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KYBERNETIKA — VOLUME 25 (1989), NUMBER 5

EQUIVALENCE, INVARIANCE AND DYNAMICAL
SYSTEM CANONICAL MODELLING

Part II. Invariant Properties of Reachable Models and
Associated Transformations

ROBERTO P. GUIDORZI

The second part of this paper considers two different classes of models for linear reachable
multivariable systems: state-space models and polynomial input — partial state — output
models. Equivalence relations that do not affect the input-output behavior of the considered
models are then introduced, as well as associated sets of canonical forms directly parametrized
by the image of all the models belonging to the same equivalence class in a complete set of indepen-
dent invariants for the considered equivalence relations. Results regarding systems that are both
completely reachable and completely observable are then considered.

1. INTRODUCTION

From a conceptual point of view the content of many sections of this second part
of the paper is perfectly dual to the content of some sections of the first part. From
an algebraic point of view, however, only the results regarding completely reachable
state-space models can be easily derived from those regarding completely observable
ones; it has thus been considered as preferable to avoid the use of duality considera-
tions. The paper consists of five sections with the following contents. '

Section 2. This section deals with a well-known set of canonical forms for the
given equivalence relation on X, and X, and shows how these canonical models are
parametrized by the image in a complete set of independent invariants of every
element beloging to the same equivalence class.

Section 3. This section defines a set of canonical forms for the considered equiv-
alence relation on S, and S, and shows that their parametrization is the image
_in a complete set of independent invariants of every element belonging to the same

equivalence class. "

Section 4. The canonical forms that have been independently defined on both
X, and S, are compared and the elementary algebraic links between these formally
different representations deduced.

386



Sections 5. General results regarding minimal systems and some concluding
remarks are reported in this section.

References to the contents of parts I and II are made according to the following
rules: Definitions, theorems, lemmas, corollaries, properties, remarks, figures and
algorithms: (p, n) where p refers to the considered part and n is a progressive number.
Equations, relations, formulae and examples: (p, s, n) where p refers to parts, s to
sections and n is a progressive number.

2. CANONICAL FORMS ON Z, AND X

Let (F, G, H) be an element of X, with dim (F) = n and

hl"
(2.2.1) . - H=]|: G=1[g:...9.]-
| ‘ |

Consider then the r sequences of vectors given by ,
91 Fg, ... F"" g,

(22.2) :

9. Fg, ... FO7r g,

Now order vectors (2.2.2) as follows
(2.2.3) g,...9, Fg, ... Fg,...F¢" g

and select, in sequence (2.2.3), the vectors linearly independent of the preceding ones.
Let F¥°g; be the first vector, belonging to the ith row of (2.2.2), linearly dependent
on the preceding ones in (2.2.3), i.e. such that

roov;i©

(224) g = Y 3 atuF Vg,

j=1k=1

holds where, because of the order of the vectors in sequence (2.2.3), the integers v;;
are given by

v =i for i=j
(2235 = vi; = min (§ + 1,v) for j>i
© vy = min (v}, ) for j<i

The total number of scalars ofj;, thus defined is therefore given by
(2.2.6) n =.Zl -Zlvi"'
i=1j=

As is well known, dependence relation (2.2.4) also implies the linear dependen(;é
of all subsequent vectors belonging to the ith row of (2.2.2) (i.e. of the type F®*“*¥g,,
k =z 1) on their antecedents in sequence (2.2.3). :
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The linearly independent vectors selected in sequence (2.2.3) are called regular
vectors [1].

Remark 2.1. Since rank (G) = r, all the integers v§ are greater than zero.

Remark 2.2. Because of the complete observability of all the elements of Z,
the regular vectors constitute a basis for &, i.e. v{ + ... + vi = n.

Now denote
(2.2.7) eipe = (i, F€™ Vg
the scalar products of the columns of H' with the regular vectors.

Definition 2.1. The integers v{ (i = 1, ..., r) obtained by means of the outlined
procedure are called in the literature Kronecker invariants of the pair (F, G)since
they are coincident (modulo ordering) with Kronecker’s minimal column indices
for the singular matrix pencil [zI — F | G] [2], [3]. These indices will be called in the
following structural invariants of (F, G} or control invariants of (F, G, H).

The scalars of;, which appear in (2.2.4) will be called characteristic parameters
of the pair (F, G), and the scalars c§;, which appear in (2.2.7) will be called output
parameters of (F, G, H).

A set of scalars (v, O s cgjk) has been associated to every element (F, G, H) of ..
A function
fc - (f;:v,f;:;tk’ icjck): Zc > N' x F" % e/ov(nXm)
has thus been implicitly defined. Here, and in the following, N denotes the set of
natural numbers. It is now possible to prove the following theorem.

Theorem 2.1. The function f, = (f{", f{i, fij) constitutes a complete set of in-

dependent invariants for equivalence relation (1.2.6) on Z,.
Proof.

Invariance of f,

Let (F, G, H) and (F’, G, H') be two elements of X, with (F, G,H) E (F',G', H').
It will be proved that f,(F, G, H) = f,(F', G’, H'). Because of the given definition
for E there exists a nonsingular matrix Te #®*" such that F' = TFT™!, G’ = TG
and H' = HT™'. Sequence (2.2.3) for (F’, G’, H') is given by

(2.2.8) Tgy ... Tg, ... TF®"~ g .

Because of the nonsingularity of T'the linear dependence relationships among vectors
(2.2.8) are obviously the same as among vectors (2.2.3). It follows, therefore, that
f(F, G, H) = f{*(F', G', H') and f{3(F, G, H) = f33(F’, G', H'). Now denote with
R the basis of & given by the regular vectors ordered as follows

(2.2.9) R =[g;... F"*Vg,|.. | g,... F**=Dg ]
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Because of the given deﬁnltlon (2.2.7) the scalars c;, are the entries of the matrix
HR. When the triple (F’, G’, H') is considered, because of (2.2.8) it follows immedi-
ately that the scalars ¢jj, are the entries of the matrix H'R' = H T 'TR = HR.
Therefore f55(F, G, H) = fi;(F', G', H') and, consequently, f(F,G,H) =

= f(F',G, H). R :

Completeness of f,

Let (F, G, H) and (F', G', H') be two elements of X, such that f(F, G, H) =
= f{F', G, H') = (v}, &y ¢§p). It will be proved that (F,G,H)E (F, G, H).
Since v§ = v[° it follows that the regular vectors associated to (F', G', H ') are generated
exactly in the same way as vectors (2.2.9), i.e.

(2.2.10) R =[g;...FO" Vgi]..]lg,... FFO"Vg].
Now define the nonsingular matrix E
(2.2.11) T=RR™! ‘ :
so that Thoes L . R E '1;’;_;
(2.2.12) A R =TR ’ S B
(2.2.13) FeDgt = TFE-Ug (i=1,..,rk=1,..,v).
Relation (2.2.13) for i = 1,...,r and k = 1 implies G’ = TG. Moreover, since
of, = o it also holds that , e
(2.2.14) Feg, = TR g, (i=1,...,7).
From (2.2.13) and (2.2.14) it is possible to write |
F'R’ =TFR '

and, consequently,
= TFRR'™! = TFRR™ T !

F = TFT™!

From condition c{;, = c;j it follows that

H'R' = HR
or, also,
H' = HRR™'T 1 = HT!

It has thus been proved that (F,G,H)E (F', G, H') and, therefore, that set
(f*, fies f553) constitutes a complete invariant for E. \

i

Independence of f,

Let (v, ...,v{) be an arbitrary element of N" with n = v{ + ... + ¥}, £ 0, “
(«5;) an arbltrary element of #” and (c{;) and arbitrary element of F@*™. It will
be proved that there exists an element (F, G, H)e X, such that f(F, G, H) =
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= (v}, 0§ €55) 1.€. that f, is surjective with respect to N x F" x #*™, This will
ensure the independence of the considered set of functions.
Choose an arbitrary basis, R, of Z and denote its vectors as follows.

(2.2.15) R=1[ey...ey0]|€...e,..

| e o el -

Now define the columns of the (n X r) matrix G as
(2.2.16) gi=ey (i=1,..r)

while the columns of the (n x n) matrix FR are defined by means of the following
relations

(2.2.17a) Fe;; = ei(j+1)
(2.2.17b) Feie =13, Z i ,
S

Since R is nonsingular, the n relations (2.2.17) univocally define F. Similarly, the rows
of HR (and, consequently, of H) are defined by means of the relations

(2.2.18) th = [Cill ces cilvlcl“'l Ci,.l R Ci,.vrc] .

It is now necessary to verify that the image in f, of the triple (F, G, H) defined by
relations (2.2.16), (2.2.17) and (2.2.18) is (v{, oy, ¢5;). From (2.2.16), (2.2.17a) and
(2.2.17b) it follows that ‘

(2.2.19) e; = Fey;_yy = ...=FU Ve, = FU~ Vg,

Substitution of (2.2.19) in (2.2.17b), in (2.2.15) and, consequently, in (2.2.18) directly
leads to relations (2.2.4) and (2.2.7). It is thus proved that f{i(F, G, H) = («5),
5F, G, H) = (c5;)- Now let 9 = f{*(F, G, H); from the substitution of (2.2.19)
in (2.2.17b) it follows that 9 < +{ but the substitution of (2.2.19) in (2.2.15) leads to
relation 9§ + ... + 9 = n so that ¥ = v§ and f7"(F, G, H) = (v}). |

The following corollary directly follows from Property 1.1.

Corollary 2.1. Let g: N" x x Foxm) 5 N' x F1 x FO*™ be a bijection.
The function g - f. is a complete set of independent invariants for E on X..

In [1] it is proved (with a weaker definition of independence) that f, = (f;”, fi5
constitutes a complete set of independent invariants for equivalence relation (1 2.6)
on the set of pairs (F, G). The image of f,, however, does not allow to parametrize
the quotient set X /E.

Canonical Forms on X,

= (7", fif fi5) is a complete set of independent invariants for E on X,. The
image of f,, (v, o5, ¢5;,) can therefore be used to parametrize X /E i.e. to construct
a set of canonical forms for E on Z_.
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Definition of the Set of Canonical Forms C,

Very useful canonical forms are the multicompanion ones that can be directly
obtained from the set of scalars (v§, oy, ¢i)- This canonical subset of X, will be
denoted with C.. The elements of C, can be constructed by means of relations (2.2.15)
to (2.2.18), choosing the natural basis for Z. From R = I, in fact, it follows that

10 ... 0]+t
00...0

61 0 (5 +1)

: ' 00...0
(2.2.20) G=]|: :
00 ... 1]« +.a4vio+1)
006...0
00 ... 0]
(2.2.21a) F=[F;] Gj=1..,r
00 ... 005
; 10...0 a5,
(2.2.21b) Fpu=101...00;
exvey 00 o0 Laf, el
10 ... 0 afy
(22210) Fy=10...00a,.
0...00
x| 0 ... 0 0 ]

Clit --+ Clive
(2222) H=[H,.. : :
. (mX vi©) Comit - - - cfnivic

It is well known how the canonical triple (F, G, ) is algebraically linked to a generic
triple (F, G, H) equivalent under E. In fact, F = TFT"', G = TG, H = HT™*
where T'is the matrix of regular vectors (2.2.9).

Other canonical forms for E on X, can be parametrized by means of sets of scalars
bijectively obtained from (v§, a4, c5) [4], [5]-
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Example 2.2.1.

Let us consider the triple (F, G, H) € X, given by

—05 1 0 15 1
-1 -11 0 1
(2.2.23) F=| 1 00 0 -1
05 0 1 —15 —1
05 0 0 -05 1

0 17
10
(2.2.24) G=|10
01
|0 1
[0050050
(2.2.25) ‘ H= 00 00 J
The sequence of vectors (2.2.3) is given by:
0 11 2| 1 -4|-3 8
1 00 0 —-1-2 110
(2.2.26) 1 0/0 0] 1 2‘ 1 -6 ...
0 1 1—2;—1 4/ 3 -8
0 1/0 0] O 2' 1 -4
o000 o O e e e

where the vectors linearly independent on their antecedents have been denoted with
the abstract symbol o, the linearly dependent ones with the symbol e. The scalars
v{ and v§ are therefore given by v{ = 3 and v; = 2.

The scalars «f;, can be obtained by computing the dependence coefficients of the
first dependent vectors in (2.2.26), i.e. F?g, and F’g, from their antecedents. The
obtained values are

<
ajy = 0

C
%221 =
c
%py = —2 o = —3
o= 2 222
123 =
/ (4 _-
i = 1 = 1
211 =
¢ _
%112 = -1 oS = —15
ooz 0 212
113 =

The scalars ¢ can then be determined as scalar products of the transposed rows
of H with the regular vectors in sequence (2.2.26). The obtained values are

c —_— o
€111 = 05 cs — 05
e _ 05 121

112 — c© = —1
& - _1 122

113 —
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Gu= 0 €321 = 1
2= 0
3= 0

The scalars computed in this way are the image f.(F, G, H). The canonical form
(2.2.20)—(2.2.22) directly parametrized by this image is thus given by the followin

c
¢322= 0

triple.
Jo 1 0 o 0]
: 1 0 —1 JO -2
(2.2.27) F=|0o1 0 (0 2
00 1 |0 2
o 0 -15/1 -3
1 o1
: 00
(2.2.28) G=|00
0 1
0 0
: ~ [0o505 —1/05 —1
(2.2.29) H:~O 0 ol1 o]

Remark 2.3. The canonical forms (2.2.20)—(2.2.22) that have been considered
on 2, can obviously be considered also on X, since X, is a subset of X, which is closed

with respect to equivalence relation (1.2.6).

3. CANONICAL FORMS ON S, AND S,,

In this section a subset, K, of S, is defined. It is then proved that K is a set of
canonical forms for equivalence relation (1.2.8) on S,. The transformation of a generic
element of S, to the corresponding canonical form is then considered and a transfor-
mation algorithm is given. The invariance properties of this transformation are
then investigated and a numerical example proposed.

Definition of the Set of Canonical Forms K,

Consider a subset, K, of S, whose elements (R(z), 5(z)) are characterized by the
following conditions:
1) The polynomials on the main diagonal of R(z) are monic;
2) The relations among the degrees of the entries of R(z) are

(2.3.1a) - deg {F;;(z)} = deg {Fij(2)} if j>i
(2.3.1b) deg {¥;,(z)} > deg {Fi(z)} if j<i
(2.3.1¢) g deg {Fii(z)} > deg {Fi(z)} if i=*j;
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3) The relation between the degrees of the entries of R(z) and §(z) is

(2.3.2) deg {F;,(z)} > deg {5;(2)} .
The entries of the elements of K, will be denoted as follows:

( ) ) rF“(z) oo Fol2)
2.3.3 o R(z)=| : :

: | Fa(2) - Fl2)
( ) ~( ) r§11(z) 51:(2)
2.3.4 S(z) = : :

o _'s'ml(z) oo Su(2)

(2.3.53-) Fjj(Z) = Z‘ch - a;jvjcz(vjc‘l) e T :x;jlz - a;jl
(2.3.5b) Fiflz) = —of;, 20070 — L — w5z — A,
(236) §ij(z) — 'y?jlz(viC—l) + ...+ 'y‘i;j(vic—l)z + ??jvl.c .

Remark 2.4. Because of relations (2.3.1) it follows that the column degrees in R(z)
are the degrees of 7,,(z), ..., F,(z), i.e. v§, ..., v. Moreover it holds that

(2.3.7) degdet {R(z)} = Y v¢ = .
i1
Remark 2.5. The total number of significant coefficients in the entries of R(z) is.
given by

(2.3.8) n=7y > (=)
i=1j=1
while the total number of coefficients in the entries of S(z) is given by

(2.39) T Y=

i=1j=1 i

n=nxm.

M=

1

Theorem 2.2. K constitutes a set of canonical forms for E on S,.

Proof. The proof will be decomposed into the following steps: ,

a) For every element of S, (R(z), S(z)) there exists an element of K., (R(z), 8(z)),
equivalent to (R(z), S(z)).

A constructive proof of the existence of this element is given by Algorithm 2.1.

b) The element of K, equivalent to a given element of S, is unique.

Assume that for a given element (R(z), S(z)) of S, there exist two different elements
of K,, (R'(z), §'(z)) and (R'(z), §"(z)) equivalent to (R(z), S(z)). From this assumption
it immediately follows that (R'(z), §'(z)) E (R"(z), §"(z)), i.e. that there exists a uni-
modular matrix M(z) such that R"(z) = R'(z) M(z) and §"(z) = §'(z) M(2). Let
us now consider the jth column of R’(z); this is a linear combination of the columns
of R'(z) multiplied by the elements of the jth column of M(z). Since (R'(z), 5"(z))
is an element of K, the elements of the jth column of R’(z) must satisfy conditions
(2.3.1a) and (2.3.1b). Since, however, the elements of the jth column of M(z) are
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polynomials in z (and not rational functions), and the elements of R'(z) satisfy
conditions (2.3.1a) and (2.3.1b) it follows that, necessarily, m;;(z) & O and that
the column degree of this column is v§" = + deg {m(z)} Since M(z) is uni-

modular, degdet {R'(z)} = degdet {R"(2)} i.e. 7 vy Z v$" and, therefore,

deg {m;;(z)} = 0 (j = 1.....r). It has thus been estabhshed that R'(z) and R'(z)
share the same ordered set of row degrees

The elements of the jth column of R”(z) must also satisfy row conditions (2.3.1c)
with respect to the on-diagonal elements of the subsequent columns; this necessarily
leads to the conditions m;,(z) = 0 for i > j on the jth column of M(z). Similarly
the elements of the jth column of R’(z) must satisfy row condition (2.3.1¢) with
respect to the on-diagonal elements of the preceding columns, and this leads to the
conditions m;;(z) = 0for i < j on the jth column of M(z). It has thus been established
that M(z) = diag {m;,(z)} with deg {m;;(z)} = 0; M(z) is therefore a diagonal real
matrix. Since the polynomials on the main diagonal of R'(z) and R’(z) are monic it
follows that M(z) = I and, consequently, R'(z) = R'(z).

c) Elements of S, in the same equivalence class (wzth respect to E) are equivalent
to the same element of K.

Let (R'(z), S'(z)), (R"(z), S"(z)) be two equlvalent elements of S (R(z), 8(2)),
(R"(z), S"(z)) the two corresponding equivalent elements of K,. Because of the
equivalence between (R'(z), §(z)) and (R"(z), S”(z)) it also follows that (R'(z), §'(z))
E(R"(z), §"(z)) and since, because of step b), the equivalence classes with respect
to E in K, have a single element, it follows that (R'(z), §'(z)) = (R"(z), §"(2)).

d) Elements of S, which do not belong to the same equivalence class are equivalent
to distinct elements of K. /
Let (R(z), S'(z)) and (R"(z), S"(z)) be two elements of S, belonging to distinct
equivalence classes. It follows that R'(z) + R’(z) M(z), S'(z) + S"(z) M(z) for
every unimodular matrix M(z). If there exists an element of K., (R(z), 5(z)) equiva-
lent to (R'(z), S'(z)) and to (R’(z), S"(z)) then R(z) = R'(z) M'(z) = R"(z) M"(z),
3(z) = S'(z) M'(z) = S"(z) M"(z) and, consequently, R'(z) = R"(z) M"(z) M'~*(z),
S'(z) = S"(z) M"(z) M'"*(2). (R'(2), S'(z)) and (R"(z), S"(z)) are therefore equiva-

lent to distinct elements of K.

According to Definition 1.7 it has thus been proved that K, is a set of canonical

forms for equivalence relation (1.2.8) on S.. |

Transformation to the Canorical Forms on S,

Step a) in the proof of Theorem 2.2 will be constructively established by means
of the following algorithm which allows, given a generic element (R(z), S(z)) of S,,
transformation to the corresponding canonical form (ﬁ(z) 5(z)) of K., to be per-
formed.
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Algorithm 2.1.

STEP 1. Matrices R(z) and S(z) are postmultiplied for a suitable unimodular
matrix M(z) such that R(z) M(z) is column-proper. A detailed description of this
step can be found in [6].

STEP 2. Achievement of column condition (2.3.1a). By means of exchanges
of columns, in every column of R(z) polynomials whose degree equals the column
degree are moved on the main diagonal. The same column exchanges are performed
on S(z). This operation is always possible if R(z) is column-proper (a proof can be
found in [7] modulo duality considerations).

STEP 3. Achievement of column condition (2.3.1b). The entries r,,_(z),
Fowe2(2)s ooos 7o t(2)s Fom g po2(2), ooy 1om g 4(2)s - .o, 75.1(2) are tested in the given order
with respect to column condition (2.3.1b). If deg {r;(z)} < deg {r;/(z)} no operation
is performed. When deg {r,;(z)} = deg {r;(z)} and deg {r;(z)} = p;; = deg {r;(z)} =
= p;; the degree of r;(z) is lowered by subtracting from the jth column of R(z)
the ith column multiplied by «z#7#* where « is the ratio of the maximal degree
coefficients in r;;(z) and r(z).

If deg{r,(z)} = deg {r;(z)} and deg{r,(z)} = pu;; < deg{ri(z)} = p; it is
sufficient to exchange the jth column of R(z) with the difference of the ith column
degree coefficients in r;(z) and r;;(z). The same elementary operations performed
on R(z) are obviously performed also on S(z). It is important to note that this step
does not change all conditions obtained in previous steps.

STEP 4. Achievement of row condition (2.3.1c) in the left-lower triangular part
of R(z). The polynomials considered in Step 3 are tested in the same order with
respect to row condition (2.3.10). If p;; < p;; no operation is performed. When
kij = i the degree of r;(z) is lowered by subtracting from the jth column of R(z)
the ith column multiplied by «z*7"# where o is the ratio of the maximal degree
coefficients in r,-j(z) and r;(z). After the described operation the next polynomial
in the given sequence must be tested even if condition (2.3.1c) with respect to rij(z)
has not been achieved. This entire step is repeated until condition (2.3.1c) on the left
lower triangular part of R(z) is achieved. The same elementary column operations
are performed on S(z). Note that the operations performed at this step to reduce
the order of r,(z) do not change the column conditions obtained at Step 3 or the row
condition (2.3.1c) on the polynomials tested before r;/(z).

STEP 5. Achievement of row condition (-2.3.1c) in the right upper triangular
part of R(z). The entries 1y 5(2), 7y 3(2), ..oy 71 ,(2)s 72.5(2)s s 72 (2, ooy 1om 1.4(2)
are tested in the given order with respect to row condition (2.3.1¢). If p;; < p;; no
operation is performed. When p;; = p;; the degree of r,(z) is lowered by subtracting
from the jth column of R(z) the ith column multiplied by «z*“~** where a is the ratio
of the maximal degree coefficients in r;{(z) and r;(z). After this operation the next

polynomial in the given sequence must be tested even if condition (2.3.1c) with respect
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to r;;(z) has not been achieved. The same elementary column operations are performed
on S(z). This entire step is repeated until condition (2.3.1c) is achieved on the right
upper triangular part of R(z).

This step does not change all conditions obtained in previous steps.

STEP 6. Adjustment of the coefficients on the main diagonal of R(z). The first,
second, ..., rth columns of R(z) and S(z) are divided for the maximal degree co-
efficients in ry,(z), rp,(z), ..., r,(z) respectively. After this step the polynomials
on the main diagonal of R(z) are monic.

Given a generic element (R(z), S(z)) of S,, Algorithm 2.1 leads (by means of steps
equivalent to the postmultiplication of R(z) and S(z) for unimodular matrices) to the
equivalent canonical pair (R(z), 5(z)). The algorithm is based on the fact that every
step does not change all previously obtained conditions.

By means of Algorithm 2.1 a function ¢° = (¢¢°, &S5, ¢55): S. = N™ x F" x
x ZF*™ has been implicitly defined. The image ¢°(R(z), S(z)) = (v§, a5y, 75) has
been used for the parametrization of the elements of K, i.e. for the parametrization

of the canonical forms on S.. The following theorem can therefore be established. .

Theorem 2.3. ¢° = (¢5", ¢, ¢ constitutes a complete set of independent
invariants for equivalence relation {1.2.8) on S..
Proof.

Invariance of ¢°

Let (R'(z), S'(z)) and {R"(z), S"(z)) be two elements of S, with (R'(z), S'(z))
E(R"(z), S"(z)). It must be proved that ¢°(R'(z), S'(z)) = ¢°(R"(z), S"(z)). This
has already been done in step c) of the proof of Theorem 2.2.

Completeness of ¢°

Let (R'(z), S'(z)) and (R'(z), S"(z)) be two elements of S, such that ¢°(R'(z),
S'(z)) = ¢°(R'(z), S"(2)) = (v}, a§juo ¥55). It must be proved that (R'(z), S'(2))
E (R"(z), 8"(z)). Since ¢°: S, — K., the pairs (R'(z), S'(z)) and (R"(z), S"(z)) have
the same canonical form. Because of steps ¢) and d) in the proof of Theorem 2.2

it follows that (R'(z), S'(z)) and (R"(2), S”(z)) belong to the same equivalence class
of S..

Independence of ¢°

Let (5, ..., v¢) be an arbitrary element of N" with v{ + 0 and n = v¢ + ... + V5,
(«5;) an arbitrary element of #" and (y§;) an arbitrary element of #*™_ It must
be proved that there exists an element of S, (R(z), S(z)), such that ¢°(R(z), S(z)) =
= (v, o5, ¥55) 1.€. that ¢ is surjective with respect to N x #1 x g*xm_ This
will ensure the independence of the considered set of functions. By means of relations
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(2.3.3), (2.3.4), (2.3.5) and (2.3.6) an element (R(z), S(z)) of K, can be obtained such
that ¢°(R(z), 8(z)) = (v}, a5y, v5s) and since K is a subset of S, this completes
the proof. ' ]

Remark 2.6. Theorem 2.3 can be obtained as a corollary of Theorems 2.2 and 1.1.
Similarly, Theorem 2.2 could be considered as a corollary of Theorems 2.3 and 1.1.
The way this material has been presented allows either of these two ways to be
selected.

Example 2.3.1.

A numerical example regarding the application of Algorithm 2.1 to an element
of S, in order to obtain the equivalent canonical form is now proposed. Let us consider
the pair (R(z), S(z)) given by ~o

R(z) = ~223 4+ 6z -2 —2z% + 2z

1223 4+ 8224 52—-6 z2+3z-2
52+ 55 —05z+05
S(Z)_[222+82+9 z+3 ]

The application of Algorithm 2.1 to the previous pair will be performed step by step.

STEP 1. R(z) is already column-proper since the real matrix, whose columns are
obtained from the coefficients of the terms in the columns of R(z), whose degree ~
equals the row degree, is the nonsingular matrix '

-2 =2
[
STEP 2. Column condition (2.3.1a) is already satisfied.
STEP 3. The only element to be tested is r5,(z). Since deg {r,,(z)} = deg {r,,(z)! =
=3 and deg {r,(z)} > deg {r,2(z)} = 2 the degree of r,(z) is lowered by sub- -

tracting from the first column of R(z) the second one multiplied by 2z. The same
operation is performed on the columns of S(z). The matrices obtained are

223 — 422 + 62 —2 —222 4 2z
Ry(z) = R(z) My(z) = ,- 222 4+ 9z — 6 22 4+ 3z — 2:|
' 22 + 55 —05z -+ 0-5
SI(Z) = S(Z) MI(Z) = [ 2z +9 z+3 ]

where
1 0
Ml(z)z[_2z 1].

STEP 4. The only element to be tested is again r,,(z). Since deg {r,,(z)} =
= deg {r,,(z)} the degree of r,(z) is lowered by subtracting from the first column
of R(z) the second one multiplied by 2. The matrices obtained are
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223 4+ 2z — 2 —2z%+ 2z
Ry(z) = Ry(z) M,(2) = [ 3z — 2 22 + 3z — 2:|

22 4+z+ 05 —05z + 05
Sy(z) = Si(z) Ma(z) = [ 3 z+3 ]

where ' 1 0
M,(z) = [_2 1].

Since condition (2.3.1c) in the left lower triangular part of R(z) is already achieved
the next step can be considered.

STEP 5. The only element to be tested is r,,(z). Since deg {r;,(z)} < deg {r,,(z)}
no operations must be performed.

STEP 6. The first column of R(z) must be divided by 2 in order to make r;,(z)
monic while r,,(z) is already monic. The matrices obtained are

- Z3+Z—1 —-222+22v ’
(23.10)  R(z) = Ry(z) M4(2) = [ 152 —1 2243z — 2] ‘

N 0-5z%2 4+ 0:5z + 025 —0:5z + 05
(23.11)  8(z) = Sy(z) My(z) = [ 15 z+3 ]

where 05 0
M3(2) = [O 1] .

Remark 2.7. Note that the transformation to the canonical form of the given pair
(R(z), S(z)) has been performed by postmultiplying R(z) and S(z) for the non-
singular unimodular matrix ' ’

M(z) = M(2) My(z) Ma(z) = [_2’5_ 1 ﬂ

Remark 2.8. The image ¢°(R(z), S(z)) is given by

vi = 3 vy, = 2

aj,= 0

= #5; = —15

oS = -1

= 1

a5, = 1 .

11 =

c

Uiy = 2 ¢ _
%325 = =3

055, = =2

122 U3, = 2

as,, = 0

121 —

Yis = 025 Vo13 =
Y12 = 035 V312 =
Yiin = 05 Va1 =
V22 = 05 V222 =
Yizr = —05 V221 =

—_w OO =
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Remark 2.9, The canonical forms that have been considered on S, can also be
considered on S, since S, is closed with respect to E.

4. ALGEBRAICAL LINKS BETWEEN CANONICAL FORMS ON Z,
AND . : ~

In this section the strict equivalence between triples (F, G, H) on Z, and paits
(R(z), 8(z)) of S, will be defined. Subsequently the algebraical links between the
elements of the canonical set C_ and the strictly equivalent elements of K, will be
deduced and a numerical example proposed. The section ends with a discussion
of the invariance properties of the considered transformations.

Sirvict Equivalence between Flement of 2, and S,

Defipition 2.2. Let (F, G, H) be a generic element of X, with n = dim {F}. An
element (R(z), S(z)) of S, with deg det {R(z)} = n will be called strictly equivalent
to (F, G, H) iff for every x(t,} € & and for every possible input sequence u(-) there
exist n scalars of F, wy(ty), ... wlto), ..., wi(ty + 1), ..., w{to + n,) such that
model{1.2.1) with initial state x{1,)} and the input - partial staie — output model(1.2.5)
with initial conditions w(t,), ..., w,(¢ -+ n,) generate the same output sequence
y(-), with every possible input sequence u(-) for every 1 = ¢, and for every 1, = t,,
x(#;} can be univocally expressed as a linear function of w,{7,), ..., w(t, + ).

Remark 2.1¢. From Definition 2.2 it follows, because of equivalence relation
(1.2.6), that every element (R(z), S(z}) of S, strictly equivalent to an element (F, G, H)
of Z, is also strictly equivalent to all elements of £, equivalent to (F, G, H) accord
ing to (1.2.6). '

Algebraical Links between Canonica! Triples (F, G, f) and Canonical Pairs
(R(2). 5(=))

Theorem 2.4. For every canonical triple (F, G, H) of C, there exists a strictly
equivalent canonical pair (R(z), §(z)) of K_.

Proof. Let (F, G, A) be a canonical multicompanion triple with the structure
(2.2.20)—(2.2.22) and with dim {F} = n. Let us now define as partial state the
r-dimensional vector whose components are the vith, (v{ + v3)th, .., (v{ + ...
+ v9)th components of the state vector. The partial state w(t) is thus defined by the

_following relation
xvic(t)

(2.4.1) : w(i) = x"x"";*z"(t)
Fuies oaell)
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It is now possible to express the state vector as a function of the partial state.
In fact, in the considered state space canonical form the system is decomposed
into r interconnected subsystems whose states are the components x(f),...
e Xy (D)oo Xy eq o punyer1(D)s ooy Xy ey aye(f). If the jth subsystem is now
considered it is possible to write the following relations between its state and the
partial state because of the simple structure of F.

(242)  Xyerwnyont(t) = =051, 20 TP w (1) — L — oy, wi(D) +
+ 20D wi(1) — 0, 2 TP wi(t) — L — S, wi(t)—
— 05, 2" T (1) — L = G w(2)
Xyierotve (1) = =01y, Wi(1) — a5z e wo(t) — ...

+ 2wi(t) = e Wilt) = G vy e W+ (t) =

— e =0y, W(2)
x"1°+---+\'j°(t) = w.i(t)

If relations (2.4.2) are considered for every subsystem, it is possible to obtain the
relation between the system state x(¢) and the components of the partial state w()
in the following way , : !

(2.4.3) _ x(t) =M V(z) w(t)
where ' g
(2.4.43.) M = [M,-j] (i,j =1,..,7)
_]. _a(i:ivic .. —06?13 —chiz
. ) 1 “ee —OC?M —06?53
(2.4.4b) M, = :
‘l —a‘i:iv,-c
(vicxvie) L 1
[0 ... 0 —ajjy,c -0 —0fp
0...0 O R T
(24.4c) M;=|: :
0...0 O T
riexyel0 ... 00 ... -—ocﬁjvl,jc
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M, (vi°—1) 0 N
0
1 0
245) V(z) = :
0 Z(Vrc'l)
| 0 z
‘ wxnl 0 1

The substitution of the state vector expression (2.4.3) in equation (1.2.1a) leads
to the following equation in w(r)

(2.4.6) (zI = FyM V(z) w(t) = G u(t).
Computation of the left side of expression (2.4.6) shows that only the first,
(v§ + Dth, ..., (v + ... + vi_, + l)th relations are significant while the remaining

ones are simple identities. The r significant relations can be written in the following
more compact form

(2.4.7) o R(z) w(t) = u(?)

where ) Fii(z) ... Fi(2)
(2.4.8) R(z) =] :
Fou(z) ... F(2)
(2.49) Fulz) = 2% — afy 2”71 — L — Sz — Ay
(24.10)  Fyle) =m0 02T = o — A,

Expression (2.4.3) of the system state can now be substituted in the output equation
(1.2.1b). The system output can thus be related to the partial state by the following
equation

(2.4.11) W) = BM V(z) w(t) .
Let us now define the matrix A given by
(2.4.12) : H=HM
Yt -+ Plive
(2.4.13) " H=[H,..HB] H=|: :
' (mxvi©) Vmit -+ Vmivie

Relation (2.4.13) can also be written in the equivalent, more simple form
(2.4.14) ¥(1) = 8(z) w(?)
514(2) ... 5,(2)

(2.4.15) S = : :
§m1(z) - §m,(z)
(2.416) S:ij(z) = '})ijlzwc_l + ... + ?fj(wc-l)z + yz?jn‘
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Matrix M (2.4.4) is structurally nonsingular for every set («5;) since in every case
det {M} =

From relatlons (2.2.5) it follows that the degrees of the polynomlals in R(z) and
§(z) satisfy the following conditions .

(2.4.17a) deg {F;;(z)} = deg {Fi(2)} if j>i
(2.4.17b) : deg {F;,(z)} > deg {F;;(z)} if j<i
(2.4.17¢) deg {Fu(z)} > deg {F,(2)} if i+
(2.4.18) deg {7,,(z)} > deg {5;,(2)}

The n initial conditions on the partial state requested by the definition of strict
equivalence between state-space and input — partial state — output models are
given by relation (2.4.3) written for t = #,. It can be noted that the conditions re-
quested on the first component of the partial state vector are v, those on the second
component v3, ..., and those on the rth component v;. '

Relation (2.4.8) shows that the on-diagonal elements of R(z) are monic and since
the obtained conditions (2.4.17a), (2.4.17b), (2.4.17c) and (2.4.18) are coincident
with conditions (2.3.1a), (2.3.1b), (2.3.1c) and (2.3.2) it follows that the obtained
pair (R(z), 5(z)) is canonical. This completes the proof of the theorem. 0

Corollary 2.2. For every element of X,/E there exists a strictly equivalent element
of K..

Example 2.4.1.

Let us consider the canonical triple (F, G, H) of X, given by (2.2.27)—(2.2.29)
and the following initial state

(2.4.19) x(0)=[00100]".

A strictly equivalent pair (R(z), 5(z)) of K, as well as the associated initial conditions
on its partial state will be determined.

Matrix R(z) can be written by direct inspection of F. In fact, from (2.4.8) and
(2.4.9) it follows that

234z -1 =222 +2z

(2.4.20). ! R(z) = [ 52— 1 22432 -2]|
Determination of S(z) requires the previous construction of the matrix M (2.4.9).
This matrix, too, can be written by direct inspection of F on the basis of (2.4.4).

101 -2 2
010 | 0-2
(24.21) M={0 01 1] 0 0
00 15 1 3
000 0 1
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Matrix H (2.4.12) is therefore given by

= 0-5 05025, —0:5 05

(2422) H—HM=[0 0 Ls f b ]
From (2.4.13) the scalars §;, are given by

¢, =05

o Vi = ~05

Y112 = 05 e _ 5

R Yizz= 0

Y113 = 025

c

’}’511 Y221 =

B =0 = 3

Y313 = 1°5
The matrix 5(z) (2.4.15) is thus given by P

- 0:5z2 + 05z + 025 —0-5z + 05

(2.423) 3() - [ 0 o ]

The initial conditions on the partial state components are given by w,(0), w,(1), w,(2),
w,(0) and w,(1). With the initial state (2.4.19) it follows that

i
wi(2) = —4 wa(l) = —15

It can be noted from comparison of (2.4.20) and (2.4.23) with (2.3.10) and (2.3.11),
respectively, that the obtained canonical pair (R(z), 5(z)) is the same as that considered

in Example 2.3.1.

Invariance Properiies of the Transformations to the Canonical Forms on X and on S,

Parametrization of the elements of C, has been performed by means of the image
(v, a5 €531) of a complete set of independent invariants, f, for E on Z. Similarly,
parametrization of the elements of K, has been performed by means of the image
(v, o5 ¥551) of a complete set of independent invariants, ¢, for E on S,.

The map g.;: F"*™ —» F0*™ described by relation (2.4.12), which transforms
the set of scalars (cf;) into the set (¥$) Is, because of the structural nonsingularity
of matrix M (2.4.4), one to one. Also the function ¢.;: N* x F" x F"*™ — N’ x
x FT x FOM defined by c. (v}, afy, i) = (V5 a5 7ix) I8, therefore, a bijection.

Because of Property 1.1 it follows therefore that the function §.: X, - N™ x
x F1 x FO*m given by §,:c, .f, constitutes a complete set of independent in-
variants for E on X,. Similarly the function d.: S, = N" x F" x F®*™ given by
d, = ¢! - ¢, constitutes a complete set of independent invariants for E on S..

The following theorems have thus been proved.
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Theorem 2.5. Every canonical form (F, G, H) of C, is parametrized by the image
in d, of any strictly equivalent element, (R(z), S(z)), of S..

Theorem 2.6. Every canonical form (R(z), 5(z)) of K, is parametrized by the image
in 8, of any strictly equivalent element, (F, G, H), of Z..

Remark 2.11. In Sections 2 and 3 all the algorithms for the construction of functions
fos @, d, and &, have been described. This allows the performance of every transfor-
mation between state-space controllable and input — partial state — output models.

The considered transformations between state-space controllable and input — k
partial state — output canonical forms are summarized by the commutative diagram
of Figure 2.1 where IT, and II are sets whose elements are all the sets of scalars
(v, o5 €550) and (5, a5, ¥55) Tespectively.

Let us now denote with C,, the subset of C,, whose elements are the canonical
forms of the equivalence classes of Z,,,, and with K, the subset of K., whose elements
are the canonical forms of the equivalence classes on S.,. The following theorem,
analogous to Theorem 2.4, can be stated.

Theorem 2.7. For every canonical triple (F, G, ) of C,, there exists a strictly
equivalent canonical pair (R(z), 5(z)) of K., ‘

The proof follows directly from the properties of the elements of S, [6] and from
Theorem 2.4.

5. MINIMAL SYSTEMS AND CONCLUDING DISCUSSION ’

When systems that are both completely reachable and completely observable,
i.e. minimal, are considered it is possible, according to strict equivalence Definitions
2.1 and 2.2, to represent their dynamical behavior by means of elements of X,
S,. and S,. All the results that have been previously deduced for the elements of
Z,, S, 2. and S_are now simultaneously valid. This can be summarized by the diagram
of Fig. 2.2.

In Fig. 2.2 7 denotes the transformation from canonical state-space representations
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(2.2.20)—(2.2.22) to canonical state-space representations (1.4.20)—(1.4.22) and "
the inverse transformation.

As has been pointed out by R. E. Kalman, Definition 1.7, even if general, does not
associate any advantage with respect to all remaining elements of the same equi-

Fig. 2.2.

valence class to the elements of a canonical set for a given equivalence relation.
This is due to the fact that Definition 1.7 considers as canonical with respect to
a given equivalence relation on a set X, every subset C of X if and only if there is
a one-to-one correspondence between the elements of C and the equivalence classes
in X. This does not imply any particular selection among the elements of the equi-
valence classes to obtain the elements of C. The canonical forms considered in this
work correspond, on the contrary, to a well-defined selection procedure and share
nice structural and parametric properties. A restriction of Definition 1.7 that could
be considered in connection with the problem of defining nice canonical forms
for dynamical systems could be the following.

Defirition 2.3." Let X be a set of models for dynamical systems and E an equi-
valence relation on X. A subset C of X will be called a set of nice canonical forms
for E if and only if: 1) Every element of X is equivalent, under E, to one and only
one element of C; 2) Every element of C is parametrized by the image in a complete
set of independent invariants of every equivalent element of X; 3) The elements
of C exhibit, in their structure, the Kronecker indices associated to the pair (F, G)
or (F', H") of every strictly equivalent state-space model.

It must however be noted that condition 3) is somehow restrictive since some useful
(and nice) canonical forms would be excluded (e.g. the Jordan form).
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6. CONCLUDING REMARKS

The models considered in this paper refer to purely dynamical systems; the extension
of the given results to systems where an algebraic input-output link is present is very
simple and can be performed according to the lines followed, for instance, in [8].

(Received October 6, 1988.)
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