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Časopis pro pěstování matematiky a fysiky, rot. 71. (1346) 

A hypercomplex proof of the Jordan - Kronecker's 
^Principle of reduction". 

Stefan Schwarz, .Bratislava. 

(Received November 1st, 1945.) 

I. 

This important theorem of the Galois' theory can be proyed 
very simply by means of only elementary facts known from the 
theory of algebras. 

Let f(x) and g(x) be two separable irreducible polynomials of 
degree m resp. n over a commutative field P. Let a, ft be the roots of 
f(x) = 0 and g(x) = 0 respectively. Let us denote Px = P(oc) and 
P 2 =P(^). Ler 

f(x) = fx(x).f2(x)...fr(x), , (!) 

g(x) = gx(x) . g2(x) . . . g9(x) (2) 

be the decompositions of f(x) and g(x) into irreducible factors of degree 
nti (i = 1, 2, ..., r) and ni (i = 1, 2. ..., s\ in P2 and Pt respectively.. 
Then, the Jordan-Kronecker*s Principle of reduction says: It is 

i) r = s, ' 
77i* m 

ii) by a suitable arrangement of the factors — = • -- (for every i). 

The proof is as follows. We form the hypercomplex system 
6 = Pi x P2 

over P; . , 
We can write <5 in two different manners. 

- I t is first (we use the usual notation) 
' . . . © = p 1 P l . = pa + p a * + p2** + . . . + p ^ - . - i ^ p2[z]i(f(z)): 

" On the other hand we have also 
6 =,P P i =- P, + P ^ + Px/S2 + ... + pxpn-l ^ p j z ] / ^ ) ) , 

where Px[z], P2[z] denote rings of polynomials in one variable z over 
Pi and P2 respectively. 
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The structures of the rings of renjainder-classes on the right 
- side of the last relations can be easily given. Writing the factori-
* sation of f(z) in Pa[z] as above, we have 

ie a. P,D-]/(A-)) =- P,M/(/i •/..'.. A). 
But, this ring can be written as a direct sum of the fields 0-.,' 
02, ..., 0r corresponding1) to the irreducible factors fx(z), f2(z), ..., 
ff(z) in P2[z]. 

Therefore 
e±0t®0t@...®0fy 

-iT-hprfi ^ 

0i^P2[z]l(fi(z))t- i = A , 2 , . . . , r . 

In the same manner we treat the second equation (2) and we 
obtain the direct decomposition 

~e = rx@r2®...®r8, 
where 

ri^P1[z]i(gi(z))y ; = i,2,...,,3. 

The decomposition of a ring,*possessing a unit, in two-sided 
direct irreducible components is uniquely determined2). Therefore, 
it is 

i) r = s and 

ii) by a suitable arrangement ft = &% (for every i), 
I .e . 

' 9Jz]Hgi(z)) «s:P.W/(/<W). 

The order of the field P^z] '((ftfc)) over the field P is evidently 
m . n<. The order of P2[z]/(/i(z))over P is n . m». 

; From that isomorphisme follows therefore 

mni -=- nrrti, 

m __ m» 

q. e. d. \ 

-\'/ * -' n. . 
Prom the isomorphisme just proved 

•' ' s • 9ii*yM*))sdij*\m*)) 

< *). Se e. g.: Van der Wa rd n, Mod rn Alg bra П, Bferlir* 1931, p. 48., 
*) ßee . g.: Van d r Waerd al, ibid., p. 102. 
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follows an interesting andVery easy proof of the following theorem 
due to A. L o e w y (M. Z., 15, 1922, p. 266) ). 

Let — under the same suppositions as above — the explicite 
factorisation of f(x) and g(x) in P2 and Px respectively be 

f(x) = h(x, 0) .f2(x, fi) ...f,(x, 0); 

9(x) = gx(x, a) . g2(x, a) ... g8(x, oc). 

/ / we write g%(x, oc) in the form of an integral function in a of the 
lowest degree (what is possible because P(<x) = P[a]) and replace in 
gi(x, a) the variable x by the number p and the number <x by the inde­
terminate x, we obtain a polynomial g^p, x) possessing the following 
propriety: fi(x, P) is the greatest common divisor of f(x) and gi(p, x). 

P r o o f : We shall transform the left side of the isomorphisme 

P1[x]j(gi(x,cc))^P2[x]l(fi(xM. • • (*) 

First it is evidently 

. Pi[x]/(gi(x, a)) ^ P[x, £]/(/(!), 9i(x, f)), 

where P[x, £] is the polynomial domain of all polynomials in two 
variables x and f with coefficients in the commutative field P. In 
fact, <x satisfies the equation /(£) = 0, which is irreducible in P. 
Applying the transformation x -> f, f -» x we have the further 
isomorphisme 

Pi[x\l(gi(x, OC)) ^ P[x, !]/(/(*), gi(£, X)). 

According to the second theorem of isomorphisme ((g(£)) is 
a sub-modul of t̂ he ideal (f(x), gi(£,.x))) we obtain 

P{x,mM, gi(Z, *)) s. P[x, fl/fo(f ))/(/(*), gtf, x))/(g(£)). 
But the last expression is evidently isomorphic with 

P2M/(/(*), <7#, *))• 
I t is therefore 

Pi[xl'(gi(x, a)) ££ P2[x]/(f(x), g{(p, x)). 

Comparing it with the relation (*) we have 

Pz\x\l(m,gi^,x))^Plx]i(h(x^)). , 
Therefore (in the sense of division!) 

fi(xfp) = (f(x),gi(pix)), 
q. e. d. , 

s) This theorem enables us to find the polynominal gi(x) corresponding 
to ff(x) and inversely. 
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* 

Hyperkomplexný dOkaz Jordan-Kroneckerovej vety o vzájomnej 
t redukcii. 

(Obsah predoš lého článku.) 
Obsahom tejto poznámky je zaujímavý dókaz tejto — pre 

Galoisovu teoriu dóležitej — vety, pochádzajúcej od Kroneckera: 
Nech f(x) a g(x) sú dva ireducibilné polynomy z tělesa P, 

stupňov m resp. n, z ktorých prvý resp. druhý nech má kořeň cx 
resp. /?. Nech v ?(a) platí rozklad g(x) v ireducibilných súčiniteFov 
tvaru (2) a v P(/3) rozklad f(x) v tvaru (1). 

ťotom platí: 
1. r == s, 

2. pri vhodnom poradí — — —, 

kde íYiiy rii sú stupně polynomov fi(x) resp. gdx). , 
Dókaz prevedieme tak, že hyperkomplexný systém P, x P* 

rozložíme formálně dvoma spósobmi (odpóvedajúcimi rozkladom 
f(x) a g(x)) na direktný súčet telies a užijeme jednoznačnosti takého 
rozkladu. 

Z izomorfizmu (*) dokázali sme potom tuto vetu pochádza-
júcu od A. Loewy h o : Pišme gi(x) a fi(x) ako celistvú -funkciu 
v <x resp../? najnižšieho stupňa v tvaru gi(x9 a) resf}. fi(x; p). Potom 
platí; fi(x, /?) je najváčšiou spol. mierou polynomov f(x) a <fr(/3, x). 
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