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KYBERNETIKA — VOLUME I7(1974), NUMBER 2

Algebraic Approach to Discrete
Stochastic Control

Viapmmir KUCERA

The paper presents a unified formulation and solution of various problems of stochastic control,
viz. random disturbance compensation, random signal following, etc. for multivariable linear
discrete systems. The algebraic method developed originally for the problems of deterministic
control is succesfully applied. The synthesis procedure is reduced to solving a linear Diophantine
equation in polynomial matrices. Due to the algebraic approach, the classical results are extended
to unstable systems with possibly different number of inputs and outputs and not necessarily of
full rank, and to a class of nonstationary random sequences with possibly singular correlation
matrix.

INTRODUCTION

The design of optimum systems with random inputs is one of the most significant
problems in optimal control. There are many related problems with many modifica-
tions to be found in the literature. We shall summarize some typical problems below.

(1) Following a random signal.
Given a system &, find a controller & such that the system output ¥ follows
a given random signal C in an optimal way, see Fig. 1.

Fig. 1. Following a random signal.

(2) Compensating a random disturbance.
Given a system & = &%, and a random disturbance ¥ passing through
the part &, of &, find a controller Z that minimizes the effect of ¥ on the system
output ¥ in some specified sense, see Fig. 2.



(3) Following a random signal contaminated by noise.
Given a system & and a random signal C contaminated by additive noise ¥,
find a controller £ such that the system output ¥ follows the C in an optimal
manner, see Fig. 3.

Fig. 2. Compensating a random
disturbance.

Fig. 3. Following a random signal contaminat-
ed by noise.

(4) Following a random signal in the presence of disturbance.
Given a system & = %%, and a random disturbance ¥ passing through the
part &, of &, find a controlier Z such that the system output Y follows a given
random signal C in a prespecified sense, see Fig. 4.

Fig. 4. Following a random signal
in the presence of disturbance.

*ﬁ“

In all cases the closed-loop system is required to be stable and so is the system input.
Otherwise the results would be of limited engineering relevance.

There are other problems of stochastic contro! which are combinations of the above
and, therefore, will not be explicitely mentioned.

A recognized optimality criterion is the minimum of the sum of steady-state
variances of certain stochastic components, i.e. the components of the follow-up
error in problems (1), (3), (4) and the components of the system output in problem (2).

The above problems have been considered by many authors who applied different
approaches. There are essentially two major directions — the complex-domain and
the time-domain formulations. The complex-domain approach rests on the solution
of a Wiener-Hopf-like equation by spectral factorization and can be found in [2; 7;
24; 30; 31]. The solution is restricted to stable systems with nonsingular impulse
response matrix and to stationary random inputs with nonsingular correlation
matrix. In [27] a modified approach has been applied to obtain the solution for the
special case of single-input single-output possibly unstable systems. On the other hand,
the time-domain approach is based on the solution of a matrix algebraic equation
derived by Kalman [10; 11] and a comprehensive treatment can be found in [1;6;
9; 26; 29]. The solution can easily by generalized to nonconstant or nonlinear systems
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but it requires the knowledge of the system state, which is rarely accessible in a real
system. Moreover, solving matrix algebraic equations is not a simple task due to
nonuniqueness of solutions [19; 20; 21; 22]A

A similar status quo was also in the field of deterministic control. Recently, the
author has developed a new algebraic theory of discrete deterministic optimal control
[12; 13; 14; 15; 16; 17; 18] in an attempt to obtain a general solution well-adapted
to machine processing. In this paper the algebraic approach is applied to the problems
of discrete stochastic optimal control. The mathematical machinery needed to solve
these problems is relatively very simple and is based on polynomial algebra. The
synthesis procedure reduces to solving a linear Diophantine equation in polynomials
or polynomial matrices, and can be effectively algorithmized. The method is general
enough to accommodate unstable systems with different number of inputs and outputs
and random signals with singular correlation matrix and possibly unbounded
covariance matrix.

Problems (1) through (4) and other related problems, though different in nature,
can be cast into a common scheme defined in the following sections. This will make it
possible to present a unified general treatment of all cases.

PRELIMINARIES

Referring for details to [4;18;23;33] we first summarize some preliminary
results. ’

Let R be a commutative ring. If an element e € R has a multiplicative inverse in R,
we call e a unit of R. If a, be R, b + 0 we write b I a to denote that b divides a.
A greatest common divisor of a, be R will be denoted as (a, b). Note that (a, b)
is determined by @ and b to within units in R.

Given the field § of reals, let §[z~*] denote the ring of polynomials over § in the
indeterminate z~*. If a € §[z~*] then da denotes the degree of a. By convention,
90 = ~o0. The units of F[z7*] are polynomials of zero degree.

Let §(z ") denote the quotient field of [z~ '], i.e. the field of rational functions

) a=1

with p + 0, ge F[z7']. Then we denote F{z*} the ring of elements (5) such that
(p,z7') = 1, i.e. the ring of realizable rational functions. They can be written as
(6) a=oy+oz7 FozT b, 0,eF.

The elements (6) for which the sequence {ay, oy, &5, ...} converges to zero form the
ring of stable realizable rational functions, denoted by F*{z~*}.



Now denote 117
Tim =setof [ X m matrices over &
imlz '] =setof I x m matrices over Fz7!]
Fim(z™") =setof I x m matrices over F(z™')
Fimiz™'} =setof I x m matrices over F{z~!}

Fimiz™'} =setof ! x m matrices over

&
&
~
N
1
-
-z

These sets are noncommutative rings when | = m > 1. The &, ; is viewed as iso-
morphic with & We shall write I, for the | x [ identity matrix over &.

By the classical invariant-factor theorem [4; 9; 18] any polynomial matrix
A € § [z7"] can be written in the form

)

where E, € &, [z7"] and E; € §,, [z ] are matrices such that det E, and det E,
are units of §[z~*], and where diag {-} is a matrix in §, [z~ !] all of whose elements
are zero except those on the main diagonal, which are ay, a,, ..., a,, possibly followed
by zeros. The polynomials a, are the invariant polynomials of A4; they are uniquely
determined by 4 up to units of F[z™'] and satisfy a;| @yey, k=1,2,...,7 — 1.
The integer r is the rank of A. We shall call (7) the canonical decomposition of 4.

The polynomial matrices of &, [z '] can also be written [18] as matrix poly-
nomials over §; .,

A = E, diag {a,, a5, ...,4,0,...,0} E,,

A=Ao+ Az  + .+ 427", A eFm.

If A, <+ 0 then n is the degree of 4, denoted by d4. We define 60 = — c0.

Let ae §[z™*] and Be §,,[z""] with elements b,; Then we write (a, B) to
denote (@, (byys b1zs - bim))-

A polynomial p e §[z '] is said to be stable if 1/p e §"{z"'}. Then any nonzero
polynomial a € F[z '] can be factorized as

where a* is the stable factor of a having highest degree and belonging to ‘5{2“}
Given a nonzero polynomial matrix 4 € &, ,,[z” '] and its canonical decomposition
(7), we define the factorizations

®)

A= A{A; = 4747,

where
Af =E,diag{af,a3,....a7,1,..,1} e [z71],
Ay = diag{al, a3, .07, 0,00 Exe[z7],
A7 = E,diag{a7,a;,..,a7,0,..,0} €& .lz7'],
A7 = diag{af,a3,...a", 1, . 1} E; € Fuaulz 1].
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Observe that A} and A; are nonsingular matrices [18].
If
A=Az"+ Az 4 L eF(z7Y),
we can denote

A, = transpose of 4,

tr A = trace of 4,

(4> = Ay, the term of 4 at z°,
AT =47 + A,

Then the set §;,{z" '}, viewed as a vector space over §, can be normed by
introducing the quadratic norm ||+ as follows

) [4]? = tr 4= 4> .
In particular, consider
A=Ado+ A4z  + ..+ Az " eFalz ]
with 04 = n = 0. Then we define
(10) A =277 = Az + Az D 4t A e F a7,
For any nonzero polynomial a € §[z~*] we define the polynomial
a* =a*a™ ", ‘
belonging again to [z !] and satisfying [18]
(11) a~a =a*“a*.
Given a nonzero polynomial matrix 4 € §; [z '] and let
A™'A = E7’ diag {p{ p1s s Ps P 0, .., O} E
AA™' = E, diag {q,97, ..., 4,450, ..., 0} E5"

be the canonical decompositions of 47’4 and A4~’. Then we define the matrix
AT e §n[z71] by

(12) diag {p}, ..., p¥, 0,.., 0} E, = [AT]
0

and the matrix A} € §, [z '] by
(13) E, diag {q7, ..., 47,0, ..., 0} = [45 0] .



It is clear [18; 32] that the 4, and 4, satisfy the relations
AT = ATTAT, AAT = 4343

rank AT =5, rank A3 =s.

MATRIX DIOPHANTINE EQUATIONS

‘When dealing with single-input single-output systems we have to solve linear
Diophantine equations of the form

(14) ax + by =c,

where a, b, ¢ are given polynomials of §[z~'] and x, y are unknown polynomials.
It is shown in [12; 23] that equation (16) has a solution if and only if (a, b) | c.
When x,, y, is a particular solution of (14) then all solutions can be written as

b
15 X =Xy +——1,
(13) * 7 (a, b)
a
Yy =Yo— = t

where ¢ is an arbitrary polynomial of §[z~*]. If equation (14) is viewed over §*{z "'},
then ¢ in (15) is an arbitrary element of §*{z™!}. An effective algorithm to find x,, yo
is presented in [12].

In applications, we often seek for a particular solution x°, y® such that 8y° < da.
To find the solution we apply the division algorithm

a n
Yo = ——4q+r, or<a

(a, ) (a, b)

and, in view of (15),
x° =x0+—b—(tf, +4q),

(a, b)

a
y o =r—-——1,

(a, b)
where 1, is an arbitrary polynomial of [z~'] with
oty < 9(a, b).

In case (a, b) = 1 the solution x°, y° is uniquely determined by setting #, = 0 and
has the property that 6y® < 0y for any y satisfying (15).
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In multivariable control problems we encounter linear Diophantine equations of
the form

(16) AX +YB=C,

where A€ §,,[z7'), Be&,..[z27'], Ce &.[z"!] are given polynomial matrices
and X € §, [z "], Ye &, [z "] are unknown matrices. It is shown in [18] that
equation (16) has a solution if and only if the matrices

AC| and [A4 O
0 B 0 B
have the same invariant polynomials.

Let
A =E  diag{a;, a5, ..., a, 0,..., 0} Eyy,

B = E,; diag {bu by, .. by 0,..., 0} Ejp

be the canonical decompositions of 4 and B and write X;; for the elements of X =
= E,,XE3y, ;; for the elements of ¥ = E{,YE, p, and & for the elements of C =
= E{/CE;y. Then any solvable equation (16) is equivalent to the following sets of
polynomial equations

(17 aXy + Jiuby = &, i=1,2,...,r qnd i=12..,s,
(18) axy; =y, i=1,2..,r and j=s4+1,..,m,
(19) Fib; = ¢, i=r+1,..,1 and j=1,2,..,s,
(20) 0=¢;, i=r4+1,..,1 and j=s+1,..,m.

The remaining elements %;; and ¥; can be chosen arbitrarily within [z 1].
As a consequence [18], a particular solution of equation (16) can be written as

X, = E3} [70,11 }70,12] Erpe Fpmlz ]
0 0

Yo =Ej4 [Yo,u 0:| El',}e‘,},'q[z"],
LY, O

where the elements %,,;; of Xo,,, €&, ,[27'] and the elements J,;; of Y€
€ &, [z7'] are particular solutions of (17), the elements X, ;; of Xo,12 € & m-s[2 1]
are partioular solutions of (18), and the elements o ,;; of ¥, ., € &, [z71] are
particular solutions of (19).



Then it is proved in [18] that the general solution of equation (16) becomes 121
(21) X =Xo + E;4TEyy,
Y = YO - ElASEl_Bl >

T=l:T110 ], S=[Su SIZ]'
Ty Ts 0 S5

The elements of Ty € &, [z7*] are 1;;b,/(a;, b;) and the elements of Sy, € &, [z7!]
are ajt;;/(a;, b;), where 1;; are arbitrary polynomials of §[z~']. The matrices T}, €
€Fporslz '] To2 € Fporm-s[2 '] and S, €&, o [271], Sp€ Fiopg-[z71] are
arbitrary polynomial matrices.

It is to be noted that a particular solution X°, Y° such that 8Y° < 44 cannot be,
in general, found by application of the division algorithm but, instead, by analysis
of the general solution Y, see [18].

When the X and Y are allowed to be matrices over §*{z™!} then the ¢; in (21)
are arbitrary elements of F*{z~!} and so are the elements of T3, Ty, and S;,, S,,.

SYSTEM DESCRIPTION
Throughout the paper we shall consider finite-dimensional discrete linear constants
m-input l-output systems defined over the field §. They are described by the equations
(22) X1 = Ax, + Bu,,
Y =Cx + Dy,

where k ranges over integers, ue §™ is the m-vector input, ye &' is the l-vector
output, x € " is the n-dimensional state vector, and A, B, C, D are matrices over &
of appropriate dimensions [9].

The matrix sequence

(23) S=Cz (I, ~ 27 'A) B + DeFafz Y}

is called the impulse response matrix of the system. Conversely, any quadruple
{A, B, C, D} satisfying (23) is a realization of §; if A is of least possible size the
realization js minimal [9; 15; 18].

The S can be written as the ratio of a polynomial matrix and a polynomial, viz.

(24) s=8

where a e Fz7'], Be [z "] and

@B) =1, (az7%)=1.
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If I = m = 1 (single-variable system) we obtain
(25) s=Yegy
a

where both a and b belong to F[z~*].

While (25) completely describes a single-variable system, the ratio (24) tells very
little about a multivariable system. We have to refine it as follows. Let

B = E, diag {g,, 95, .., 6,0, ..., O} E;

be a canonical decomposition of B and let

after cancelling common factors. Then

1—} =E1dia.g{b s ﬁ, ey Z, 0, ,O}Ez
a a; a, .
and, defining the matrices
(26) B, =E, diag{b,b,,...,b,0,...,0} €Fimlz ],
A, = E;'diag{ay, az, ..., a,, 1, ..., 1} € Fnmlz '],
Ay = diag {ay, a5, ..., a,, 1, .., 1} E; e & [z71],
B, = diag {bl’. by .. b, 0,.., 0} E; €Falz7'],
we can write
27 S = BjA;' = A7'B,.

The above decomposition of .S into the product of a polynomial matrix and the
inverse of another polynomial matrix is fundamental and plays the role similar to (25).

RANDOM SEQUENCES

For convenience, we shall review some elementary facts about random sequences.
For details consult [3; 5; 8; 24; 25; 28; 30].

An l-vector random variable over & is a vector function whose values belong
to &, and depend on the outcome of a chance event. The (ensemble) expectation
of a random variable 4 will be denoted by E4.



A sequence of [-vector random variables
A= {, A_17 Ao’ Ay, }

is called an I-vector random sequence over §. The k function with values E4, is called
the mean-value vector of 4. The s, t function whose values are E4 4, is the correla-
tion matrix of 4. If

B={.,B ,By,B,,...}

is another vector random sequence, the s, ¢ function with values EAB; is the cross-
correlation matrix of 4 and B (in this-order).

A vector random sequence is said to be (weakly) stationary if its mean-value vector
is independent of k and its correlation matrix depends only on s — t and is bounded.
A stationary [-vector random sequence is called white if

E(4, — EA)(4, —E4)y =Q, s=t,
=0, s=+t,

where Q € §, ; is a symmetric nonnegative definite matrix.

An I-vector random sequence 4 over § can be thought of as the output of an g-input
l-output system &, over §& excited by a white g-vector random sequence D, see
Fig. 5. The & , is usually called the shaping filter of 4. This representation of A4 is
essential for obtaining the main results of the paper.

Fig. 5. Random sequence model.

In all that follows we shall confine ourselves to vector random sequences whose
shaping filters are systems governed by equations (22). Such a sequence A is stationary
if and only if the impulse response matrix F, of % , belongs to ’{y,fq{z‘l}‘ Then the
sequence

e+ Pz Py Dz L,
where

b, = E(Ak+s - EAk+s) (As - EAs)' =,

is the correlation matrix of 4. The @, is called the covariance matrix of 4. If B is
another stationary vector random sequence, the cross-correlation matrix of 4 and B
can be written as

e+ Pz W+ Pz 4,
where
¥ = E(Ak+s - EAIH»S): (Bs - EBS)' .
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It can be shown that

e+ Pz 4+ By + Dz = FF,
and hence

(28) tr &g = tr (FIF,) = tr (FI'F 5 = |Fyl?

by (9). In words, the trace of the covariance matrix (= sum of the variances of indi-
vidual components) of a stationary vector random sequence A can be interpreted as
the squared quadratic norm of its shaping filter impulse response matrix F,. In case
of a scalar random sequence A the @, itself is the variance of A and hence the squared
quadratic norm of F,.

CLOSED-LOOP STABILITY
Consider the closed-loop system configuration shown in Fig. 6, where & is the
system to be controlled and £ is the controller. The most important condition imposed

on closed-loop control systems is that of stability. An extensive discussion of the
closed-loop stability problem is given in [15] and [18].

tion.

|
Fig. 6. Closed-loop system configura-
‘—-—‘- &

We shall first summarize the fundamental results for single-variable systems [15]
and then proceed to multivariable systems [18].

Let & be a minimal realization of
s=t eF{z7'},
a

2 be a minimal realization of some R € §{z ™'} and denote

(29) K=K .

Then the closed-loop system is stable if and only if
(30) K=bM, 1—K=aN,
where M and N are elements of §*{z ™'} such that

(31) bM + aN = 1.



This is a lincar Diophantine equation over §*{z~'} which has infinitely many 125
solutions M, N. The freedom in choosing M and N can be exploited for optimization.
Now let & be a minimal realization of

S =B A;' = A'B,e iz},
2 be a minimal realization of some R € &,, ,{z"*} and denote
(32) K, = SR(I, + SR)™, K, =RS(I,, + RS)™".
Then the closed-loop system is stable if and only if
33) K,=BM,, I, —K, = N4, ,

K, =M,B,, I,— K, = A,N,

where My € §o {271}, N e @ {z7"} and M, e & {271}, Ny e @) {z71} obey
the linear Diophantine equations

(34) BM, + N4, =1,
(35) AN, + M,B, =1, .

It is shown in [18] that the M,, N, and M,, N, satisfy the mutual rclations
(36) AM, = M,A,,

N,B, = BN,

by virtue of (32) and (33).

If I = m =1 we have

A =A,=a, B=B,=b, K, =K, =K

and equations (34) and (35) reduce to equation (31).

As shown in [ 15, 18] the closed-loop system need not be a minimal realization of K,
and K, even if the & and # are minimal realizations of §'and R. Then the above result
demands that, in addition to stability of the minimal realization of K, and K, the
remaining part of the closed-loop system, which has no relation to K, and K,,
should also be stable. This part appears due to the mode cancellations in the cascades
SR and RS .

STOCHASTIC CONTROL
In this section we shall transform problems (1) through (4) into a common frame-

work and give the formal definition and complete solution of the general stochastic
control problem.



126 Consider the closed-loop configuration shown in Fig. 7, where

& = system to be controlled ,
A = controller ,

Fw = shaping filter of W,

= random input sequence ,
= white random sequence ,
= system input sequence ,
= system output sequence ,

m%qug

= eITor sequence .

Further denote respectively Fy and Fg the impulse response matrices of the shaping
filters &, and % that generate the random sequences U and E, i.e.

U=F,p, E=FD.

The optimality criterion to be minimized will be chosen as MFEI 2, which can be
interpreted as the sum of steady-state variances of the error sequence components

Fig. 7. The general stochastic control problem.

The mean value of the error sequence is immaterial since it has no effect upon the
steady-state variances. The optimality criterion simply disregards the mean values.
If the error is a zero-mean random sequence then this criterion coincides with the
root-mean-square error criterion [2; 30; 31].

For the moment, we introduce the following notation:

C=FD, V=F,D,

= impulse response matrix of &, ,

L
[

®cc == correlation matrix of C,
@y, = correlation matrix of V',
-cross-correlation matrix of C and V.

&
)
<

]

Then it is clear that problems (1) through (4) can be expressed in terms of Fig. 7
when identifying

sub 1 F, =F.,



sub 2 Fy = S,Fy, 127
sub 3 FyFy = @cc + Doy + D5y + Dyy
sub 4 FyFy = Occ — PeyS| ~ ST Pcy + Dyy -

Now we can give an exact formulation of the general stochastic control problem.
It is instructive and certainly worthwhile to begin with the special case of single-
variable systems and then generalize.

(37) Given a system % which is a minimal realization of
b -1
S=-eFz}, b0
a

and a random sequence W by its shaping filter Fy, which is a (not necessarily
minimal) realization of

Fy =§e%{z“}, g+0.

Find a controller # which is a minimal realization of some R e §{z™ !} such
that the closed-loop system is stable, the Fy is stable, and the |F;|? is mini-
mized.

For further reference define

(38) 4%

after cancelling common factors. Then we have the following result, which is a gen-
eralization of a similar result in [27].

Theorem 1. Problem (37) has a solution if and only if the linear Diophantine
equation
(39 b™x + pagy = b™"q*ag~
has a solution x°, y° such that 3y° < 8b~ and
0

Me_ X No_ P
b*q*a(f b‘Nq*a;‘

Fy = aMFy,, Fp = aNFy
belong to §*{z7'}.
The optimal controller is unique and it is given as a minimal realization of

M
(40) R=".
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Moreover,

(a1) It = ((5) (2)):

Proof. In order to minimize the variance "FEHZ of E we shall assume that Fy is
stable, whereby the E is a stationary random sequence and

(#2) [Fel? = <F7F:)

in view of (28). Then we will manipulate the expression {Fz F> so as to make the
minimizing choice of R obvious.

Write
Fe=(1~K)F,.
Denoting
*
(43) FF=(-6i,
p

it is clear that
(44) FiFy = FF*F}
by virtue of (11) and

(45) Fo=Fr

To guarantee a stable closed-loop system we have to set K = bM for some
Me F*{z7"}, see (30). Then

* *
(46) Fr=2 Mm%
p p
and
* = ok * = * *= *
rrepr=t L Ly L pep=L g
p°p P P p P
*= * =% bEg* = =% * %
+ T Mrrmem - (P ¢ b M) (Eft b M>
I p b*=p p b*7p p
after rearranging. Since
L
b*= b~ b~

by (10) and the definition of b*, and since

()



we can write

(47) F; :F;; = ;UFEO >
where

Pt P il k%, T
(48) Fpo =2 000" D070y

b™pay pag
Now take the partial fraction expansion

g
(49) b*.q*a_o— e
b~ pagy b~  pag

It follows that the polynomials x and y are governed by equation (39).
In view of (48) and (49) we can write

(50) Fﬁo=bl_+z,
where
%k T~
(51) z= X P,
pao pay

Then, by (44), (47), and (50),

o o (F ) ) ) @)oo

Any solution of equation (39) can be written as

-

(53) , x=x0 4220 g,
(b7, pay)

b-

(549 y == ——t,
(b »Pac)

where t € §[z™1] arbitrary and

(55) ay° < b~ .

The key observation is that

- := ¥~ 5~ (@ —dy0)
b~ b~

is divisible by z™* due to (55). Therefore

2 )

129
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and after substituting (54) into (52) we have

0 2o (2 () (o= tee) ()

The first term on the right-hand side of (56) cannot be affected by any choice of M
(and hence R). The best we can do to minimize (56) is to set

t

(57) Z— m =0,
ie.
x  b*q*ag” .. t B
pag . pag (67, pag)
by (51). But
x t x°

pag (b7, pag) pa;’
see (53). Hence (56) is minimized by setting
1)
(58) M x

h b*qta; ™

Substituting (58) into (46) we obtain

* ~x? ks~ — b x0
(59 Fpp=L - __b~x—_~ = i_g’gg‘fsu‘ =
p b~ " pa, b " pay
_ pagy®  __agy°

B b~~pag~ ay"b™~

on using equation (39). Now consider (43) and set 1 — K = a/N for some Ne
e §*{z"'} to guarantee a stable closed-loop system, see (30). Then

* *
(60) Ff =aNL = a,NnL-
p Do

and the comparison of (59) and (60) yields

0
(61) , N = 2oV

T b gy



Observe that the M and NV satisfy the Diophantine equation (31). Therefore, the
closed-loop system will be stable if and only if both M and N are stable. Moreover,
we have to require that

be stable to satisfy hypothesis (42). It can beseen that the Fyisalways stable, see equa-
tion (39), and hence the minimized steady-state variance of E is given by (41) on
applying (42), (56) and (57).

The optimal controller is given as a minimal realization of

1 K M a5x°
SI—K N pb5°

by virtue of (29), (30) and (58), (61).

In order that the F; may be stable it is necessary that p, be stable, i.e. p~ | a
by (42). Then (b~, pag) = 1 and the solution x°, y° satisfying y° < 8b~ exists and
has also the property that y° is of least possible degree among all solutions of (39).
As such a solution is unique, the optimal controller £ is also unique. O

It is to be noted that the input random sequence W was not assumed stationary
in the sense that & does not have to be stable. For unstable %, however, the
problem (41) can have a solution only if p~ [ a. This can hardly be exactly satisfied
in practice due to the parameter fluctuations unless the unstable part of &, is actually
a part of the system & through which the random sequence passes on its way to system
output. As typical examples in this line serve problems (2) and (4) when a stationary
disturbance ¥V passes through an unstable part &, of &, see Example 1.

Example 1. Consider problem (2) for the system & = &%,, where

z1

S =y Sy

S;=1,

and the disturbance ¥ which is a zero-mean white random sequence over § with shaping filter
Fy,=1.

Note that the & is not stable. It can be thought of as a two-phase servomotor with small rotor
resistance, operating at low speeds. At this mode of operation the shaft torque increases with
increasing speed.
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Transformiag the problem into the general configuration shown in Fig. 7 we obtain

Z*l

(=201 - 1527

-1

Fy = (1-z9H( _-1.52_1).

Applying Theorem 1 we compute

and solve the equation
(62) x4+ (-2 )1 =152y =1.
Using the algorithm described in {12] we find the solution x0,5° satisfying 8y° < 1 to be
x0 =25~ 15271,

P =1.
Then
M=25-15"1 N =1,
Fy=25"1—-152"%, Fp=2z""

all belong to §*{z7'} and hence the optimal controller exists and is given as a minimal realiza-
tion of
R=25—15"1
by (40).
Since Fg Fp = 1, the random sequence E (the output of . in Fig. 2) approaches a white
random sequence with variance :}FEﬁﬁ,in = 1, even though the random sequence W is not
stationary.

Example 2. Consider problem (1) for the system % over § which is a minimal realization of
-1
z
8= 01 — 04,1
(=2 (1 - 04z
and the zero-mean random sequence C by its shaping filter

1

€T o5t



This is a typical positioning system. Recasting the problem in terms of Fig. 7 we have

1
Fyp = —— .
Y105t
Hence
bt =1, b™ =271,
ag =1 —-04z"', a5 =1—-2z"1,
qg* =1, po =1 —05271,
and equation (39) reads
T+ (1=-05z")(1 -z ) y=z""~1. »

The solution x°, »° with 6y0 < lis
x* =051 ~:z7",
¥ =1
and it yields
- 1=05Tt
(1—2z"9(1 - 04z71)’
(1 -~ z’l) (1 - 0-42_1)
1 - 05271

(63) M=05,

Fy =05 , Fo=1.

Since the N is not stable the closed-loop system would not be stable, either, and hence the error
variance never reaches its steady state. We conclude that the problem has no solution. As a rule,
it is impossible to design a stable closed-loop positioning system that would follow a zero-mean
stationary random signal in the minimum variance sense. To avoid this impass we usually intro-
duce a nonzero mean value and take it into computations in several ways, see [2; 30].

Example 3. Consider problem (2) for the system & = &,&, over § which is a minimal
realization of

Clearly, we have

in Fig. 7 and
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134 ai =1, a, =1,
q* =4—-3z71 4272, p, =1.
Thus equation (39) becomes
-z )x+ ' =y =("1-1)E@ -3z +z7%)

and the solution x°, yO with ayo < 2is

‘We obtain
: 1 2
M=~ ——  — N=—
4 —3z71 4 772 (4—-32""+z7%)(z'-2)
2
Fy=-1, FE:Z—Z_l

1t should be noted that the optimal and stable solution exists (the steady-state system output
is even a white random sequence) though the system & does not enjoy the minimum-phase
property. This result serves as a counterexample to the common fallacy that a system with zeros
at the stability boundary cannot be stably controlled in the minimum variance sense [27].

Now we proceed to the multivariable case.
(64) Given a system % which is a minimal realization of

s=8eg.z1), B+o,
a

and a vector random sequence W by its shaping filter F), which is a (not
necessarily minimal) realization of

Fy = %e iz}, @=+0.

Find a controller # which is a minimal realization of some Re &, {z7'}
such that the closed-loop system is stable, the Fy is stable, and the |Fy||® is
minimized.

For further reference denote rank B = r and write

S =B;A;' = A7{'B,.



By (26) and (8) the B, can be written as B, = BJ By and
By =[B1, 0],
where Byy € §,[z7*], 0€ &, u-,[z7"] and rank B}, = r. Then, using (12),
BBy = (31‘1)*:(31_1)*: f

where (Bi,)* e &,,[z7'] and rank (B)* = r. For convenience, denote H =
= (By)* and

(65) d=0By, — ¢H.

Further Jet rank Q = s and employing (8) write Q = Q{ Q5 , where by definition

Q; = [Ql_l
0

with Q7 € §,,[27], 0€ &,_s,[z7'] and rank Q3; = s. Then, using (13),
031703{ = (02)*~ (@3,
where (Q3;)* € &, [z7'] and rank (Q;,)* =s. For convenience, denote L =

= (Q3,)* and

(66) 0* = /L e®f=7"].
0
We shall also use the notation
o _F
| =
p Do

A

where (po, F) = 1, and write F = F{F;. In view of (8) the F; can be written in

the form
F; =[F;
0

with F3, € & [z7*], 0e & ,_ [z7'] and rank F;; = s5. Then, using (13),
Fz—szvlm = (Fz_l)* (F;1)*=’ 5

where (F7,)* € §, [z~ "] and rank (F3,)* = 5. For convenience, denote G = (F3;)*.
It can be shown [18] that

(67) 8F;, — 3G =0.

We have the following fundamental result.
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Theorem 2. Problem (64) has a solution if and only if the linear Diophantine
equation

(69) zTH™YX + YG™'p = By 'Q*F3

has a solution X°e Frs[z '] Y0 e F [z such that 8Y° < 8z"?H™' and the
linear Diophantine equations

(69) B.M, + NA, =1,

(70) AN, + M,B, =1,

and

(M) - AM, = M, A,
BN, = N,B,

have solutions My € §p {z7}, Ny e §F{z""} and My e §r {271, Ny e §o {271}
satisfying

(72 HM, F;' =X°, BiM,Q*= [Ml }
M21

(73) By 'N,,G = YOPO s NlFf' = [Nn Nxz] »

and

Fy = A;MFy, belongsto g, {z7'},

m,q
F; = N\A\Fy, belongsto & (z7'}.

The optimal controller is not unique, in general, and all optimal controllers are
given as minimal realizations of

(74) R = M,N[' = N;'M, .
Moreover,
(75) [FellZin = tr ((H™) 1Y) ((H™) 1Y) +

+ tr (F5'Fyd — tr (Fy' Bi H Y (H™) 1 B17'Fy, ) .

Proof. In order to minimize the sum of variances | Fg||? we shall assume that Fy
is stable, whereby the E is a stationary vector random sequence and

(76) |Fel? = tr (FFFpy = tr KF7Fy)

in view of (28). Then we will manipulate the expression tr (Fg 'Fg) so as to make

" the minimizing choice of R obvious.
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Fy = (I, — KI)I"W .

Denoting
* o*
(77) Ft;=(ll"‘K1)_,
P

it is clear that
(78) FiF, = FEFY
by virtue of (15) and (43), and
(1) Fy =F;L'Q3; .

To guarantee a stable closed-loop system we have to set K, = B;M, for some
M, e Fn {z'}, see (33). Then

* * * * * -
(80) Fi= o B,M, e [B;, 0] Bf M, e_2_ »B"Jﬂ,
p p P p P p

where

B;MxQ* = |:M11}
MZI

and My, e §'{z7*}, M, e §i_, {z™*}. Substituting into (78) we obtain

*=1 Ok * =1 *
F:_’Fg = ’Q‘—:Q- - Q: BI_IMII - M;L’BL_;V‘Q:‘ +
prp pp pr

S
+ M{i'By, —:‘BuMn =
pp

- ((H")"BIT’Q* _ HMu)”((Bff)i‘,‘?ff'Q’f - %) +
P P P P

*=1 )k el *
AN 4 =Q - -Q= By H Y (H™)! s
Pp P

Now, by definition,
G 'Fy F3(G7) =1,



138 and using the well-known property of the trace of a matrix, we obtain

(81) tF7F,

i

tr (F;1='(G=")‘1)='<M'_Q_* _ _%)”

P 4
‘<(H=/),1 B Q* HM“> (F52(G=) 1) +
P p

%=1 ()% *=1 X *
trM —uf — B, H '(H™")"' B’ Q_.
PP P 14

Since the last two terms in (81) are independent of M, (and hence M, and, in
turn, R) the expression tr {(F; 'Fy) attains its minimum for the same controller R
as the expression tr {(FzFy,> does, where
(H=)"' Bjy"'Q*F5(G™)™" _ HM, Fy/(G™)™F

p P

(82) Fxo =

L) BTG HMFE(GT)
- p 14

Here we have used the substitutions

H) ' By — == - -
(—%—, Fiy (G ) 1:F21 (G ) !

(B By =

obtained from (10) and (65), (67).
Now take the partial fraction expansion

— (G~ 1 ~-1y  x(G )1
(83) (H ) B Q,; Fai (G ) — (H }d + ,_(_ ) .
zp z P
It follows that the matrices X and Y are governed by the Dlophanune equation (68).
In view of (82) and (83) we can write

)ty
0= Ty

(84) : CFy +Z,

where
X(G™)'  HMF;(G7) !
p p

(85) z-=



e ————

Then (84) implies

(86) tr (Fg Frod = tr <((I££ IY)_ (KH;:;’/» +

z z
~ =1 PN\ = ~-1
+ir <(§§—)~—X) Z> +r <Z:’ (M» +(Z7Zy.
e ]
Now let
(87) z79H™' = E, diag {a;, a5, ..., a,} Ep4,

G™"'p = E,pdiag {bl» by, ..., bs} E;p

be the respective canonical decompositions. Then, using (21), any solution of equa-
tion (68) can be written in the form

(88) X =X° + E;[TE,,,
(89) Y = Y° - E,,SE;,
where

(90) oY°® < 9z H™',

the matrix Te &, [z7'] has elements t;;b;/(a;, b;), the matrix Se §, [z7'] has

iiv, i Yj
elements a;t;/(a;, b;), and where 1,; are arbitrary polynomials of F[z~*].

The key observation is that

(ﬁw); = z—(ﬂ:*“ll"’vaYo) (H/)—l yo~

z—d

is divisible by z™! due to (90). Therefore

(Y () -
SR

and after substituting (89) into (86) we have

o e (R ().

.oz z

~n -1 ~n-1
+r << _(Hzl E,ASE;B‘) (z- (H7_1 EMSE;B‘».
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140 The first term on the right-hand side of (91) cannot be affected by any choice of M,
(and hence R). The best we can do to minimize (92) is to set

)

92) z ) E,SEff =0,
z

ie.

X(E)t HMGFTGT)T (T g sk~ o

p p z
by (85). But
~n-1 ~ny =1 Ofr~\~-1
’M,, - (—Q—EMSE[,} = M
—a
p z p
because
~ -1
x - W g seiep =
Z—d
11 ..
=X - E; diagd{—, —, ..., —bSdiag{by, by, ..., b} E;p =
a; a a,

=X - Ez_AlTEZB =X°

on successive application of (87), the definition of T'and S, and (88).

Therefore (91), and, in view of the above discussion and (80), also the tr (FzFy>
is minimized by setting

93) HM, F;™ = X°.
Substituting (93) into (80) we obtain

—~rARET Y L mdpp~r 0
(94) By Fipyy = B — TR oG
p

on making use of equation (68). Now consider (77) and set I, — K, = N, 4, for some
N, e §{z7'} to guarantee a stable closed-loop system, see (33). Then

*
95) BIFEF; = BN, A, % P =
PTF5] pomr _ BIT'NLGG™
=B;1~/Nl£F2_1~’=B;1~,N1 i‘[F21]F21 ' =M“_‘—‘“ »
Po Po |0 Po
where

N1F+ = [Nu N12]



and Ny, € & {z71}, Nz € §i-{z~'}. The comparison of (94) and (95) yields 141
(96) BI7'Ny,G = Yp,.

To summarize, we have to first solve the stability equations (69) and (70) for stable
M,, N; and M,, N, and then restrict the solutions so as to satisfy the mutual rela-
tions (71). Then the closed-loop system will be stable. Further we solve the optimality
equation (68) for X°, Y° such that 8Y° < 0z~ “H ™' and, in order to obtain an optimal
as well as stable closed-loop system, we have to satisfy relations (72), (73). Moreover,
it is necessary to require that ¥y, which is given by

SFy = K, Fy, S=B1A;1’ K, =BM,,
as
Fy = A;M(Fy
be stable according to the problem statement and that
Fe = (Il - Kx) Fy = N, A Fy

be stable to satisfy hypothesis (76).
Then all optimal conirollers are given as minimal realizations of (74) because
SR = K,(I, - K,)*,

S=BIA2_1’ K, =BM;, I,— K, = N4,
yields
R = A,M A]'N]' = MyA A{'N{* = M,N; !
on applying (71), and
RS = (Im - Kz)_l K,

S=A1_IBZ, K, =M,B,, 1,— K, =4,N,
yields
R = N;'A7'M,A, = N;1A2‘1A2M1 = N;'M,

again applying (71).
The minimized sum of steady-state variances of the individual components of E
is given by (75) when (76), (78), (81), (82), (91) and relations

274z =1
(r Q¥ = QFTOY = Q70 = 070
are taken into account. Note that when r = [ the BJ, is invertible and, by definition,

B () (BT = 1,
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Then (75) simplifies to
[Falmin = tr <((H~)H YO~ (H™) 1Y) 0
Example 4. Consider problem (2) for the system & = & &, over § which is a minimal

realization of
[ J45/16\ =71 ]
=11 _ (5,1
s, = z7i(1 —~ 05z )7 s, =1

(1-z"9(1 - 05271
and the disturbance given by
F, =1.

The system is depicted in Fig. 8 and can ‘be interpretted as a two-dimensional single-variable
system in which the auxiliary output Y, is used to improve the control.

v
U z' %% Y
o T { EE
Fig. 8. The system in Example 4. e ./

The problem can be recast in terms of Fig. 7 by setting

N i ) I e Y

T—z ) -0s) YT (1-z ) (1-05zY

Computing the canonical decomposition
\/45/16\ z7! = \/45/16 07 2717,
z7Y(1 - 05271 1-05z" 1][0

B, = [¢45/16\ Y A=(1- (-0,
\

z71(1 — 05271

we obtain

Ay = ’16/45\ (1 - z"‘) (l - 0'52_1) 0], B,=[z"!
[V - \/16/45\ (1 - 0'52“) 1] [()‘ ]
by (26) and also
0 =[\/45/16\ z7t :,, p =(1 —zyl)(l —0-5271).
2711 = 0527Y)

It is seen that



We shall first guarantee the closed-loop stability by solving equations (69), (70) and (71).

Equation (69) becomes

JA5[16\ z7t M, + N, [J16/45\ (1 — z7Y) (1 - 0-5z7Y) 0] =[1 017,
[ | I7Lo]

z 11 - 05z71) — J16/45\(1 — 0:5z71) 1 01
and it is equivalent to the polynomial equations

7l 4 A (L- 7)) (1 - 0527) =1, z7'm}, + 4}, =0,

Ayl -z (1 -052"1) =0, i}, =1
where
M, = [mi, m},] J16/45 07,
— J16/45\(1 = 0-5z71) 1
N, =[/45/16 07 [ay, -
L — 0527 1] [As, Al
We obtain

Ml = 15— 05270 4+ (1= 27 (1 = 0527 1) 1y, sy = 1,3,
Ay =1 -z, d, = -2,
ﬁ;l =0, ﬁ;’zz: L,

for arbitrary #,, ¢, € F*{z7'}.
Equation (70) becomes

(1= 27 (1= 057 N, + M, [z"] =1
0

and it is equivalent to the polynomial equation

(1 - 271) (1 — 05z ’1) ﬁfl + ﬁlflz‘l =1
where
N, = [ﬁﬂ] , M, = [ﬁ’fl ”12] .
We obtain .
ﬁ%l =1l=z""y,,

i =15-05""+(1 -z - 05z v,

for arbitrary v, 4, v(5 € 8+{z'l}.
The mutual relations (71) then yield

vy =y,

v = (1 — 27 (1 — 05271 ¢,
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144 and, finally,

M, = [\/16/45\ (1'5 - 0‘5241) +
+ \/16/45\ (1 — zvx) (1 - 0'52_1) t, — \/16/45\ (1 - 0‘52”1) t, tu] s

N, = [\/45/16\ — J45/16\ z7 ey, — J45[16\ z 711, :l,
1—05z71 —z7%(1 — 0527 ) ¢y, 1—z7'(1 = 052711,

and

M, =[15-052"0 +(1—z ) (1 - 0527 )ty (1~2"Y)(1—052")1,],

Ny =1 —z"%,.

Further we shall solve equation (68) to minimize the optimality criterion. Computing

B, =[45]16\z"t 7|, Bf =1, B =[J45/16\z"% =1 — 0],
z7(1 - 05z7%)

H=2-025:"', H" =2z!'-025, d=1

and
Qi =[4s/16 0], 05 =[], Qu=27",
[1 — 05271 1:' [0 :I
L=1, Q*= \/45/16
[1 - 0~52"]
and

F=1,F:=10,F;=1’F;1=1$
0 01 0

G=1, py=1,
equation (68) becomes

27227 = 025) X + Y1 - 27 (1 - 0527 ) =
= [/45/16\ 271 z7! — 0-5] [/45/16 = —05+ 3,71 - 05272,
1—05z71

Its general solution is

X

i

275 —z7 '+ (1—-z7H)(1 - 0527,
Y

]

~05 4 4z71 — 2'1(22_1 - 0'25)t
for arbitrary polynomial 7 € %[2_1], and the solution X°, Y° satisfying 8¥° < 2 reads

X0 =275—-2z"1, Y'= 0544z,



Now we have to satisfy relations (72) and (73) thereby putting the conditions of stability and
optimality together. Computing

M, =15-05""1 + (1 -— z’l) (1 - 0‘52"1) tiy,
Ny, = \/’45/16\ — \/45/16\ z7 1,
|:1 —-05z7 —z7H (1 — 0'52_1) tu]
by (79) and (80), we obtain
0-25
C2-0251

tll -

t,e§ {z"1} arbitrary.
Therefore

275 -zt
M, = [\/16/45\ o

— J16/45\ (1 — 0527 %) 1,, r”],

N 2
Ny = [45]16) - —— — J45/16\ 271t
e Va6 =
1 — 05z
g 7P 1 —z711—-05z"Y¢
| "2 — 025271 ( St
and
275 —z7 1
M, = | 275 11—z )1 =052, |,
22 —025:71 ( ) ) 12]
-2
2202571
and also
. — ‘7——1 T
F,,:z"L, Fp = 2z“1M
2 - 025271 2 - 02527t
2 — 025z

As the above matrices are stable, our problem has a solution. The optimal controller .is not
unique and all optimal controllers are given by (74) as minimal realizations of

(97) R = [é \/16/45\ (2'75 - z"l) -
— 1 J16/45\ (1 — 0-527) (2 — 02527 %) ¢,, 42 — 025z7Y)¢,,].
All these controllers give the minimized sum of steady-state output variances equal to

20

__+§:4
7 7

1Feln =
by (75).

145



146

The nonuniqueness of optimal controller can be utilized to meet additional requirements.
For instance, choosing

b, =2
2Ty 02527t

in (97), the resulting controller
R, = [3./16/45 1]

has the least possible dimension (equal to zero) among all optimal controllers.
Choosing

_ 1 275 -zt
1 —05z712 — 025271

tlZ

we get
: 75 — gt
(98) R, =0 LS
1 —05z712—025:"1
and choosing
t; =0
we get

(99) R, = [$J16/45\ (11 — 4z"Y)  0].

Therefore, the controller % is the simplest one to realize, while the controllers #; and %,
might be used as emergency controllers in case of breakdown of the first and second control
channel respectively. Of course, all these controllers give the same optimal performance.

(Received May 20, 1974.)
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