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KYBERNETIKA — VOLUME 25 (1989), NUMBER 5

A VANISHING DISCOUNT LIMIT THEOREM
FOR CONTROLLED MARKOV CHAINS

MONIKA LAUSMANOVA

Finite controlled Markov chains with discounted cost criterion are considered. It is proved
that the average cost optimal control yields the stochastically smallest distribution of the discount-
ed cost asymptotically as the discount rate tends to zero.

1. INTRODUCTION

Papers dealing with limit inequalities for the probability distributions of the total
costs in controlled Markov processes as time tends to infinity were published re-
cently (see [3], [5], [7]). In the present paper analogous inequalities are derived
for the discounted cost criterion with low discount rate in finite controlled Markov
chains. Martingale methods are used together with the Skorokhod representation
of random variables by means of stopping of the Wiener process (see[4], [1]). Under
additional hypotheses (see e.g. [6]) these methods can be applied also to chains
with countable state space.

The total discounted cost is proved to have stochastically smallest probability
distribution in the asymptotic sense for the average cost optimal stationary control.
If we interpret the discounting as the means to relate a future payment to the present
time, the paper gives asymptotic solution of the following problem. What is the
smallest securify 4 needed for the defrayment of random cost in the future with
a given probability «. For low discount rate, i.e. for discount factor § near to 1,
the solution is written in the form

S RV
1-F  N2AL-p)
6 (resp. 4) is the minimal average cost of the considered chain (resp. of an auxiliary

chain) obtained by solving a quasi-linear (resp. linear) system of equations and u,
is the z-quantile of the standardized normal distribution.
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2. PROBLEM FORMULATION

Consider a controlled Markov chain with finite set of states I, the evolution
of which is defined by means of transition probabilities '
pli,k,z), zeZ(i), i kel.

z denotes the control parameter. Its range in state i, Z(i), is assumed to be finite
for i el. Further, let X, be the state of the chain and Z, be the control parameter

value at time n. In general
Z,=z(Xy ... X,) .

In the stationary case, Z, is a function of X, only,
(1) ' Z, = z(X,).

(1) will be called briefly stationary control z.
To evaluate the trajectory {X,} and the control {Z,} introduce the discounted cost

Cuo == Z Bn 4 Xm Xn+1a Zn) .
n=0
The function
‘ c(i,k,z), zeZ(i), i, kel,
gives the cost from transition { — k under parameter value z, § is the discount factor,

0< <.
The well known Abel type arguments yield the connection between

and

N
) % Y Xy Xp1n2), N

We therefore base our considerations on the optimal stationary control with respect
to the average cost criterion (2). We make the following hypothesis.

Assumption 1. For each stationary control z the matrix

”p(l Z(l) ”l kel
is 1ndecomposab1e
Assumption 1 1mphes that {X,} is an ergodic Markov chain under any stationary

control z.
Let n/(z), i I, denote the stationary distribution of the chain. The corresponding

average cost per transition equals
0(z) = ZZ” (2) p(i, j, 2(i)) (i, j, z(i)) -

Set
0 = min 0(1) :

-
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z is average cost optimal if = 0(z). 0 and z are obtained from the following opti-
mality equation (see [2]). 0 is the unique number such that constants w;, i € I, can be
found so that
(3) min [Y p(i, j, z) (e(i, j, z2) + w;)) —w;, — 0] =0, iel.

zeZ(i) j
Denote by ¢(i, z) the expression in the square brackets in (3). Under Assumption 1
z is average cost optimal if and only if

(4) o(i,z(i)) =0, iel.

Assumption 2. The stationary control z satisfying (4) is unique.
In the following text z denotes the unique average cost optimal control.

3. THE SKOROKHOD REPRESENTATION OF A DISCRETE RANDOM
- VARIABLE

Let £ be a random variable taking on m + m’ values, E¢ = 0,
P[é:yi]zqi, i=12,...,m,
P[£=xi]=pi’ i=1,2,...,m’,

X S .. S, <02y ... 5 Vs

-

Proposition 1. Let W/(r) be a Wiener process independent of &. There exists a stop-
ping time 7 such that W(r) has the same distribution as £. Further, it holds
5) - Et =var¢,
(6) Et? < const. E&*.

Method of proof. Proposition 1 can be proved by applying Skorokhod’s con-
struction to the random variable
‘ =& +em,
where 7 has uniform distribution, and by letting ¢ - 0+.

Let us present some details regarding the limiting stopping time

t=limr,.
’ e~>0+

Set

I
3

e(y)) =2 455 i
j=1

h(x;) = — Y.pix;, i=1,..,m.
j=1
7 is the minimal root of the equation

(W) - W) - & =o,

where & is constructed from ¢ by randomization.
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Let,e.g., £ = y, and
h(xj-1) < e(yi-1) < B(x;) < h(x;41) < ... < h(x) < ...
e < h(x=q) < e(y;) < h(x) -
Then the conditional distribution of & is given by

h(x;) — e(yi-1) - h(x;) — e(yi-1) ,

P =xE=y]=

e(y;) = e(yi-1) DY
PLE =] = p] = BT < B ke,
= x R e()’i) — h(x-1) - e()’i) - h(xk-1)
P[E ‘ l : yl] e()’i) - e(}’i—1) q:yi .

Taking into account that the definition of 7 is analogous in other cases, we shall
calculate P[W(7) = y,]. The event W(t) = y; is possible if ¢ takes on one of the
following values:

Vis Xis Xp—15 0005 Xpp ooy X0
Moreover, the probabilities of reaching first & or & by the Wiener process are inverse
proportional to their moduluses. Consequently,

P[W(D) = y,] = 4 h(x;) — e(yi-y) —x; +

qiyi yi —_ xj
+ki1 g, =P TX q,-e(yi)' h(xe_y) —% N
I=j+1  4;¥i Vi — X 4. o
h(x— - e\y; — X k-1 —x
-+ Dk ( k 1) (yl) X + Z P . N
— PiXx Vi— X I=j+1 Y;— X

+ p; h(x) = e(yi-1) —x;
’ —DPjX; Yi — Xj

= h(xj)—e(yi_l)( X Y >+
I Vi Yi— X;  Yi— X;

k=1 _ _ _
+ Y plxl< il SRR 4 )+
I=j+1  ); Yi— X Vi— X
+ e(.Vi) = h(xk— 1)( — X n Ji ) -
Vi Yi— X Vi— X%
_ hxp) = e(yi-y) + h(xi-1) — h(x;) + e(ys) — h(xi-) _ 4 0

— =4;.
Yi Yi
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4. AUXILIARY MARTINGALES

Consider a general control {Z,,}. The investigation of the asymptotic behaviour
of the cost C_ is performed using two martingales. Introduce the discounted cost
up to time N, No1
Cy= Zoﬂ" (X Xpi1-Zy) -

Let &, be the Borel field of random events defined in terms of X,, X,, ..., X,.
The first martingale with respect to {#y} is

My = (1 - ) [cN - eﬁﬁi_;ll B = g +

N-1 N-1
+ (1= p) lexnﬁ"'l — ZJp(X,,, Z,) B”J , N=1,2,...,,

where ¢(i, z), w;, i € I, 8 were introduced in Section 2. It holds
N—-1

1A4N = 211);’
n=0
IYn = \/(1 - ﬁ) [ﬁ" C(Xm Xoi1s Zn) - 6p" + WX,,+118" -
‘ — wy B — 0(X,,Z,) "] = '
= \/(1 — ﬂ) [ﬁn c(Xn, Xut1s Z,,) + WX,,HB" —
- ﬁn ZP(XIH k9 Zn) (C(Xm k’ Zn) =+ Wk)] .
k

From here it is seen that \
E('Y, | #,) =0.
Further, it is computed that

ECY? | #,) = f (X Z2) (1 — ), n=0.1,...,
(i, z) = ;p(i, k, z) (c(i, k, z) + w)* —
- [;p(i, k,z)(c(i, k, z) + w)?, iel, zeZ(i).

/

Denote No1

where

We shall associate to {Cy} an analogous martingale {My} as in the case of {Cy} .
- {*My} will be a sum of {My} and of another martingale {My}.
Let the constants 4, v;, i € I, fulfil

4= ; ;ni(z) p(i, j, 2(i)) 2(i, j, Z(3))

sz(i,j, z(i)) (co(i, j, 2(i)) + v;)) — 0, — 4 =0, iel.
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Set
l/’(b Z) = Zp(l;]: Z) (Cz(i,j, Z) + vj) - v; = A4 ) ZGZ(I) ,
J
We define
ﬂZN -1
B> -1

=

-+

y =(1—ﬁ)[5~—4

N-1 -1
+ UXNﬂZ(N_l) — vy, + (1 - ﬁz) Z UX,.BZ(n_l) _NZ lﬁ()(m Zn) BZ":I ’
n=0 n=0

N=1,2...
Letting N —» oo it follows
R T
L= H=wxy + (1= AT wa ™ = 3 0¥ 2) 1.
S, s
®) M, =3T=(-p (Cw - 1-;7;_2) +

F (= D)o+ (L= )5 007 = 5400, 2) 1.

%

Applying successively the Skorokhod representation to the martingale differences
of {1My} we obtain

(9) M, =YY, = W(Z

where 7, is the stopping time corresponding to the martingale difference!Y,, and
it holds according to (5)

E(w | #,) = ECY | #,) = B(1 - B) ca(X,. Z,).
Further, let

M3 =3 [ - B F] = D5 - 2040~ ) ea(X, Z) =
=Yu-(1-BCy, N=12..
Using (5), (6) it can be ve;i_ffed that
(10 EM2? = E[3 (s, — E(5|£)7] < (1 = B const. . .
From (8) it follows

(11) S EM ) (1 - B)? const.iﬁ“".
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By Assumption 2 ¢(i, z) > 0 for z = z(i). Consequently,

(12) [W(i, z)| < const. (i, z), zeZ(i), iel.

Finally, define
A4

S+
1+8

(=P (=g, + (1 = ) T 00 f070) = (1 = )3 (X, 2 .

(13) M, =M, + M, =

n

Ty —

its

S. STATEMENT OF RESULTS

@ will denote the distribution function of the standardized normal distribution.

Proposition 2. Let Assumptions 1,2 hold. Under arbitrary control {Z,}

(14) liI;l»slup P [\/(1 ~ ﬁ)(Cm - 1%) < y:l < (\/(Z /2)>, ye(—o0, ).

Proof. According to (7) and (9) it holds for § > 0

o (o) e Jerfrlidy) e
(it o n(e i)
o p[W(l—i—B> <y+ 5] + P[W(#‘ﬁ) - W(S;or,,) > 8+

#(= o, = (1= A S w1 = DS oK 2D ).
Further,as § — 1,

o) (e

Now, we prove the neglibility of the second probability on the right-hand side of (15).
For f close to 1 this probability is majorized using (13) by

0 err[w( ) -G > Ly pT e

(10), (11) imply
(18) ‘ lim ECM,)? = 0.

B-1
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From here and from (12) it follows that (17) can be further estimated by
(19) 2¢e+P[ sup (W(3E4) —w(t) > 45 + J(1 - B) Y op'] <

|$4—1] £2e+const.(1—B)Zpp2n

2e + f Pl sup (W3E4) — w(1)) > 16 +j] =

Jj=0 |44—-t]=22e+const.(j+1)/(1-5)

T ,204 [1 —? ((2s + const. ?J/'z:l)jJ (- ﬁ))“‘ﬁ)]'

In the last step we used the well known relation for the Wiener process (see [1]

§1.3)
Pl sup W(0)> a] = 2(1 - ? (ﬁ))

The last term in (19) converges to zero as f — 1, & = 0.
From (16) we conclude that

tim sup P[\/(l - B) (C - j—) = y] < P[W(%A) <y+4]

- p
and letting 6 — 0 we get (14). - , O
Proposition 3. Let Assumptions 1,2 hold and let
(20) lim \/(1 — B)Y. o(X,, Z,) " = 0 in prob.
} p—-1 n=0
Then

eV (e g 0] () oo

Proof. With regard to Proposition 2 we have to verify

lim inf P [ (1~ B)( )é ] = (\/(A/ )

From (7) and from (9) it follows for § > 0
yor-d-

en o[- nfe.- ) <o o
 rlien(e )t -
o[ ere g o)

20— w1 = B+ (L= B (1= HYw " -
-V - ﬁ)"icp(xm Z) B'] .-
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Asf— 1,

o[r() =5 =] ~rwtin - a1

1+ B

The second probability on the right-hand side of (21) will be proved to be negli-
gible. With regard to assumption (20) it holds for ¢ > 0

PLJ/(1 - ﬂ)n‘;cp(Xm Z)z 6] <e.

Moreover, using (13) and neglecting small terms it is seen that the last probability
in (21) does not exceed for f close to 1

22) s+ P [W(zf") - W(%) > 16

A
+ B ZT"_mi :

"Mo| + & +|(1 = B) L]
Finally, (12), (20), and (18) are used to majorize (22) by
26+ P[ sup (W(t) — W(34)) = 46] < 2e + 4[1 — &(5/(4e))] .

[t—$4]<2¢
As ¢ — 0, 2¢ + 4[1 — ®(5/(4e))] converges to zero.
Letting 6 — 0 we infer that

lin; inf P [\/(1 ) (Cw - %ﬁ) < y] = P[WEA) < y] = q;(\/(;/z))' O

(Received November 11, 1988.)
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