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" Note on the T. Y. Thomas’s Paper:
On the Projective Theory of Two Dimensional
- Riemann Spaces.

By Alois Urban, Praha.
(Received December 4, 1947.)

As proved by 7. Y. Thomas,') there exists for every Rieman-
nian space a contravariant vector density of weight two, namely
aa*K ,,2) preserved by the projective transformation which changes
the geodesics of the considered Riemannian space to these of ano-
ther one.

In this note there is found the relation of the invariant men-
tioned above to the curvature tensor of the prOJectlve Riemannian
space.3)

Let I7.(é%)%) be the coefficients of a symmetric connection
(&* being the coordinates of an n-dimensional space). The coeffi-
cients of any symmetric connection with the same paths are given
by the projective trans’ormation

ﬂ = FA” + 2A(lpu)y (l)
where p, is an arbitrary covariant vector. -
The quantities

H;:u H;l = Fly - A(A n)x (2)

+1

are unaltered under the transformation (1). Let us introduce the

- 1) Thomas T Y.: On the Projective Theor of Two Dlmenslona.l Rie-

mann Spaces. (Proc. Nat. Acad. Sci., U. S. A,, 81 (1945), 259—261.)

%) Where a* are the contra.variant components of the fundamental
tensor of the Riemannian space, a = det. (a 1,4) and K u is the first derivative

of the Gaussian curvature.

%) A projective Riemannian space is the totality of Riemannian spaces
which yield the same system of geodesics.
4) Small (capxtal) Greek indices take the values 1,...,7 (0, 1,...,7n).
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| Quan'tities IT.,x by the relation

T = 20ITh + 2m~m|a|m]l-. (3)
If we introduce a set of functions P and P4 defined by
o L ) v'_aE" o' ' 1 alogA
Pg’—l!Po""OaPA_—a-g‘pPl_—‘c(n_l_l) 85;.’
¢ = const. (4)
Po=1, Py=0, Py=25 P L _2logda o

08" Tem ¥ 1) o 9E”

where
&= () , (5)
is & coordinates transformation with 4 = det . (%%) % 0, then we
find that the set of functions
*Hu * ui = m;u
*I‘o = *I’go = 063, (6)
1 1
* — %0, - -
ng," Pyl = c(n — 1) mm c(n . l) HA;;»
. transforms under (5) according to
*T'fy = *T4xP3 PAP% + Pr 04P% (D
where
‘ 0
4Py = b 55 P29 - (8)

Because of (7) the functlons (6) are the coefficients of a projec-
tive connection.

- . The projective curvature tensor of the *I"’s
Pass® = 23[9*rx14 -+ 2*Fm P sz (9
satisfies the following relations
Paza® = A}’,’A;A,,C)),;,;,f,
Pasi” = o + 7 Alolli,
Peit'= &‘(7»"1:’1“)
- The componénts P.si® may be expressed by means of the curvature

. 5) Cf. V. Hlnvutv Hyporsurfaces in a Projective Curved Space (Annals
o of Mathematics 89 (1938), 728—1729.) .

- (10)
(20[lT,j2 + 2111 o) IT,).
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tensor of the I"s ' -
prlv = 28[0)17411 + 2P{w|n|F:)A,6) A ’ (ll)

namely
' a) Paui’ = P;.,;,a’, (12)'
b) "Du.u.u'\o == (D[w ul]A + ( + 1) w;u.\'I':n),

where D,, denotes the operator of the covariant derivative with
regard to I"’s and

P — (8B + Bu), R = Rii
P,.i" = R;;i" — 2P(0di + 24[uPun

(P being the Weyl curvature tensor) If we use the well known .
relation

(13)

D.P..; = 2 (2 — n) DoPoya,") (14)
we may express (12b) in the following form valid forn > 2
.0 1 L aid
%(.uul = — (2 -Dv wul + + ]. nml I'vx)- (15)
If n = 2, the Weyl curvature tensor vanishes identically and there-
fore ’
a) Poui” = 0
b) P’ = D[,,,P i

In the case of the. prolectlve twodJmensmnal Rlemanman
space we have

(18)

Pua= — Kau, : (17)

where a,, is the fundamental tensor of the Riemannian space and K
is the Gaussmn curvature. Hence we get from (16b) and (17)

- Piid” = -2 5 Kiatua. ' (18)
Let us now introduce the bwector density G% = Ei*l of weight
+1 with the components ¢! = G2 =0, 2 = — ' =1. By -

means of (18) We find that the covariant vector densuby of weight 41

9)21 = K (0B E2 = K o2& = - '}c Pair" € (19)
is a projective invariant.

8) Cf. Schouten J. A.-Struik D. J.: Emfuhrung in die neueren Methoden
der Differentinlgeometurie, 1., p. 110. . .

7) Ct. Fisenhart L. P.: Non- Rxemanman Geometry (Amencan Math
Soc., New lork 1927), p. 89.
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If we define ea, by : .
. el/‘GAv - é; . (20)

then we have ez, = ¢, and consequently we obtain for the contra-
variant vector density

def.
N = E* M (2n

N> = E4K ,aa*8e ne15EH = aK* (22) .
which shows that N~ as defined by (21) isidentical with the vector
density introduced by 7'. Y. Thomas.1)

From (19) and (22) we get

aK* = Jc P’ ErEH, (23)

from which follows that N is a projective invariant. The equation
(23) gives the relation of the invariant a K* introduced by T'. Y. Thomas

to the components VP,3" of the projective curvature tensor P ass of the
twodimensional projective Riemannian space.

Praha. Charles University, Department of Geometry.

- the relation

*

Poznimka k ¢lanku T. Y. Thomase:
On the Projective Theory of Two Dimensional Riemann Spaces.

(Obsah predeslého ¢lanku.)

~ T.Y.Thomas zavedl ve &lanku uvedeném v nadpise a v po-
znédmce ') kontravariantni vektorovou hustotu’vihy +2, a to aK*,
a ukézal, Ze je invariantnf vzhledem k projektivnf transformaci (1),

jestlize Iy, a ‘I';, jsou Christoffelovy symboly druhého druhu dvoj-
rozmérnych Riemannovych prostort. V pfedchozi prici je nalezen

rovnicf (23) vztah této vektorové hustoty ke slozkam ,,.:° projek-
tivntho tensoru k¥ivosti Poz.” proj ektivnfho Riemannova prostorn.
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