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KYBERNETIKA — VOLUME 24 (1988), NUMBER 6

DISTRIBUTION OF THE WEIGHTED L.S. ESTIMATES
IN NONLINEAR MODELS
WITH SYMMETRICAL ERRORS

ANDREJ PAZMAN

The nonlinear regression model y = n(8) -- &€ with the error vector & having an elliptically
symmetrical probability distribution is considered. An approximative formula for the non-
asymptotical (= small sample) probability density of the weighted L. S. estimates of 0 is obtained
by geometrical methods. The considered weights are general (i.e. not related to the variance
matrix X of €). The difference between the true and the approximative densities is evaluated.
Earlier author’s results are thus extended from the case of normal errors, and of weights depend-
ing on X, to a more general case.

1. INTRODUCTION

Let
(1) y=n(0) +=
be a nonlinear regression model. Here y := (yl, ..., yy)" is the vector of the observed
data, 8 := (0, ..., 8,)" is the vector of unknown parameters, m < N, 0 € @ where
O is the (given) parameter space which is an open subset of R™. The mapping
N:0€® - n(0) € RY, defined and finite on the closure ® of the set @, is supposed
to be known, continuous, and to have continuous second.order derivatives on ©.
The vectors of the first order derivatives é1(8)/00,, ..., on(0)/00,, are supposed
to be linearly independent for every 8 € © (i.e. the model is regular).

In this paper we consider the case when the probability density of the error vector
€ is elliptically symmetrical, with a zero mean E(g) = 0, and a positive definite
variance matrix X, Var(g) = X, defining the elliptical symmetry. Such a probability
density (with respect to the Lebesgue measure in R") is given by the formula (cf.
B
2 f(8) i = det™ V2 (X) h(e"L " 'g)
where h: €0, ) > <0, o) is a function such that

J@ 2N h(z)dz < o .
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To ensure that f(g) is a probability density and that Var (8) = E we have to suppose
that
fao W(v]?) dv = 1
Ju A1) o] v = N

If the function h does not satisfy these two norming conditions, we can always find
two positive numbers @ and B such that the function z > a/t(fz) has the required
properties. (We note that, like in Section 2, these two N-dimensional integrals can be
changed to two onedimensional integrals when using spherical coordinates in R".)

The set {&: f(g) = const} is an ellipsoid in RY, therefore we speak about the
clliptical symmetry. In the case of & = I, f(&) is spherically symmetrical. Another
equivalent definition of the spherical symmetry is that f(¢) = f(Ug) for every ortho-
gonal m x m matrix U (i.e. such that UTU = I). Thus spherically symmetrical
densities are invariant to every rotation of the sample space of €.

Elliptically symmetrical distributions are studied in several papers [2, 5, 6], and
we resume their properties in Section 2.

A special case of an elliptically symmetrical dens\ity is the normal density N(0, X)
with

h(f) = (2n) M2 exp {—1[2] .

Other ¢hoices of the function h(+) are presented in Section 2.

A standard estimator of the vector @ is the weighted least squares (= L. S.) estima-
tor given by
©) 0:=0(y) := argmin [y — n(6)]"V ™[y — n(0)],
where 0 € ® and V is some given positive definite (= p.d.) matrix. Usually (if pos-
sible) the matrix V is proportional to the covariance matrix X. This leads to an
optimal unbiased estimator of ® when the model (1) is linear (i.e. n(08) = A0 + a)
(cfA [6]), and such a 'V is considered as preferable also in the nonlinear case. However,
if £ is unknown, the matrix V is to be chosen and hoc. Since the estimate (3) is not
influenced by setting a matrix ¢V (¢ > 0) instead of V, we can always choose V
such that it dominates the matrix X, i.e. that

a'V'a < a'L7'a; (aeRY)
(see Proposition 3).
The normal equations corresponding to (3) are

a[y_ n(e)]TV_![y - 1](9)] =0; (1' =1,..., I‘I‘l),

20,
hence, if 8(y) € @, it is a solution of
(@ [y — o)+ A0 o

oer

In this paper we present an approximative nonasymptotical probability density

414



of 8, and we present a formula for the upper bound for the difference between the
true and the approximative densities. Earlier author’s results [7, 8] are thus extended
from the case of normal errors to the case of elliptically symmetrical errors, and
from the case of V = X to the case or arbitrary, p.d. matrices V and Z. However,
the main geometrical ideas remain unchanged since the elliptical symmetry has been
important also in the investigation presented in [7, 8].

The approximative nonasymptotical probability density of & proposed in this
paper is equal to

) 48] 0):= f%ﬁ‘;(g o

Pi[n(0) — n][3)

where

n:= ()
is the true mean of y,

T
B(6) :— 61139(9)\,_12‘7—1 ,6_7@’
j 00

©) Q0.9) = M(0) + [(1 - P*) (a(0) = )]V S0

AT on(0
M(6) := an'(6) V-1 E‘LT_)
00 00

T
(7) : Pﬂ;zxv—lan_(mB—l(e)a_ﬂ@V_l
8T 0

(P° is a projector),
|alz :=a"'=7ta; (aeRY),
and where h,,: <0, c0) > <0, 00) is defined by the formula
g N=my2

0
(8) ha(t) 1= —— J. w2 (e 4y du .
r(N 4,’@) o

2

The expression in (5) becomes simpler when £ = V. Then M(8) = B(8) = the
Fisher information matrix for the case of normal errors, and Q(B, ﬁ) is the in-
formation matrix M(8) corrected by a term reflecting the curvature of the modet (1).
(Q(ﬁ, 0) is a measure of the observed information gained from the experiment
when & = 0(y) is obtained from the observation and B is the true value of 8 (cf. [9]).)

In the case that the model (1) is linear, n(8) = A0, q(8 | 8) is equal to the exact
probability density of 8. In the case thatV = X, it is equal to

q(8]0) = det'/*(M) 4,[(8 — 0" V(D — B)],

where M := AX" AT is the information matrix. In the normal case we obtain the
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well known formula
q(® ] 8) = (2m)™2 det"/? (M) exp {—1(6 - 8" M(8 - 0)}.

Tn the gencral case the approximative density q(@ l ﬁ) is invariant to the change
of parameters B = B(0), i.c.
e:6>

(0]9) = fae (ggﬂ a1 7).

where (B B) is obtained by putting into the expression (5) the function v(p) :=
:=n[07"(B)] and its derivatives instead of the function n(6).

Example. (The contaminated normal nonlinear regression.)
Suppose that the probability density of & is equal to

1@) = (o) [<o~9> exp (= 3]e]% + U exp {—ﬁilsllﬂ‘]

10M2
and consider the non-weighted L. S. estimates. Hence V=X =1, and
h(t) = 2m)~M2[(C-9) exp { —41) + 107V T exp {—&i'].
Consequently

hm(I) = (21[)""/2[(0-9) exp {—1t} + 107™2=t exp {—%t:]

m

because h,,( " &7) is the m-dimensional marginal of f(g) (see Section 2). Further
i=1

po — 10 1 'O
07 6o
o T
M(9) = B(6) = m'(e) Q‘Lﬂ)’
©) = B0 a0 00T
and

00 307

det[[M(ﬁ) + [n(8) — n]T (L — P8) ”Zi("_)]
4(6]) = (20) 2

det'/Z M(D)
x [(09) exp { = 4[P3[n(8) — m][*} + 10727 exp { —55PO[n(B) — m]|*}]
Computing point by point both components of g(8 | 0), we can evaluate the influence

of the contamination on the least squares in a gaussian nonlinear model.

2. PROPERTIES OF ELLIPTICALLY (SPHERICALLY) SYMMETRICAL
DENSITIES

We write: y ~ Sy(n, X, ) iff y has the density
© Sely) = det™(E) n[(y — )Ty — ).
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This density has all moments up to the kth order iff
N+k

)
(10) fou?  hu)du<ow
(cf. [5]). If k = 1, we have E(y) = n. If k 2 2, we have Var(y) = Z. (See Section 1
for the norming conditions on h.)

If z = Ay, where A is an N x N nonsingular matrix, then

z ~ Sy(An, ATAT, h)

(cf. [5]). Consequently, if y ~ Sy(n, E, ), then there is a matrix A such that z =
= A(y = ) ~ Sy(0. L h).

Ify ~ Sy(n, E, h), then

Yy =1+ I,

where the vector u is uniformly distributed on the unit sphere {z: ze RY, |z = 1},

and where [ is a nonnegative random variable which is independent of u (cf. [6D-
If & ~ Sy(0, L, ), then the marginal density of (¢, ..., &) is equal to

h(Y €
K=1
where
Bo(t) 1= [pw-m h(t + |v]?) dv
(cf.[5]). Using spherical coordinates in R¥ ™™ (like [5], p. 427) we obtain the formula
(8).
Suppose that € ~ Sy(0, L, #). Denote J := {i,...,1,}. The conditional density
of {e;:j ¢ J} given {g;: j € J} is evidently equal to
kyem( Y20 | Y 27)
igd jel
where
h(t + u)
11 ky-mltju)i= ————.
() wenlt[4) h,,(u)
Hence this density is spherically symmetrical.
Let £ ~ Sy(0,1, h). Then the probability density of the random variable u :==
:= [g]*is equalto

(12) u

(ef. 5)).
Evidently, if € ~ Sy(0, I, h), then &, ..., ey are uncorrelated random variables.

They are independent if and only if f(g) is the normal density (cf. [5] or [10], chpt.
3a.1).

We have a large choice for the function A(t) in the expression (9). Some examples
of h(ty are (cf. [2]):
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a)
h(t) = «(2m)V? |@ exp {—4Btu} G(du),

where G is a probability distribution on <0, co) and « > 0, § > 0. The corresponding
densities are mixed normal densities.

b)

h(1) = ct* ' exp { —rt*}

for some ¢ > 0, > 0, r > 0 and k such that 2k + N > 2 (the gencralized gamma
densities).

<)

h(t) = ¢/ (n]2) exp { = /(1)/s} ,

where ¢, s are positive constants (the spherical Laplace density), etc.

3. THE GEOMETRY OF THE MODEL

The set
(13) & = {n(0):6c O}

is the “expectation surface™ of the nonlinear regression model (1). The point n = n(0)
is a fixed point of &. Take r > 0. Denote by

(14) Go(r)i={y:yeR" lly — nfz < r}

a sphere centred at 1 (see Fig. 1). Further denote by A,(r) a subset of the extended
parameter space ® defined by

Ay(r) 1= {0(y): y € G,(1)} -
For every 0 € ® denote by

H(0):= {z:ze[R"’, zTV‘l%@) = 0}

the subspace of RY which is V-orthogonal to the tangent plane to & (the later being
generated by the vectors o1(0)/60,, ..., dn(6)/20,,).

A18)

418



Denote by w,(0), ..., wy_,(8) a T-orthogonal basis of A7(8). 1t is V-orthogonal
to the tangent plane, i.e.

(15) w?(ﬂ)\”‘an(o):O; i=1,..,N—-m
09 ji=1,...m

J
wi®)Z 'w,(0) =0 if i%j
=1 if i=j
Evidently, the Z-orthogonal projector onto 4(0) is equal to the matrix
R := W(6) W'(0) X"
where W(0) := (w,(0), ..., wy_,(0)). Let us denote by
(16) W(8) := n(8) + R°[n — n(6)]
the X-orthogonal projection of the point n onto the set
A(0) 1= A(0) + 1(0)
(see Fig. 1 for V = I). We introduce the vector {(8) because Y(8) is equal to a condi-
tional mean of y (see Section 4). We have
¥(®) — n = [L - RO] (n(0) — m),
and from (4) we obtain
y — () e (6).

Hence we have the Pythagorian relation

(17) Iy =z = lly — ¥(®)]z + [¥(®) —n]z.
Denote by
(18) Hy(r) i= {y:y e R, 0(y) € 4,(r). |y — W[0(y)} [z < r}

a “tube” in the sample space around the surface {Y(0): 8 e A, (r)} (see Fig. 1).
We have

(19 Gu(r) & Hy(1).

In Section 4 we shall consider samples belonging to H,(r}, but only such that the

corresponding L. S. estimates are not on the boundary of ®. Therefore we assume
that:

Al:
Ar) = ©
(i.e. the point m is “sufficiently distant” from the boundary of ®).

To avoid complications with the nonidentifiability of the parameter 8 we shall
suppose that

A2: The mapping 0 € 4,(r) > n(8) € & is one-to-one.
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To avoid that the expectation surface & could overlap the neighbourhood of its
subset {n(0): 8 e 4,(r)}, we require that r is such that

A3:If

i) ye Hy(r)
ii) 0* is a solution of (4)
iii) Jy — n(0%)[z < r
then 0% € 4,(r) and 0* = O(y) .

Finally we shall suppose that

Ad4: The surface {n(8): 0 € 4,(r)} has no centre of curvature which is a point
of H,(r).

How to compute numerically curvatures of the expectation surface is explained
in [ 1] and in the appendix of [ 7]. For a further use we present the definition of a geo-
desics on &, like in [8].

By definition, a curve

¥:(=68,8)> &
is a V-geodesics on & through the point y(0) = n(8) if there is a twice continuously
differentiable mapping
%:(—6,0)> 0
such that for every te (=4, §)
i) y(t) = m - »(1)
“d"{(f

i.e. the parameter ! is the length of the curve v,
2,,T,
EP) - ),
di? 07 0=x(1)
i.e. the “vector of curvature” d?y'(¢)/d¢* is always orthogonal to &.

iii)

The radius of curvature of y(r) at t = 0 is equal to

dr?
and it is the radius of a circle which is “as tangent as possible” to the curve y(t).
According to iii) this circle with centre (= the centre of curvature)

d*1()
dt 2 t=0
is also tangent to the expectation surface & at the point n(0), and its radius-vector

is V-orthogonal to the tangent plane. The centre of curvature of vy is considered as
a centre of curvature of the surface & at the point n(8). Since there are many V-

n(0) +
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geodesics on & going through the same point n(0), we define the minimal radius
of curvature

0(8) := infr,(0).
v
Instead of A4 we can assume equivalently
A4*: r<o(8); (0eA,(r)
The assumptions Al ~ A4 are slight modifications of the assumptions formulated
in [7, 8]. A heuristic discussion is in [7].
The vector y — (@) is V-orthogonal to the tangent plane (Egs. (4) and (16)),
hence we can write
N-m
=(6) + X bw(8)
1=1
where
b= [y — W(0)]" = 'wy(6).
1t follows that 8, ..., 8,,, by, ..., by_,, can be used as new coordinates of the point

ye H,l(r) The corresponding coordinate transformation will be denoted by g(é, b),
ie.
N-m

(20 g(()’ b):= ‘|‘(é) + Z b,wl(())
=1
Its Jacobi matrix Vg is equal to
a g 0g
vg(®, b) := [ =,
g0.b) <BBT EbT>

og a
={—. WO
(3 vo)
Proposition 1. We have

(21) IdCt [Vg(@, b)]| det [Qﬂ 0) + D(b 9)] det!/2g

det'/ B(D)
where Q(8, 8) and B(9) are defined in (6), and D(b, 8) is an m x m matrix

n(0)

N-m L2
00, 60,

{D(b,8)},;;:= — Z bw; (6)

The proofis in the Appendix.

J

‘If we compare the right-hand side of Eq.(21)with the first term in the right-hand.
side of Eq. (5) we see that we omitted the matrix D(b, 8) in the determinant in (5).
To evaluate the influence of this omission we shall need the following Proposition 2.

Let us use the notation

e .= (bla sees bN—M)T/'Hb” .
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We can write
(22) D(b, 6) = [b] D(e, 0).
For every m x m matrix A, and s £ m, denote by A" the matrix of all s x s
minors of A; hence tr [A®)] is the sum of all s x s principal minors of A {cf. [3]).
Proposition 2. For every § A“(r) we have
feip(e Q001 < (7).
i s)r
Proposition 3. If the matrix V is dominating Z, i.e.. |a]z = |a
for every @ e A,(r) the matrix Q(8, 8) is positive definite.

lys (@ e RY), then

The proofs of both propositions are in the Appendix.

4. THE PROBABILITY DENSITY OF @

The probability density of y is given in Eq. (9) In the sequel we shall not take
into account those samples y which belong to the set RY — H,(r). From (12) and
(19) it follows that the probability of this set is bounded above by the number

1= {6 f(y)dy = N LN/Z w271 p(u) du
e , T(N]2)

For points inside the set H,(r) we shall use the coordinate transformation (20),
to obtain the joint density of 8 and b:

Pa(8, b) := |det [Vg(B, b)]| det™ "/ (Z) ([ ] + (D) - )
where we used Eq. (17) and the equality [[b> = |y — ¥(8)]3. Denote I(r) :=
1= {—r, r>¥"™ The density of d is the marginal density
(23) Fa(0) 1= [1e pa(0, b)Y db =

= det [9@’34',])(1’% e 8) — nl2)db (P iti =

<[ L 1Bl - [9(®) ~ n2) db (roposicon') =

= q(0{8) [y, det [T + D(b, 8) Q*(8,8)] ky_.(|[b]* | [[W(8) — u]3) db
Here we used Eq. (ll) and the equality
Y(0) — n = Po[n(8) — n]
which follows from Eq. (16) and (A2).
Denote by E¥ the (conditional) mean with respect to the density
bel(r)— (b |8) := ky_([b]* | [W(8) — nf3).

Instead of Eq. (23) we can write
(29) Ba(0) = q(0]0) Ex{det [T + D(b, 0) Q~1(8,8)]} .
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From [4], 111, §7 we obtain
(25)  det[I + D(b,0)Q (0,0)] = 1 + 3 tr [D(b, 8) Q" '(8, 8]
s=1

According to the definition of D(b, 0), each term in the right-hand side of Eq. (25)
. is a homogeneous polynomal in the variables by, ..., by_,. Consequently, if s is odd,
then

E3[D(b,8) Q~'(8,8)]“ =0,
because ¢(b | 8) is a spherically symmetrical density. It follows that
(26) E3{det [I + D(b,0) Q~'(8,0)]} <

INT(m/2)

<1y el [D(b.0) Q0,01 <
s=1

el 3 a0 () ()

(Eq. (22) and Proposition 2.).
Similarly we obtain

(27) Ef{det [T + D(b,8) Q~'(0,8)]}

> 1 41NT(ml2> ”b"ZS)< )( )Zs

Further, we have from Egs. (8) and (12)
szLzs “_"' “ 1217 “b“z + 9) Tl"n) db =
Iz S ¥ =my2 h([(8) — nf2)
_ S wu R b + [W(0) — ) du
J'm u(N m)/2-1 /1(“ + H e) —_ n”é) du
Consequently, if /i is a nonincreasing function, then from |y(8) — m|lz < r we obtain
J‘(N myrz | (N=m)/2 s 1 h(u) du
= S(w e (?v 21 h(r + u) du :

From Eqs (24)—(28) follows the proof of the following theorem.

%

(23) Es(I6]*) =

Theorem. If h: {0, c0)+ <0, o0) is non-increasing then

ﬁ“(é) _ q(m@ <lNT(m/2) (m) (g>25 j(oN—m)rz yN—m)2 vst h(u) du
2s

9(8|9) - j?‘zm)ﬂ yWmmi2 =L g2 ) du
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APPENDIX

Proof of Proposition 1. We shall write 0 instead of 8. We have

% -1 08 08

=2 ylw
2 20T
(A1) det” [Vg(6, b)] _ dot | @ 00T 80 _
detZ Wig-t og
oo’

og' . _ _.1 0g .
=det (Z x 11—~ wwiz—1] £ (47,11, §5
(B EANCEAS

T
= det (% g r - o) Y.
00 0"
From the equation

L on(0) L n(0)
rezv-1 MO oy wrgyy - 1O _
p (0) w¥(0) ey

o7
we see that the linearly independent vectors

t,:=XvV! _61](6); (i=1
a0,

span the linear space {z: ze RY, (I — R®) z = z}. Hence the -orthogonal projector
onto this space is equal to

I-R = Y {17}, "

)

=1
where {T};; 1= t]='t;. It is easy to verify that T = B(0), and that
(A2) I-R®=Pp°,
where P® is defined in Eq. (7). Putting the expression for P® into (A1) we obtain
det? (LgTV_ t aj)
aee[vg0.6)] _ \o0" a0) _
detE det [B(0)]

oyt . _, o owl __, dq
det?| =V ! — + Y b, —LvV ! =
¢ [ae IR

det [B(0)]
¥(8) — n(8) = R°[n — n(6)] e .4"(8)

From

we obtain that

(a3) [v0) - a1 v 2 .
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We differentiate this equality, and obtain

(a) Py O w) 4 [a00) - wo v+ T 000.0).

Further, differentiating the first equations in (15) we obtain

D(b, 6) = Xbaw,(e) -1 on(®)

20T
Finally, from (3) it follows that the matrix 8%/00 80™{1|n(8) — y[|z}o-s is p.d., and we
can verify that it is equal to Q(8, 0) + D(b, §) when putting y = g(8, b). 0O

The matrix M(G) is positive definite. Therefore, there is a nonsingular matrix U
such that
UTM(@)U=1.
Denote
D*(e) := D*(e,8) := U" D(e, 0) U
Q* :=Q*08) :=U'QU.
For any eigenvalue 1 of the matrix D(e, 8) we have the inequality
1

(A5) 1] O

IA

(cf. [7], Proposition 2).
Proof of Proposition 2. For any matrices A, B we have (cf. [3], theorem 6.13)
AWBG) = (AB)‘” .
Hence
(A6) tr [D*(e) Q*~']® = tr {(UT)® [D(e) Q1] (U™ 1)®)]
= tr[D(e) Q™' ]©
Denote by C := (¢!, ..., ¢®) and by A := diag(4,, ..., 4,) the matrices of the
orthonormal ejgenvectors and of the eigenvalues of D*(e). From D*(e) = CACY

we obtain
tr [D*(e) Q* - 1}(5) = tr [A(s)(CT)(S) (Q*7 l)(s) C(S)] .

The matrix A® is diagonal, having diagonal entries of the form 4, ..., 2,: (i; <
. < i5). Hence from (A5) we obtain
() [ ST e [ (00 €] -

= [e(®)] " tr (Q*71)®
since COCTY® = (CCTY® = 1€ = L.
From (A3) we obtain
an0)
Q = 1 + UTn(0) — y(6)]Tv~?
[a0) - vio)rv- 210
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According to Eq. (A3) we can write
N-m
n(0) — ¥(0) = — _Zldi wi(6)
where d; 1= [{(8) — n(0)]' 7' w(B). Hence

Tyt 2 “(9)
[n(®) — WO V™! =5 = D(d, 6).
Thus

Q" =1+ [(8) — n(0)]> D*(f)
where f := d/|d|.

Using once more the inequality (A4) we obtain that the eigenvalues u,
of the matrix Q* are bounded according to the inequalities
L= [w(®) = @)z 07'(8) < s < 1 + [W(0) — n(®)]=0”'(8).
Denote by Z:=(z, ...,
‘We have

(A9) (@0 = w [(Z () ) (@] = w [(ZQ7) 1 =
= Gt oppt £ (m BN SA
i,<;<ii” Hie = k\Y)[O(ﬂ) - “lll(ﬁ n(e)\ ]

From (A6)—(A8) we have
i [9(e.0) Q10011 () 200) - [0) - O]

We obtain the required inequality from [W(8) — n(0)||y < o(8)/2 which follows
from the assumption A4. m}

Proof of Proposition 3. Take 0 ¢e A,(r), It is sufficient to show that for every
geodesics ¥ = 1o« going through the point 0 the inequality

dx"(0) du(O)
dt
holds. From Egs. (A4) and (16) we obtain

dd_“: Q0, g)%;“ _ O)y-1 40, &(0) {[Re(n(g) — v 52“_@)}‘3&@,

T

z,) the matrix of the orthonormal eigenvectors of Q*.

Q(.9)

dt dt dr 00007) dt

Hence from the definition of the V-geodesics v (Section 3) we have

dx” dz _, ¢%y(0)
— Q(0,8) — =1 + [R°(n(8) — n)]" V™! =
a Qe, )dt [R°(n(6) — n)] A

= 1= [W(®) - n@ v L0

dr?
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Therefore, from the Schwarz inequality and from the definition of »,(0){Section 3)
we obtain that it is sufficient to prove that

[W(0) — n(8)][y < r,(0).
Since 0 € A,(r), there is a point y € G,(r), i.e.

Iy =z < r <n(0),
such that y € &(0) (see the definition of 4,(r)). Consequently

[W(®) — allz = [P°(y — n)fz < |y — 0]z < #,(0).
It follows that y(8) € G,(r). Evidently i(8) e /(). Consequently, according to the
property A3, 8 solves Eq. (3) for y = {(8). It follows that [[y(8) — n(6)], =
< [W(8) — njly £ |W(8) — nfly < r,{0) since V is dominating E. O
(Received March 10, 1988.)
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