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KYBERNETIKA —VOLUME 13 (1977), NUMBER §

On Dimensioning of Samples
in Testing Hypotheses

FERDINAND OSTERREICHER, HEINZ STADLER

The aim of this paper is to find upper bounds for the number of independent observations,
which are necessary in order to test the probability measure P against Q with given error proba-
bilities. Geometrical considerations concerning the risk set of the testing problem lead to such
bounds. A further bound is obtained by use of the central limit theorem. An example shows the
applicability of the results.

1. INTRODUCTION

Let P and Q be two probability measures on a measurable space (2, %) and
(2, B):0 < o, ;@ + B < 1alevel vector.

Let us consider n independent identical (P resp. Q) distributed observations in order
to test P against Q. Le. let us consider the testproblems (P", Q"), n € N.

Rn(P,Q)

Fig. 1.
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Then our interest is concentrated on the number of observations, which are
necessary to bound the error probabilities of the first resp. the second kind from
above by (a, 8).

The most instructive formalization of this problem is in terms of the risk set

(cf. {1)-
Definition 1. R,(P, Q) = R)I(P", Q") = co {(P"(4), 1 — QY(A)): 4 eé A} is cal-

led risk set of the test problem (P", Q"). (““co” stands for convex hull.)
The lower boundary of this set, to be understood as a function of the level «,

i) := min {y : (&, y) e R,(P, Q)}

is called n-th risk function (see Fig. 1).

Remark 1. r,(«) is the error probability of the second kind for an optimal test. In
the case of strict convexity of r,(a) in «

re) = 1 — QY(4,),

where the optimal test is characterized by
A = {(oy, .., @) Hl q(w) > k ﬂlp(w,-)} R
i= i=

where k = D, r,(a). (D, representing the absolute value of the right-hand-side
derivative and p, ¢ the Radon-Nikodym derivatives of P resp. Q with respect to
a dominating o-finite measure p.)

Remark 2. For us the most interesting properties of the (convex) risk function are:

l—azr(e)20 Vae[0,1], VneN,

where — for fixed n — equality holds true in the first case for one « € (0, 1) (and
hence for all « € [0, 1])

iff P=Q
and in the second — for fixed n — for all a € [0, 1]
iff PLQ.
Furthermore 7,(«) | 0 Vo e (0, 1] iff P + Q.

Now the sample-size in question can be expressed by

N,y =min{n:rfx) < B}.



Geometric properties of the risk set and standard estimations are basic for a (rough)
lower and upper for N, 4.

iHn (max (1 il s }:—[f>)
UM = max | 1, B N B

5= -

Theorem 1,

is an upper bound and

a lower bound for N, ;.
Thereby:

d 1= min {H(P, Q), ye[0, 1]}

H,(P, Q) :j P .q'77dp and

{p.q>0}
b = jmin (k.p, q)du

([x] marks the smallest integer greater or equal to x).

Proof. Let us ignore the trivial cases P = Q and P L Q.
Twice the Bayes risk with respect to the prior distribution (%, %) is

i

Q) inf {(P(4) + 1 — Q(4)), Ae A} =1 ~ f (¢ — p)ydu
Jig>p}
= J.min (p, @) du §j‘ p.gttdp.
{p.g>0}
The latter follows from the inequality

min(a, b) £ a’.b'77 a,b20, ye[0,1].
Thus

IIA

by(P", Q") := Jﬂmin (']jl p(2s), if[lq(u)l)) dp(wy, ..., @)

< min {H,(P", @), ye[0, 1]} = d"
(see Fig. 2). Now taking also into account that

by(P", Q) — & (Zd" — )
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346 s supporting line for r,(0)) (cf. Remark 1 and (1)) and the convexity of r,(«) we derive

max <1 — (2) a, d" — d“oc) = 1)

Now the upper bound is an immediate consequence.

min(a.b, ¢.d) Z min(a,c). min(b,d) a,b,c,d 20

bld

Fig. 2.

implies b,(P", Q") = b}. Thus b} — a < by(P", Q") — & < r,(«). The latter inequality
is again due to the fact that

by(P", Q) — &
is supporting line for r,(a). Therefore

L,y =min{n:b} — a £ B}

is a lower bound for N, 4.

Remark 3. In the same way one can derive the sharper lower bound
max min {n : b} — k"o < B} .
k20
The difficulty of its computation, however, causes that this bound is of less im-
portance.
An essential improvement of the upper bound U} of N, 4 is

Ug = max (1, [Oa,]),



where
0,,:= min ylne™ + (1 —9)In g™t — 5(y)
7¢0,13 1
In —
H,(P, Q)

and S{y) = —(yIny + (1 — y)In(1 — 7)) is the entropy of the auxiliary distri-
bution (y, 1 — y).

This bound is based on the convexity of the risk function, which therefore can be
understood as the envelope of its supporting lines.

In applying

b, < K'H,{P, Q)

these supporting lines are replaced by parallel auxiliary lines, lying above the former.

Because of H,(P", Q") = HJ(P, Q) the envelope of the auxiliary lines, which is
bounding r,(e) from above, is much easier to handle than the risk function (for
detail ¢f. [3]).

(1-)"

| ——
(1-a)"
Fig. 3.

2. AN UPPER BOUND FOR “GAUSS-NEAR” DISTRIBUTIONS

A further upper bound makes use of the central limit theorem. Therefore we
restrict our interest to the real line (ie. @ = B, A = 4,).

Furthermore, singularities of the measures P and Q can be excluded from the fol-
lowing because of

Remark 1. In the case of singularities of P and Q, i.e. for

Ay, =1{p=0,g>0}, A ={p>0, q=0},
b = Q(4,) >0 andfor a=P(45)>0,

the risk function r,(«) is of a form as sketched in Fig. 3.
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Transformation of this function by

@0~ 2 5)

(the trivial case P L Q can be excluded) results in the n-th risk function of the test
problem of the conditional distributions P(+] A%, N Ao) and Q(+| A4S, N 4,). There-
fore the problem can be reduced to a test problem of distributions without sin-
gularities.

In this section we will choose our tests in terms of the statistic

Ty ) = 5

Remark 2. In general we loose information this way, which means: the tests based
on T, are not best tests or equivalently

R(P", Q) = R(PY(T,), Q(T,)) ,

except: T, is a sufficient statistic with respect-to (P, Q) or equivalently R(P", Q") =
= R(P"(T,), Q(T;)). The latter can be seen from

{nl % (x) > k} - {zl ln%(xi) > In k} = {es(m) Ty(x1s o) + () > In K}

taking into account the definition of sufficiency of T, and the fact that a best test is
of the form

{ilﬂ[ 4 (x) > k}.

=ip

From the first equality in the above chain it can also be seen that one does not loose
any information with the statistic

Ty oo x) = i Zn: 1“%(":‘)

(ie. R(P", Q) = R(P(T,), Q(T.))-
Furthermore the test problem (P"(T,), Q'(7,)) has monotone (increasing) likelihood
ratio and
E(T,) <0 < Eg(T).

Thus it is sometimes convenient to replace the test problem (P, Q) by (P(T}), Q(T}))-



Remark 3. It is obvious, that tests based on the statistic T, are powerful only in
the case, when

T, is “near” sufficiency .
In the latter case; however, best tests are of the form
{T,>1t}, teR.
Taking into consideration that the transformation
L,-T,—-¢&

does not cause any change of the corresponding risk sets, we will consider the problem
under the

Assumptions (A):
Q=5ScR, A=S<cSn%,,
P and Q are equivalent (i.e. mutual absolute continuous) probability measures on

(S, &) with the means & = 0, 7 > 0 and the variances 0 < ¢* < 0, 0 < 7% < 0.

Parallel with P and Q we consider the Gaussian distributions G(¢, 6%) and G(z, 7°).
Applying the central limit theorem we have

P"(T" - '5) - G(0, 1)

of\/n

T,—1n
- G(0, 1
Q('r/\/n)”’ ©.1)

More precisely, we make use of a Berry-Esseen-type tésult, derived by Zolotarev
in [4] (which is expressed here for P):

weakly .

¥)] sup; [Fenerp(®) = Foorm(®)] = supR [F(x) — ®(x)| < c. pufP). n~ V2

where 1,(P) = min (max (3¢,x™®"* ), max (s, 25/ "* 1), vo) with
® = 3j‘xz|F(x) — &(x)] dx,

%o = Imax (1, 3x%) |F(x) — ®(x)| dx,

Vo

J max (1, |x*) [d@F — )],

c =188,
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. " o?
Fontr Foam ) o P(T,), G (5 , 4>
denoting the distribution- n
function of _ _
F,Fo pr(B= 8y =8 g,
aln

Our strategy in getting an upper bound for the number of observations is explained
in the proof of the following lemma where we use the abbreviations:

P, Q, P(T.), Q(T,)
0,2 ,CZ
Gp o G denotes G (0, -) , G (11, —)
n n
£ O c.pmy(P).n”% e p(Q).n7V2

and r,z . () denotes the risk function of the test problem (G(0, o?/n), G(x, t2/n)).

Lemma 1. Under the assumptions (A) and the above notation-conveniences the
following functions are upper bounds for the risk function of the test problem

7. Q)
(D) ro2 g2 (e — &) + 8, Vae[e,1]in the case o? = 1*.
TA) rop (e —¢,) + 5, Yaele,t+e,
(A) roale = &) Lew 3 ]} in the case ¢ < 12
(IB) 1, 0,0 — 26,) + 26, Vae[2e, 1]
Proof. First we consider tests of the form
liryse - tER.
Taking into account (2) and the analogue for Q we have:
PA(t, ©)) £ Gy ((t, ©)) + & and
Q(=0. 1) £ Goul(=, 1]) + 5,

and after standardization of G; , and G,

6) a'=P,,((t,oo))§1—<P< ! >+e,,=:x,

I/
O'/Vn

@ Q(~c0, 1]) < Q)Gﬁ:) +3,.

In case 1 (6% = 72): {(1 — &(t/o[/n), B((t — n)|c/\/n)), t € R} is already the graph
of the risk function r,2 52 () of the test problem (G(0, ¢%/n), G(1, 62/n)).

Therefore {(1 — &(t/a{/n) + &,, D((t — n)/o]/n) + §,), t € R} can be described



by
Fo2,02.(% = &) + 8y -

' < a, the fact that a risk function is decreasing and (4) imply
Q(=. 1]) £ rororal® — &) + 9,
The remainder
Tonai®) £ Qf =00, 1)

is caused by the fact that 1y, 5 is in general not optimal.
In case IIA we have
t

In = tlyn
o)

t—a(-) wvizo
UNL
Thus from (3) we get

P((t, 0)) £ 1 — @(ﬁ)-&—en V2 0.

Starting from this inequality and using the same considerations as in case I we get the
result ITA.

In case IIB we use tests of the form

|~

Q

and hence

IA

Lgatogne S<t; s, teR

(which ate optimal for the test problem (Gp,, Go,) (6> < 72)). Applying (2) we
derive:

PA(s, 119 £ Gp (s, 1]°) + 28, and
Q(s,1]) = Goulls, 1) + 20,
The remainder of the proof is the same as in case I.
The resulting bound is expressed in
Theorem 1. Under the assumptions (A) US} is an upper bound for N, ;, where in
case
(D) o?=2:U3 :=min{neN:e S rpple—sg) S p—35,}

() 0% < 2*:US) 1= min {U,,, U, ,} with

A

min{neN: g Sa, roq,e—2s)sB—25,}.

8° s
@, Tpafe—2) S —25}.

)

I

T S

R

min {neN : 2,

A

B
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352 Remark 4. The case ¢® > 72 is not treated above. It turns into case 1I, when the
distributions P and Q are exchanged. This can be done without difficulty because of
the symmetry of the problem.

3. COMPARISON OF THE DIFFERENT BOUNDS BY MEANS
OF AN EXAMPLE

The most interesting comparison is that of the upper bounds U} and US).
According to the slow rate of convergence in the Beryy-Esseen-type result

sup [Fy(x) — &(x)| £ c.pp.n7'"?
xeR

with ¢ > 0,0 < u, T ¢ < o as opposed to the exponential rate, used both in the
derivation of U{!} and UY), U®) can be a better bound than US) (and therefore
also U{")) only as long as the conditions for the application of the estimation tech-
nique used in Lemma 2.1 are extremely good.

The fulfillment of these conditions and consequently the quality of the upper

bound U) depend essentially on:

(1) how close the sample mean T, is to sufficiency;

(2) how close P resp. Q is to the corresponding (auxiliary) Gaussian distribution
G(¢&, 6%) resp. G(n, 1) in the sense of Zolotarev (cf. (2));
and (related to (1))

(3) how close o” is to 72

In order to illustrate the things mentioned above let us consider the following

Example. Q@ = B, &, = %, ({(¢2 + (n — 1) &, ¢/2 + ne], n integer}) with e = 01,
0-01; P, resp. Q, being the conditional distribution of G(0, 1) resp. G(1, 1) with respect
to &, (which is formalizing a round-off procedure).

For the levels we choose o = f§ = 0-1; 0-01

emp | e e wy | ey
01 ‘ 4 7 0 18 13 12
01 | ;,
0-01 ‘ 4 7| 18 13 9
o1 | o 2 1 37 32 *)
0-01- | | :
oor | 9 2 | 3| 3 25

*) In this case the &,’s are too great in relation to a.



Remark 1. To get an idea of the percentage p,, = N, ,/U) we consider the test
problem (G(£, ¢2), G(, 6%)).

From this we get for o =

(Za o1 — a))z
n—2¢ @7~ o)
03 2In L
20

Pogln — & %) =

observing that

1 n =&
1 =1y — )2
" H,(P, Q) b1 =) a2

1t is interesting that this percentage does not depend on n — ¢ and ¢? and that for
our example

Ney = [Bus - U]
coincides with N, 5.
Generally it would be interesting to get guiding principles for p,, for different
classes of test problems. These would be very useful hints for practical purposes.

Acknowledgement: The authors wish to thank Prof. Dr. R. Hafner and Prof. Dr. T. Nemetz
for valuable stimulations.
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