pencil sM + ¢N,
j < p. The invariant factors of the pencil sM+N are, by definition, the homogeneous
polynomials

_ Dy_jua{sM+tN)* N

{56.0= T },-:1’ (Do(sM +tN)=1).  (30)

Splitting the invariant factors into powers of homogeneous polynomials irreducible

over K we obtain the elementary divisors of the pencil sM + N. Elementary divisors

of the form ¢/ are called “infinite” and the other elementary divisors are called
“finite”.

Theorem 3.1. (Kronecker 1890 [14]) Two n X (n + m) pencils are equivalent if

and only if they have the same row indices, column indices, and elementary divisors.

Because we shall see (Proposition 3.2) that regular system pencils have no row
indices, we restrict our attention to n x (n + m) matrix pencils which have this
property. The canonical form of such pencils has the following structure (see [4]):

o -~ 0 S 0

) (31
Sen
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where the first k — k columns are zero, A = max{i : ¢; > 0}, each block S,
i=1,...,hisac x (¢ + 1) rectangular block of the form

Se, = (32)
cix(eitl)

and the r x r regular block R (r = n — T¥. ¢;) is written in “Jordan form”:

R:['sIO—J sNO—I]’ 33)

J is a matrix in (real or complex) Jordan form and N is a nilpotent matrix in Jordan
form. Each nonzero column index ¢; defines the number of rows in a rectangular
block S;;and each zero column index corresponds to a zero column. Hence the
number of column indices k is equal to the number of zero columns plus the number
of rectangular blocks. It follows that & = m. The matrix J is determined by the
finite elementary divisors and the matrix N is determined by the infinite elementary
divisors.

In the following propositions we apply Kronecker’s results to regular system pen-
cils of generalized state space systems. Since our interest is in pencils which represent
systems, we modify the pencil canonical form (31) as follows to obtain a “system
canonical form”. Move the last column of each block S;, to the right side of the
matrix and move the zero columns to the right side of the matrix. This gives us the
following canonical form:

[517A1 0| B (3)

o0 R | 0

where the pair (A1, B1) defines a state space system in Brunovsky canonical form
(see [1]) and R is the regular block given by (33).

The next proposition, which also appears in [9], [17], characterizes regularizability
(see Lemma 2.1 for the definition of regularizability).

Proposition 3.2. The pencil [sE — A B is regularizable if and only if it has no
row indices. In particular, every regular system pencil has no row indices.

Proof. If[sE~A B]is regularizable, then there is a pencil transformation Q €
GLyym(K) such that the pencil [sE—A B]Q = [sE1—A; Bi] is aregular system
pencil. Suppose [sE — A B] has a row index. By Theorem 3.1, the pencil [sE; —
Ay D] has a row index, i.e. there is a polynomial vector f(s) € (K[s])*, f(s)#0
such that f(s) [sE1—A1  Bi]= 0. Then f(s) (s£; — A1) =0 and so det(sE; —4:)=0.
This contradicts the statement that [sF) — A;  By] is a regular system pencil.
Conversely, if the pencil [sE — A B] has no row indices, then it is equivalent to
a pencil of the form (34). Since pencils of this form are regular system pencils, it
follows from Lemma 2.1 that [sE — A B] is regularizable. o
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In [1], Brunovsky introduced a canonical form for controllable state space systems
under the action of the full feedback group. Here we extend the Brunovsky canonical
form to arbitrary generalized state space systems.

Proposition 3.3. Every regularizable system E& = Az + Bu is equivalent un-
der transformations of strong equivalence, change of input coordinates, and state
feedback to exactly one system (up to reordering of blocks) of the following form:

;= A1y + Biu (35)
&z = Ayzy (36)
B3ty = 3, (37)

where the subsystem (35) is a controllable state space system in Brunovsky canonical
form, Ay is a matrix in Jordan form, and Ej is a nilpotent matrix in Jordan form.
Furthermore, if F is nonsingular, then the canonical form consists only of the parts

(35) and (36).

Proof. Expressing R in (34) by (33) and setting A2 = J and E3 = N, the
canonical form (35), (36), (37) follows directly from (34). If we write (35)-(37) in
the form B2 = Az 4+ Bu we obtain from (11) that rk £ = rk E. Hence the singular
part of £ must be absent if det £ # 0. o

Remark 3.4. Restricting Proposition 3.3 to the set of state space systems, one
obtains a canonical form for arbitrary (possibly uncontrollable) state space systems
under the action of the full feedback group (see Corollary 2.7). Note that in this
canonical form the controllable and the uncontrollable parts of the system are de-
coupled.

Next we describe the system canonical form (35), (36), (37) for controllable gener-
alized state space systems. For definitions and discussions concerning controllability
of singular systems, see [27], [23], [2], and [16]. We will use the concept of control-
lability introduced in [23] which may be characterized as follows: E¢ = Az + Bu is
controllable if and only if

rk[oE~A Bl=n forala€Cand InE+ AKerE+ Im B =K". (38)

Note that controllability is preserved under operations of strong equivalence (3) and
generalized feedback transformations.

Corollary 3.5. If an n-dimensional system Ez = Az + Bu is controllable, then
it can be transformed to a controllable state space system of dimension less than or
equal to n by state feedback (17), change of input coordinates (15), strong equiva-
lence operations (3), and trivial deflations (5).

Proof. Let E2 = Az + Bu be a controllable system. Theorem 1 of [15] states
that rk £ = 2%, ¢;. It follows that no “s” can appear in the » x r regular block of
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the canonical form (34). Hence the regular block is simply the r x r identity matrix
I.. Therefore the pencil [sE — A B] is equivalent to a pencil of the form:

sI—-A, 0 B
[ 0 . 0] (39)
where the system ¢ = A z+ Bju is controllable. This pencil can be trivially deflated
to:

sI— A, By (40)

This concludes the proof by Proposition 2.6. o

Up to this point, we have focused on transformation groups which include strong
equivalence operations. We now move on to the smaller group of generalized feedback
transformations (18) relevant to the HGF2 problem. Loiseau, Ozcaldiran, Malabre,
and Karcanias [17] describe a canonical form for the action of the generalized feed-
back group Gn m(K). Their canonical form is applicable to arbitrary implicit systems
Ez = Az + Bu with rectangular pencil s — A; we present the theorem here only
for the case of regularizable systems (i.e. sE — A is a square pencil and the peneil
[sE—A B] has no row indices). First we introduce some notation. For each integer
n; > 2, let

s 1
. 0
Up, = Lo and e, = | . . (41)
s :
0
1 nix{ni-1) maxl

Corresponding to each pencil of the form

0 .. 0
o0 .
U= 0 . , (ju zero rows)  (42)
Un,
Unay GutY i nax(THE ni-ku)
let
Liy
€n,
By = . . (43)

iy Gy nxGu+be)

Theorem 3.6. [17] Under the action of the generalized feedback group Gn,m(K),
each regularizable system pencil [sE — A B] may be transformed to exactly one
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pencil (up to reordering of blocks) of the form:

sT—A, 0 0 B, 0
o P o 0 0|, (44)
0 0 U 0 By

where (A, B.) defines a controllable state space system in Brunovsky canonical
form, P is a pencil in the canonical form (31), and (U, By) is a pair of the form (42),
(43). If the pencil P has jp zero columns and kp blocks of the form (32) and the
pencil U has ji zero rows and kg blocks of the form (41), then jp + kp = ju + ku.

To clarify the relationship between pencil orbits O([sE—A  B]) and orbits under
generalized feedback transformations Gn m(K)-{sE—A B, recall that the regulariz-
able system pencils have the following invariants with respect to pencil equivalence:
column indices, finite elementary divisors, and infinite elementary divisors. Kach
nonzero column index corresponds to a block of the form (32) and cach zero column
index corresponds to a zero column. ‘The finite elementary divisors correspond to the
Jordan blocks in the matrix J of (33) given by the list of eigenvalues and block sizes
{(es,7:)}¥2,, and the infinite elementary divisors correspond to the Jordan blocks of

the nilpotent matrix N in (33) given by the list of block sizes (ny,...,nn_.) where
¢ = 1k E. In the following we refer to the block sizes (ny,...,na_.) as nilpotency
indices.

In the canonical form for generalized feedback transformations (44), all blocks
corresponding to the finite elementary divisors appear in the pencil P. The column
indices correspond to blocks in both the pencil [sI + A. B.] and the pencil P.
The column indices corresponding to blocks in the pencil [sI + A, B.] we call
regular and those corresponding to blocks in the pencil P we call singular; thus the

column indices are partitioned into two lists, the regular column indices (c1,...,¢,)
(listed in decreasing order) and the singular column indices (cuy1,.-.,¢m) (listed
in decreasing order). We denote the partitioned Iist by (c1,...,cu;Cus1,---,Cm)-

Similarly, the blocks defined by the infinite elementary divisors appear in both the
pencil P and the pencil [ By], partitioning the list of nilpotency indices into

regular nilpotency indices (u1,...,u,) from the pencil P and singular nilpotency
indices (¢y41,...,Un—.) from the pencil [U By] with u; > ... > u, and uy4q >
... 2 Un_.. Again we denote the partitioned list by (u1,...,%s; Ust1,. .-, Un—e).

Because jp + kp = ju + ky, we have m —p = n — e — v, i.e. the number of
singular column indices is the same as the number of singular nilpotency indices. If
[sE— A B]is a pencil in the canonical form (44), then the horizontal rectangular
blocks and the zero columns of the n x n pencil sE— A correspond to singular column
indices and the vertical rectangular blocks and the zero rows of sE — A correspond
to the singular nilpotency indices.

It follows from Theorem 3.6 that the G, m(K)-orbits of regularizable pencils are
parameterized by the invariants

((01, s Cp Cpdly - cm), {(0-', f'-')}'.v’=1» (Ul, Uy U,y Unee))e (45)

The canonical form (44) which has only regular indices is the system canonical form
(34) described in Section 2. Let [sE — A B] be a regularizable system pencil with
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column indices (dy, ..., dm), finite elementary divisor blocks given by {((x,',ri)}ifﬂ,
and nilpotency indices (ny,...,n,_.). Comparing these invariants with the gener-
alized feedback invariants, we see that the set (’J([SE - A B]) ﬂSnym(K) of sys-
tem pencils equivalent to [sE — A B] is a finite union of G m(K)-orbits, specif-
ically the union of orbits with invariants (45) where (¢1,...,cu;cut1.--,6m) and
(¥1,. -, Up; Up4t, - - -, Un—e) are Tearrangements of (di,...,dm) and (n1,...,n,_,),
respectively. Note that, if £ is nonsingular, there are no nilpotency indices and so
all column indices are regular. Hence O([sE — A  B])N Sy m(K) is a g,.‘,,.(K) orbit.

4. ORBIT CLOSURES AND LIMITS UNDER HIGH GAIN FEEDBACK

At the end of Section 2 we observed that a determination of limits under high gain
feedback requires computation of cl(O([sE — A  B]) N 8p,m(K)) for HGF1 and of
cl(Gam(K) - [sE— A B]) for HGF2. The conclusion of Section 3 brings the two
problems together; there we established that the set O([sE ~ A B}) N Spm(K) of
equivalent system pencils is a finite union of G, ,(K)-orbits, i.e. there is a finite set
of system pencils {{sE; — A; Bi]}l_; (specifically those of the form (44) with the
same pencil invariants as {sE — A B]) such that

t
O(sE—A B)NSum(K) =) Gnm(K) [s5 - A B
i=1
Thus the intersection of the GI,(K) x Gloym(K)-orbit of [sE — A B] € Sp m(K)
with the linear subspace Sp m(K) C P m(K) is a union of G, i (IK)-orbits and
t
A (Gl (K) X Gloym(K) [sE—A BN)NSym(K)) = U cl(Gn,m(K)-[sE; —A;  Bi]).
i=1

Hence a complete description of HGF2-limits would produce a complete description
of HGF1-limits. Unfortunately, a complete description of the closures of G m (K)-
orbits is not yet available. As noted previously, Gn m(K) is a non-reductive group
whereas Gl,(K) x Glo4m(K) is reductive. Since the representation theory of non-
reductive groups is known to be much more complex than that of reductive groups,
one would expect descriptions of orbit closures to be more difficult to determine
for the action of Gp m(K) than for the action of Gl.(K) x Glnym(K). Indeed, a
complete characterization of the closures of Gln(K) X Glnym(K)-orbits containing
regular system pencils will be given in Theorem 4.1. As mentioned at the end of the
previous section this does not completely solve the high gain feedback problem in
the sense of HGF1. On the other hand there exist only partial results for closures of
Gp,m(K)-orbits. For instance, in [6] these closures have been determined for reachable
input pairs (see the glossary for a definition), and some sufficient conditions for orbit
closure appear in [12]. For arbitrary state space systems we will give a complete
description at the end of this section (Theorem 4.6). In spite of these results the
complete description of the sets of all HGFi-limits, ¢ = 1,2 (for arbitrary regular
system pencils) still remains an unresolved problem.

The first theorem of this section gives a complete characterization of the pencils
in cl(O([sE — A B])); a consequence of this characterization is a set of conditions
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necessary for a system to be a limit of another system under high gain feedback (in
either sense). We begin by introducing some notation. The dual column indices of
an arbitrary n x (n - m) pencil are defined as follows:

Gg=Hite24}, i=1,....n, (46)

where (c;,...,¢n) is the list of column indices of the pencil and |S| denoles the
cardinality of the set S. Note that the dual column indices do not depend upon the
ordering of the list (¢1, ..., ¢m). A useful illustration of the dual indices is via Young
diagrams which consist of squares arranged as follows: row 1 has ¢; squares, row 2
has ¢y squares, etc. Then the dual indices (c}) are the lengths of the columns. For
example, the dual indices to (4,4,3,1) are (4,3,3,2,0,...,0).

|
J

4
rows 3
2
1

1234

columns

The dual column indices are “controllability indices” of the system (£, 4, B) in
the following sense (which generalizes the characterization of controllability indices
for state space systems, see [26, §5.7]): Define the subspaces V; and R; of K" by:

Yo=K, Vi=A"'ImB+EVi), i1 V=V
ieN
Ro=0, Ri=E'(ImB+AR;_y), i>1.

Then it follows from [17, Prop. 2.2] that

7

dim RjﬂV*:Zc:, i=1,...,n
i=1
The following theorem gives necessary and sufficient conditions for an arbitrary

regularizable system pencil sM + N € Spm(K) to lie in the closure of the orbit
O(sM + N) of another n x (n -+ m) pencil with no row indices. We write the
invariants for sM + N with an upper bar; e.g. the column indices of sM + N are
denoted ¢;. The proof of the theorem appears in [11].

Theorem 4.1. Let sM + N, sM + N € Py (K) be pencils with column indices
(¢1,.--,m), (€1, .., cm) respectively, and with no row indices. Then sM + N is in
the closure of the orbit O(sM -+ N) if and only if the following two conditions hold

J

ZEQSZJ:CL ji=1,...,n (47)
i=1

=1

Dj(sM +1tN) | D;j(sM +tN), j=1,...,n (48)

The general orbit closure problem for arbitrary singular matrix pencils (possibly
having row indices) is still open.
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Example 4.2. The following regular system pencil, representing a state space
system, has column indices (1,1) and divisor polynomials D3 =s—1, Dy = Dy = 1

s 0 0 |10
0s 0 |0 1]. (49)
00 s—1]200
The list of dual column indices is (2,0,0). From Theorem 4.1 it follows that any

regular system pencil in the closure of the orbit of the pencil (49) is equivalent to
(49) or to one of the following pencils (in canonical form (34)):

(i) Pencils in the orbit closure with column indices (2, 0) (i.e. dual column indices

(1,1,0)):
I 0 |00
s 0 | 10]. (50)
0 00

s—1 |
(i) Pencils in the orbit closure with column indices (1,0):

s 0 0 |10 s 0 0 110
0 s—-1 1 | 00 or 0 s—1 0 |00},
0 0 s=11]00 0 0 as+8 | 0 0

oo

(e,8) #(0,0). 1)
(iif) Pencils in the orbit closure with column indices (0,0):
s—1 1 0 |00
0 s—1 1 |00
0 0 s—-1 100
s—1 1 0 | 00
or 0 s—1 0 | 001, (a, 8) # (0,0)
0 0 as+pf | 00
s—1 0 0 100
or 0 ays + 1 | 0 0}, a#0
0 0 as+B | 0 0
s=1 0 0 ]00
or 0 a5+ 0 | 0 0|, (oB)+#(0,0)
0 0 as+fP | 00
s—1 00 ] 00
or 0 1 s | 0O0}. (52)
0 01100

As an immediate consequence of Theorem 4.1 we obtain the following necessary

condition for a system to occur as the limit of another system under high gain
feedback.
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Corollary 4.3. If a generalized state space system E¢ = Az + Bu is a limit of the
system EZ = Az + Bu under high gain feedback (in the sense of IIGF1 or HGF2),

then the pencils [sE — A B} and [sE — A B satisfy the conditions (47), (48).

Remark 4.4. In the context of the HGF2 problem, we have as invariants regular
and singular column indices (c1, ..., ¢u; Cus1, - . -, Cm), regular and singular nilpoten-
cy indices (u1,...,Uy; Yyt1,- .., Un—e), and finite elementary divisors. The inequal-
ities of (47) are conditions on the column indices written in decreasing order; the
condition (48) may be rewritten in terms of the nilpotency indices and finite elemen-
tary divisors as follows. Because D;([sE —tA tB]) is a homogeneous polynomial
in the variables s,1, it factors over C as

h]
D;([sE~tA tB]=1"[](s — ast) =: 17 g;(s,1)
i=1
The condition (48) is equivalent to:
r <F and 9i(s,1) 1 9;(s,1) ji=1,...,n (53)

Let ¢ = n—~1k 5, §=n-rkE. From Section 3 of [7], we have

i=1 i=1
and X
i 7
- N - .
E i = A —Fnej, J=1,...,m,
i=1 i=1

where (n;){_, (resp. (7i)f<,) are the nilpotency indices written in decreasing order,
n; =0 for ¢ <i< nand ;=0 for 7< i< n. Because ¢ <7, the condition 7; < r;
may be written as
g 7

EDIT i=1...,¢ (54)

i=j i=j
For the second part of (53), we note that g;(s,)[g; (s, ?) if and only if g; (s, 1)|g; (s, 1).
Using the fact that each § x j minor of {sE —tA4 ¢B] is homogeneous and hence can
be factored as t” I—[Ll(s — a;t), we see that g;(s, 1) is the greatest common divisor
of the j x j minors of the polynomial matrix [sE — A B). Therefore the second
part of (53) is equivalent to (54) along with the following condition on the finite
elementary divisors:

Di(sE—-A B)|Di([sE-A B), j=1,...,n (55)

Note that, in the conditions (47), (54), and (55) no distinction is made between
regular and singular indices.
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In general, the converse to Corollary 4.3 does not hold. Suppose there are system
pencils [sEx — Ar  Bi] equivalent to [sE — A B] such that

klim [sE, — Ay By = [sE ~ A B]

If £ is nonsingular, we have By = Ly BWj for some Li € GIo(K), Wi € GIm(K) so
that the rank of B cannot be greater than the rank of B. On the other hand it is not
hard to find examples of pencils sE—4 B} and [sI-A B] which satisfy conditions
(47), (48) with 1k B > rk B. Hence conditions (47) and (48) are not sufficient for
either concept of high gain feedback limits. (The two concepts coincide since & = J
is nonsingular.) The next example illustrates that an increase in the rank of B is
not the only way in which a pencil limit can fail to be a limit of equivalent system
pencils.

Example 4.5. Consider the following system pencils P and P which have invari-
ants ((2,1), (1)) and (3, 1) respectively:

s 100 1] 00 s 100 1] 00
S loso0oo0 10 00s 10100
P=lg o0 s 1100 P=loo0s01]1 0
0000 01 000 s ] 01

Again the concepts HGF1 and HGF2 coincide since P represents a state space
system. The pencils P and P satisfy the conditions (47) and (48) of Theorem 4.1,
so P is a limit of pencils equivalent to P. Limits of P under high gain feedback are
pencils which lie in the closure of the G, m(K)-orbit of P. In terms of the Gy ,(K)-
invariants described at the end of Section 3, P has only regular column indices
(invariants (3,1; )) and the column index list of P is (2, 1). Since both of the systems
represented by P and P are reachable (69), we may apply the characterization in
[6] of closures of Gn m(IK)-orbits within the set of reachable systems. For the case
tkE =tk E — 1 and P with only regular column indices, the characterization is as
follows. We define the following partial ordering on lists of nonnegative integers: If
a = (a1,...,am) (not necessarily in increasing or decreasing order), let

rijl@) = G-k ar 24 1<k <ml+kar 20 1<k <M+ Y g

1<g<mag<in1
We say @ = (@1,...,8m) = (a1,...,am) = a if r;;j(@) < ryj(a) for all 4,5. A
reachable system with column indices (¢, ..., ¢ [P ..,Cm) Is in the closure of
the G m(K)-orbit of a reachable system with column indices (c1,...,¢m; ) if and
only if there is an integer &, 1 < h < m, such that (¢1,..., %y, ) 0m) =X
(¢1,.--,€hy-..,Cm,cn — 1)where " denotes omission of this index. In this example,
if P lies in the closure of the Gn,m(IK)-orbit of P, then

(2,1) 2(1,2) or (2,1) % (3,0).

Neither of these inequalities hold (3 = r5,1(2,1) £ r2,1(1,2) = 2 and 3 =1r3,(2,1) £
72,1(3,0) = 2); it follows that the pencil P cannot be in the closure of the G m-orbit
of P.
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In Corollary 2.7 we showed that the restriction of pencil equivalence to the set of
state space system pencils [s] — A B] coincides with equivalence under the action
(21} of the full feedback group Fy m(K). It follows directly from Theorem 4.1 that
the conditions (47), (48) are necessary for orbit closure of state space systems under
the action of the full feedback group. Now we establish that these conditions are, in
fact, sufficient.

Theorem 4.6. A state space system & = Az + Bu is a limit of the state space
system & = Az + Bu under the action (21) of the full feedback group F, m(K) if
and only if the pencil [sT ~ A B] is in the closure of O([s] — A D)), i.e. if and
only if the pencils [sT — A B] and [sI — A B] satisfy the conditions (47), (48).

Proof. Because elements of the full feedback group Fn ,(K) are pencil trans-
formations, we know that [s] — A B] is in the closure of O([s] —~ A B]) whenever
& = Az + Bu is a limit of a system & = Az + Bu under the full feedback group
action.

Conversely, suppose [sI — A D] is in the closure of O([sT — A B]), i.e. for some

Li € GL(K), [ T € Glum(®),
Jim LifsT A B) [ ﬁ: ;‘V: ] =[sI-A B (56)
i.e.
lim LyRy = I, lim Ly (AR, — BFy) =4 (57)
k—rco k—o00
Jim LiXe = 0, lim LyBW, — LiAXy =B. (58)

Set My = Ly(ARy — BIy) — A; then limg_o My = 0. From (57) and the conti-
nuity of the determinant function it follows that there is an integer N such that
Ry is invertible for £ > N. From (58) we have limg_oo LkRkR,:le = 0, hence
limg—, o0 Ry ' Xz = 0. Substituting
LiAXy = Ly AR Ry ' X3 = (My + Ly BFy + AR ' X,
into (58), we obtain
B = Jim Ly BW: — (Mk + Ly BFy, + A)R; X3
—o0
= Jlim L B(W: - FeRy Xy) — (My + AR X,
Because limg ..o My = 0 and limg o0 R;‘Xk =0, it follows that
B= Jim Ly B(Wi — FyRg ' Xy). (59)

If the matrix Wk—FhR,Z‘Xk is not invertible, there is an mxm matrix Wk arbitrarily
close to Wj such that Wi — FkR;IX;; is invertible; hence, without loss of generality,
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we may assume that Vy = Wi ~ Fy R;lxk is invertible. It follows from (57), (58),
and (59) that

R, 0

leITOIOLk[ﬁI—A B]\: F.

] =(I-7F A (60)

Because limg—q LyRy = I, we may replace Ly in the cquation (60) by R;] =
(Lx Ri)™1 Ly (the matrix Ly Ry is invertible for large k). Therefore

. I Re 0] _., + =
kli.r{i,Rk [sI—A B][ F. Wi ] =[sI-A B]
Altogether we have shown that every pencil [s] — A B] representing a state space
systern which is in the closure of O([s] —A  B]) belongs to the closure of Fp m(K)-

[sI— A B]. The theorem then follows from Theorem 4.1. [}

Theorem 4.6 extends the main result of [18] which characterized orbit closure
only within the set of controllable state space systems.

5. SYSTEM-THHEORETIC APPLICATIONS

In this section we discuss some consequences of the results of § 4. We consider only
systems which are regularizable. In the two concepts of “limits under high gain
feedback” we have included limits which may be realized without applying feedback
transformations; we identify cases in which feedback transformations are necessarily
applied. We then discuss how many nonequivalent systems may occur as high gain
feedback limits of a given one and we identify those systems which never occur as
a nontrivial high gain feedback limit of any system and those systems which have
no nontrivial high gain feedback limits. The last part of this section is devoted to
a discussion of the “high gain Rosenbrock problem”. We compare the set of lists
of invariant factors which can be achieved by applying state feedback to a given
system ([, A, B) with the set of invariant factor lists which are producible in the
limit by high gain state feedback. If controllability and the rank of E are to be
preserved, we will see that the two sets coincide, i.e. nothing is gained with respect
to the assignability of invariant factors by allowing high gain feedback limits. On
the other hand, if we admit noncontrollable high gain feedback limits of a given
controllable state space systems, any set of invariant factors can be achieved. We
begin by summarizing the system-theoretic results of the previous section:

1. f B¢ = Az + Bu is a limit of E# = Az + Bu under high gain feedback (in
either sense), then the pencils [sE—A B]and [sE—~A B] satisfy conditions
(a7, (48).

2. For state space systems, HGF1 and HGT2 coincide and we have: z = Az + Bu

is a limit of £ = Az + Bu under high gain feedback if and only if the pencils
{sI—A B)and[sI-A B]satisfy conditions (47), (48).
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A system E# = Az + Bu which is a limit under high gain feedback of another
system E& = Az + Bu (in the sense of HGF1 or HGI'2) may have actually arisen as
a limit in which feedback transformations were absent. In the following propositions,
we identify some limnits which can be achieved only when feedback transformations
are applied.

Lemma 5.1. Suppose a regular system pencil [sE — A B] is a limit of system
pencils which are equivalent to a regular system pencil [sE — A B] under input
transformations and operations of strong equivalence alone. Then:

det(sE — A) is a nonzero scalar multiple of det(sE — A) (61)

and L

D;(sE —tA)| Di(sE —tA), 1<j<n. (62)
In particular, rk E = rk £ and hence a singular system cannot be a limit of a state
space system under transformations of input and strong equivalence alone.

Proof. By assumption, we have

T OE _ R Xi
[sEE—A B}_klingol,k[sﬂ A B]{ 0 Wk]'

where FXy = 0. It follows that
sE — A= lim Li(sE — A)Rx.
k—oo

The conclusion (61) follows from [7, Lemma 3.3], and (62) follows from [7, Theorem
3.7). a

Proposition 5.2. Let Ei = Az 4+ Bu and EZ = Az + Bu be systems given by
nonequivalent pencils in system canonical form (34) which bave the same regular
blocks (R = R). If the system Ez = Az + Bu is a limit of E¢ = Az + Bu under
high gain feedback (in either sense), then the limit could not have been achieved by
using only operations of strong equivalence and input transformations.

Proof. Let (¢1,...,Em) and (c1,--.,tm) be the column indices of [sE-A B
and [sE — A B] respectively. Because R = R, we have

m m
n—r= E G = E ci,
i=1 i=1

where B = R is an r x r pencil. Since the system Ei = Az + Bu is a limit
of Ez = Az + Bu under high gain feedback, it follows from Corollary 4.3 that
conditions (47) and (48) hold. Because the sequences of column indices for the two
pencils are partitions of the same integer, the condition (47) is equivalent to

ZE;Zic,-, i=1...,m (63)
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(This is a standard combinatorics result; see for instance [3].) Since the pencils

[SE—~A Bland [sE—~ A B] are not equivalent, at least one of these inequalities
is a strict inequality; i.e. there is an k, 1 < h < m, such that

(64)

In system canonical form (34), the nonzero column indices (By, ..., %) (respectively
(c1,...,¢p)) are the block sizes of the Jordan blocks sI + Nz, (respectively s+ N.,)
of the pencil s — A, (respectively sI — A1). Let r1,..., 7% be the block sizes of the
‘nilpotent’ Jordan blocks sI + N:, in R = E; then the sizes of the Jordan blocks
of this form in sE — A (resp. sE — A) are by > ... > by (b1 > ... > by) where
(b1,...,by) is a rearrangement of the list (¢, ...,¢p,71,...,7;) and (51, .. ,Ei) is a
rearrangement of the list (€1,...,%,71,...,7%) (both in decreasing order). For case
of exposition, set b; = 0 for w < i < n and b; = 0 for W < ¢ < n. Let Ay be the
minimal integer & such that (64) holds, so that ¢; = ; for i < hg and cp, < Th,. Let
z be the smallest integer such that b, # b,. Simple combinatorial reasoning shows

that b, < b, and so:
z 2
5>k (65)
i=1 i=1

Let d; be the largest power of s dividing D;(sE +tA) and define d; similarly. From
the discussion of block sizes and invariant factors in [7, Sec. 3], we see that

SNbi=di—dn;, j=1,...,n-1

Bu under input transformations and operations of strong equivalence alone. By
Lemma 5.1, we have dn = d, and d; < dj, 1 < j < n—1. It follows that

iﬁi < z’: b;
=1 i=

contradicting (65). [u]

In the following propositions, we discuss the number of non-feedback equivalent
systems which may occur as high gain feedback limits of a given system Ez =
Az + Bu (see Definition 2.3).

Proposition 5.3. For HGF1 or HGF?2, there are only finitely many high gain
feedback limits Ez = Az + Bu of Ez = Az + Bu which are non-feedback equivalent

and satisfy - -
Sa=ya ‘ (66)

il i=1
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where (Z1,...,%n) and (c1, .. ., ¢, are the column indices of [SE—~ZA  B] and [sE —
A B, respectively.

Proof. It suffices to establish the proposition for the HGF2 case. Let Ei =
Az+Bu be an HGF2 limit of Ez = Az+ Bu such that the condition (66) is satisfied.
1t follows from Corollary 4.3 that conditions (47) and (48) are also satisfied. Given
n and m, there are only finitely many possible column index lists for [s£ — 4 B)].
We may assume that both systems are in the canonical form (34) with regular blocks
R and R respectively. From condition (66) it follows that R and R are both r x r
blocks (r = n — 3=, ¢;). Let Ry and Ry (respectively R; and Ry) be the r x r
matrices such that R = sR; + Ry (respectively R = sRi+ Ry). It follows from
condition (48) that

Dj(sRi +tRy) | Dj(sR1 +1Ry), j=1...,r

(see [4], vol. 2). In particular, D,(sRy +tR3) = D,(sR, +tR,). Because D; (sﬁl +
tR,) divides D, (sR; + tRy) for j = 1,...,r, there are only finitely many possible
lists (D1(sRy +1R3), ..., Dy (sR1 +1Rz)). It follows that, under the condition (66),
there are only finitely many possible lists of invariants for the pencil [s£ — A4 BJ;
the conclusion follows from Kronecker’s classification (Theorem 3.1) and the fact
that each class of equivalent pencils contains only finitely many IIGF2 equivalence
classes (sce the last paragraph of §3). o

Proposition 5.4. A system Ez = Ar + Bu has infinitely many non-feedback
equivalent limits under high gain feedback (in either sense) if and only if the pencil
[sE— A B] has at least one nonzero column index.

Proof. Suppose all column indices of [sE— A B] are zero. If Ea = Az 4 Bu is
a high gain feedback limit of E2 = Az + Bu (in either sense), then by Corollary 4.3,
the corresponding pencils satisfy (47); hence [sE — A B] has no nonzero column
indices. In particular, (66) is satisfied and we conclude from Proposition 5.3 that
Fi = Az + Bu has only finitely many non-feedback equivalent limits under high
gain feedback (in the sense of HGF1 or of HGF2).
Suppose the pencil [s&£ —~ A B] has a nonzero column index, i.e. ¢ # 0. It suffices
to produce infinitely many HGF2 limits which are nonequivalent in both senses.
Without loss of generality, we may assume that the pencil [sE — A B} is in the
canonical form (44).If ¢, is a regular column index, then the pencil [sE— A  B] has
a “controllable state space block” [s] — Ac, Be,], where A, is a nilpotent ¢; x ¢;
Jordan blockand B, =[ 0 - 1 ]TA It suffices to show that there are infinitely
many nonequivalent high gain feedback limits of [s] — Ac, B.,] in canonical form,
since every generalized feedback transformation of [sI — Ae, B,,] can be trivially
extended to a generalized feedback transformation of the whole pencil [s£ — A  B].
We see from Theorem 4.6 that all of the following pencils are high gain feedback
limits (HGF1 and HGF2) of the pencil [sT — As, Be,]:

s+ Ac 0 B -1
[ 0 s—a 0 ! ack
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Because therc are infinitely many choices for «, giving nonequivalent pencils, the
conclusion follows.

If ¢; is a singular column index, then the pencil [sE — A B] has a ¢y x (¢; + 1)
block in P of the form S, (defined by (32)). Applying HGF2 transformations only
to this block, it follows from Lemma 5.4 of [11] that all of the following pencils are
in the orbit closure of S, :

[Sc‘_l 0 ] s a €K

0 s—a
Any pencil equivalence transformation for the block S;, can be trivially extended to
a transformation of restricted equivalence for the whole pencil [sE — A B]. Since
different «’s lead to nonequivalent pencils, the conclusion follows. o

Proposition 5.5. There is a state space system & = Agaz + Bou such that every
system Ei = Az + Bu is a limit of £ = Agz + Bou under high gain feedback (in
cither sense). Moreover, up to transformation by elements of G, »(K), the system
& = Agz + Bou is the only such system. Consequently, the system z = Apz + Byu is
the only system (up to transformation by elements of G,, ,,(K)) which is a nontrivial
high gain feedback limit of no other system.

Proof. It suffices to consider only the HGF2 case since all HGF2 limits arc
HGF1 limits as well. Let £ = Aoz + Bou be the controllable state space system in
Brunovsky canonical form with associated pencil [sT— Ay Bp] having the following
invariants:

D;([sI —tAs tBy])=1 forallj=1,...,n

cl:{[%]+l if 1<i<n-[2]m }

[ﬁ] if nv[%]m-{—lgigm
i.e.
¢ = m for1<i< [1]
m
, . { 0 ifm|n }
Cin = _m .
[2]+1 n [m} m  otherwise

U
G

il

n
0 for [—]-\—251'5"‘

m
Among all lists of invariants of n x (n+m) pencils with no row indices, the above list
of invariants is the (unique) largest one with respect to the partial ordering given by
conditions (47) and (48). If ¢ = Aoz + Bou is a high gain feedback limit of another
system Ez = Az + Bu, then E is nonsingular and so the system is equivalent to
a state space system. We conclude from Theorem 4.6 that the two systems are
equivalent. It also follows from Theorem 4.6 that every state space system pencil
[sI — A B lies in the closure of Gnm(K) - [sI — Ao Bo]. It follows from the
characterization of G, m(IK)-orbit closure given in [6] that every controllable system
Ei = Az+ Bu is in the Gn 1 (K)-orbit closure of some state space system. Let Bd =
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‘Az 4 Bu be an arbitrary system. If Rn m(K) is the subgroup of G, m(K) consisting
of transformations of restricted system equivalence, it follows from [7, Prop.4.6] that
there is a regular system pencil [sE ~ A  B] representing a controllable system such
that [sE — 4 B} is in the closure of Rnm(K) - [sE —A B]. Since Rp m(K) is a
subgroup of Gy, m(K), it follows that [sE— A B] € cl(Ga,m(K) - [sE~A B)). By
transitivity, we have

[SFAZ F] € cl(Gnm(K) - [sT — Ao Bo)).
This concludes the proof. a

A consequence of Theorem 5.5 is that every system occurs as a high gain feedback
limit of some state space system. Moreover, with the exception of the system z =
Aoz + Byu described above, every system occurs as a high gain feedback limit of a
system which is not equivalent to it.

Proposition 5.6. Let B2 = Az be a system satisfying det(sE — A) # 0 such
that sE' — A is equivalent to a diagonal pencil. Then the system E& = Az has no
nontrivial HGF1 limits.

Proof. The pencil [sE—A 0] with sE— A diagonal has all column indices equal
to zero and all elementary divisors of the pencil have degree 1. If B¢ = Az + Bu is
a high gain feedback limit of Fz = Az, then it follows from Corollary 4.3 that the
pencils [sE ~ A B]and [sE ~ A 0] must satisfy conditions (47) and (48). Hence
the pencil [sE —7A B has all column indices equal to zero and the two pencils have
the same elementary divisors. It follows from Kronecker’s Theorem and Proposition
2.6 that the pencils are equivalent in the sense of HGF1. o

We conclude the paper with a brief discussion of what we call the high gain
feedback version of Rosenbrock’s problem. While a complete high gain counterpart
of Rosenbrock’s Theorem is not yet available, we will present results concerning two
extreme special cases.

The pencils in canonical form (44) which represent controllable systems are those
with no regular nilpotency indices, no finite elementary divisors, and the singular
nilpotency indices are all equal to 1. Using Theorem 4.1 and the generalization
of Rosenbrock’s Theorem which appears in [15], we obtain the following result for
controllable systems with fixed degree of singularity (i.e. rk E fixed).

Proposition 5.7. Let [sSE— A4 B]and [sE~A B] be pencils representing con-
trollable systems with tk E = rk E such that [sE — A B] is in the closure of
O([sE — A B]). For any feedback transformation F € K™*" such that det(sE —
A+ BF) #0, there is a feedback transformation F € K™*" such that the pencils
SE ~ A+ BF and sE — A + BT have the same invariant factors.

_ Proof. By the remarks above, the pencil invariants of the two pencils [sE —
A Bland[sE—A B]are as follows: k (respectively k) infinite elementary divisors,
all of degree 1, and column indices (€1, . ..,%m) (respectively (ci,...,cm)). Since the
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pencil [sE—f Bl is in the closure of O([sE — A B]), it follows from Theorem 4.1
that & <k and ;

Since by assumption Z::l ¢ = lk

i=1...,n (67)
tkE = S @, (67) is equivalent to

%> i=1...,m (68)

o
- ;: m-

1 1

i
i

Let T € K™*" and let 5,(s), ..., Pm(s),1,...,1 be the n invariant factors of the
pencil sE — A + B F. From the main theorem in [15] and (68), it follows that

J 7
Zdeg Rz @2 e j=1,...m

1=1 i=1

Again applying the main thecrem of [15] it follows that the invariant polynomials

Pi(s)s o Bn(s), 101

are the invariant factors of the pencil sE— A+ BF for some feedback transformation
F. a

Roughly speaking, the previous proposition can be summarized as follows: Noth-
ing new is gained as long as neither controllability is sacrificed nor rk F is strictly
decreased.

On the other extreme, if we do not require any controllability property of the
high gain feedback limit we will sec that all lists of invariant factors may occur

Proposition 5.8. Let pi(s),...,pn(s) be monic polynomials in K[s] such that
pis1(s) divides p; (s),i=1,...,n—1,and 3= deg pi(s) = n. If& = Az+ Buisa
controllable state space system, then there is a high gain feedback limit z = Az+ Bu
of z = Az + Bu (in the sense of HGF1 or HGF2) such that the invariant factors of
the pencil sT — 4 are pi(s), ..., pa(s).

Proof. Let A be an n x n matrix such that the invariant factors of sI — A are
p1(5), ..., pn(5). Then the nx (n4+m) pencil [sI—A 0] has only zero column indices
and invariant factors f; = p;, j = 1,...,n. Because £ = Az + Bu is controllable,
we have D;j([sI —A B])=1forallj=1,...,n It follows from Theorem 4.6 that
z = Az is a limil of £ = Az + Bu under high gain feedback. (Recall that, in the case

of state space systems, the high gain feedback concepts HGF1 and HGF2 coincide).
o

The previous two propositions show an interesting trade-off between the gain in
assignability of invariant factors and the loss in controllability. If controllability is
to be preserved in the limit no new lists of invariant factors can be assigned in the
high gain feedback limit (compared to ordinary state feedback). If, however, we
are willing to sacrifice controllability completely, then all possible lists of invariant
factors can be produced in the limit.



A Pencil Approach to High Gain Feedback and Generalized State Space Systems 137

APPENDIX. GLOSSARY

Pr,m(K) = KX+ < the set of n x (n + m) pencils sM + N over K
O(M+N) = {P(sM+N)Q: P € Gla(K), Q € Claypm(K)}
where sM + N € Py m(K)
Snm(K) = {[sE-A B]:E,AeK"*",BcK"*m}
5128, (K) = {[sE-A B]€8in(K): det(sE— A)#0}.
Strong equivalence: [sE-A B]~[sLER-LAR L(B- AX)]

where L, R € GI,(K), X e K"*™, EX =0.

Restricted system equivalence: [sk ~ A B] ~ [sLER — LAR LB]
where I, R € GI,(K).
Full feedback group:

Fom(K) = {[ Ry ] : R€ Gl(K), W € Gln(K), F e]K"”‘"}.

Action of Fy, m(K) on the set of state space systems:

(5 ven mmera 8]

Generalized feedback group: G m(K) = Gl (K) X Fn m(K).
Action of Gn m(K) on S, m(K):

(P,“f V?,D-[SE—A B]=PlsE— A B][’F2 S

Limits under high gain feedback (cl(-) denotes topological closure):

-1

HGF1: The system E¢ = Az + Bu is a high gain feedback limit of the system
Ez = Az + Bu in the sense HGT'1 if

[sSE-A Blecd(O(sE—A B])NSum(K))
HGF2: The system ¢ = Az + Bu is a high gain feedback limit of the system
Ez = Az + Bu in the sense HGF2 if
[SE—A Blecd(Gam(K) -[sE-A B)).
A system Et = Az + Bu is controllable if
rtk[af ~ A Bl=nforala € C and InE + AKer E +1Im B =K".
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A system Ez = Az + Bu is reachable if

rk[aE + BA  B] = n for all (o, 8) € C*\{(0,0)}. (69)
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