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Sasopis pro péstovéni'matematiky a fysiky, rot. 72 (1947)

A note on semiregular and nearly regular spaces.
By Miroslav Katétov, Praha.
(Received February 11th, 1947.)

In the present note relations are analyzed between semi-
regular?) and nearly regular?) spaces. A sufficient condition is given
for a hereditarily nearly regular space to be regular and examples
are constructed showing that the implications: regular — here-
ditarily semiregular — hereditarily nearly regular cannot be re-
versed. All spaces considered are Hausdorff spaces.

Definitions. A point z of a space P is called semiregular,
if for any neighborhood G of x there exists a H such that ae

Int H C G. If every x € P is semiregular, the space P is said to be
semiregular. If every subspace @C P is semiregular, the space P
is called hereditarily semiregular. A set @ C P is said to be regularly
imbedded?) in P if for any closed set F'C P and any a € P — F there
exists a set A C @ such that F C A C P —a (this definition is
evidently equivalent with the formally different definition given
by Cech and Novik, loc. cit.). If every dense subset @ CP is regu-
larly imbedded in P, the space P is called nearly regular. The space
P is said to be hereditarily nearly regular if every subspace @ C P
1is nearly regular.. -

A regular space is obviously semiregular; since regularity is
hereditary, we obtain:

Any regular space is hereditarily semiregular.

Any semiregular space P is nearly regular.

Proof. Let Q be dense in P, If F C P is (_:l_os_ed, aeP —F,
there exists an open G C P such that a e Int G C P — F. Then

A=QP—@is clsed in @, aeIntG=P—P—GCP—A4,
Fc P—GcC 4, hence Q is regularly imbeddgd in P. -
1) M. H. Stone, Applications of the Theory of Boolean 'Rings to General » '

Topology, Trans. Amer. Math. Soc., 41 (1937).

2)"E. Cech and J. Novék, On regular and combinatorial imbédding,
Cas. mat. fys. 72 (1947). ‘ . »
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This theorem implies: ,

Any hereditarily semiregular space is hereditarily nedrly regqular.

If P is semiregular and Q is dense in P, then Q is semiregular.

Proof. Let G C @ be relatively open in @, z ¢ Q. Let G, be

* open, G = @QG,. There exists an open set H, such that z ¢ Int H, C
C G,. Setting H = QH, we have H=H,, Q— QH =P —H =
=P—Hy,2eHCQ—Q—QH = Q .Int H, C G. Hence Q is
semiregular.

Any Hausdorff space P may be imbedded in a semireqular
space R.

Proof. Let R consist of the points  and (z,n) (xe P, n =
=1,2,...). Let the points (x, n) be isolated and each point z,
possess fundamental neighborhoods U, ¢ consisting of z and (z, n),
n>m, re@, wherem =1,2,... and G is a neighborhood of z,.
Clearly, R is a Hausdorff space and P is imbedded in R. Every

- ﬁm,g — Ung contains points zeP only, and we have z =

lim (2, n), (¥, n) e R — Upq. Hence Int U,, ¢ C Upg; therefore R is

- semiregular.

Let P be hereditarily semiregular. Then every point x ¢ P posse-
ssing a countable family { G, } of fundamental neighborhoods is a
regular point of P.

Proof. Suppose, on the contrary, that = is not regular. Then
there exists an open set H such that x ¢ H and G, — H % 0 (n =
=1,2,...). Let a,,e@.—H and denote by A the set of all a,.
Since 4 is. evidently infinite, there exist disjoint open sets B,
such that xe P— B, and B,4 + 0 (n =1,2,...). Setting Q =
=XB,Gn, S=Q+A+2z wehave Q =38, z ¢ S_—Z and, for any
CC Q such that CC 4, CG, = 0 (n = 1,2, ...) (since otherwise
CGn, =0, C Ckff"g" C 2B, CB, = 0, CB, = 0, AB, = 0), hence

. g

* z eC, which contradicts the regularity of the imbedding @ C S.
The. preceding theorem implies:
A heredztamly nearly regular space satisfying the first counta-
bility axiom is regular.

Example 1. P, is the plane with an additional point w. The
" points (z, y), © irrational, are isolated; the points (z, y), « rational,
" have their usual neighborhoods. The point w possesses the funda-
mental neighborhoods U, + w, where U, consists of the points
(, ¥), = irrational, |y | > ¢ (z), ¢ being an arbitrary real function.

‘Clearly P, is a Hausdorff L-space i.e.forany MC P, and x e M
‘there exist z» ¢ M (n =1,2,...) such that x = lim z,.
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Consider a U, and denote by C, (r = 1,2, ...) the set of
all irrational « such that ¢ () << %. Then some C, is of 2. category,
hence dense in an interval J; hence for any rational aeJ the

points (@, y), |y | > n lie in U,. As the closure of the set R of all
(x, ), © ratlonal does not oontam w, it follows that w is no regular
point of P.

Let w € @ C P. It can be easily shown that there exists a coun-

table set B C @ — R — w such that (1) RQR C B, (2) for any real
x the set of all ¥ such that (z, y)e B is finite or void. Choose ¢
such that |y | < ¢ (z) for every (z, y) e B. Given a U,, set ¢, (x) =
= max (y (z), p(x)), @ = QU,, + w. Then G is a relative neigh-

borhood of w in @, G C U,, BG = 0, and, for any (z, y) € Q(G G),

'(x y) € RB, hence (, y) is no interior point (in Q) of QG. Hence )
is a semiregular point of Q. All other points being regular @ is
semiregular; hence P is hereditarily semiregular.

Example 2.3) The space P, consists of the points (—117 x)

m=1,2,..., 0<x< 1) of the plane (with the usual neigh-
borhoods) and an additional point o possessing the: fundamental

neighborhoods U,,— A + o, where U, consists of all (-n—, x)eP,

n>m (m=12,...) and 4 is countable. Clearly P, is a Haus-
dorff space and, for any @ = U,,— 4 + z, Int @ = U,, + 2, hence
P, is not semiregular.

To show that P, is hereditarily nearly regular we have to show,
for any QCSCP, D8, FC S, F relatively closed in Q, a ¢

e S — F, that a set B C S exists such that EDF, a €8 — B. This
is obvious for a+w, since a is regular. For a = w, we have only

to choose a countable B C P,— w such that B D F which is evi-
dently possible.

*
" Poznimka o poloregularnich a skoro regulirnich prostorech.
(Obsah pitedeslého ¢lanku.)

Hlavnim vysledkem glanku je véta: .
Dédicné skoro requldrni prostor, spliiujict proni axiom spocetnosti,
je reguldrni.

3) This example is essentlally due to J. Novak (Cech and Novik, 1.
c., example 3).
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