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A note on involutory automorphisms of C
and the use of algebraically independent numbers
for the construction of diagonable matrices

Ladislav Skula

Abstract. The involutory phisms of the lex field are i i d
and classified into three families: Archimedian - “like real numbers”, Archi-
median - “like a proper subfield of real numbers” and non-Archimedian. It is
shown that these families have the same cardinality equal to expexpRqo. By
means of the involutory phisms and Lind; ’s criterion on alge-
braically independent numbers a class of diagonable matrices is constructed.

1. Introduction

The involutory automorphisms of the complex field C play an important role in
description of all involutions for matrices with complex entries ([Sk], Theorems 2.1
and 2.2). The main objective of this article is to investigate such automorphisms.
These automorphisms (except the identity) are of two kinds — Archimedian or
non-Archimedian. An involutory automorphism is Archimedian if its fixed field is
Archimedian, hence this field is embedded into the real field. This embedding can
be isomorphism onto but it can also happen that it is not surjective. In this case
the fixed field of the involutory automorphism contains gaps. All these three types
have the same cardinality equal to expexp Rg.

The last Section is devoted to application to the regular (diagonable) matri-
ces. By means of an involutory automorphism of the complex field a family of
regular matrices is constructed. In concrete cases this construction makes use of
Theorem 5.1 garanteeing existence of an involutory automorphism of C extending
a special mapping for complex numbers. Theorem 5.2 gives a rule for an involutory
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automorphism of C stating how to operate on elements from a cyclotomic field.
The construction uses the criterion of Lindemann (Theorem 5.4) on algebraically
independent numbers.

2. Notation and Fundamental Assertions
Throughout the whole paper we designate by
C the field of complex numbers,
R the field of real numbers,
Q the field of rational numbers,
ic the identity mapping of C,
o the complex conjugation, hence o(a) = @& for a € C,
{x, : + € I} the set of any symbols where I is an index set (I can be empty) and
it is supposed ®,, # x,, for t1,02 € I, 11 # 12,
X = {X, :1 € I} the set of indeterminates,
k[X] = k[X,].er the polynomial ring over the (commutative) field k£ with inde-
terminates X = {X, : v € I},
k(X) = k(X,).er the field of rational forms over the field k.
We will use the common concepts and assertions of commutative algebra, par-
ticulary of the theory of field extensions and of (linearly) ordered fields ([Bb], [F],
[N]). We will use the following known Theorems 2.1 - 2.4.

Theorem 2.1 Let F' be an isomorphism from a field k onto a field k' and let K, K'
be algebraic closures of k,k', respectively. Then there exists an isomorphism F'
from K onto K' such that the following diagram is commutative:

Lt

L

K-=>K'

In this article, the morphisms which are not denoted mean the inclusion map-
pings.

Theorem 2.2 The transcendence degrees of C/Q and R/Q are equal and they equal
exp Ng.

An ordered field will be a linearly ordered field and a mazimal ordered field will
denote an ordered field K such that each algebraic extension of K which is ordered
equals K.

Theorem 2.3 FEach ordered field possesses an algebraic extensionfield which is a
mazimal ordered field.

Theorem 2.4 (Euler-Lagrange). Let K be an ordered field. Then the following
statements are equivalent:

(a) The field K (i) is algebraically closed.

(b) The field K is a mazimal ordered field.
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(¢) Each positive element of K is a square root of an element from K and each
polynomial of odd degree over K has at least one root in K.

Definition 2.1. An automorphism f of the field C is called involutory if f? = ic.
The fixed field of {f} will be denoted by F(f), therefore

F(fy={yeC: f(y) =1}

In the paper [Sk] Theorem 2.5 and 2.6 were proved (Proposition 3.1 and The-
orem 3.1).

Theorem 2.5 Let f be an involutory automorphism of the field C, f # ic. Then
(a) £(0) = i,
(b) for each 6 € C there exist unique numbers o, 3 € F(f) such that
§=a+1if,
(c) for these 6, ., 3 we have
f(8) =a—1ip.

Theorem 2.6 For an involutory automorphism f of the field C, f # ic, the field
F(f) is an ordered field with the positive cone P = {0 : p € F(f)}. Hence, F(f)
is a mazimal ordered field.

For further purpose we will need the lemma.

Lemma 2.1 Let K, L be subfields of C, g an isomorphism of K onto L and 7 =
o/k,0 = o/1 automorphisms of K, L, respectively. Suppose i € KN L, g(i) = 1
und\/Eerareach.keKﬂR, k> 0.

Ifgom =pog, then K = L and g = ik (the identity mapping of K ).

Proof. Let U = KNR,V = LNR. For r € U we have g(r) = a + ib, where
a,b € R, therefore a—ib = (pog)(r) = (gon)(r) = g(r) = a+ib, which gives b =0
and g(r) € R.

Denote by f the restriction of g on U, hence f is an isomorphism from U to
V. For the same reason we get that the restriction of g~! on V is an isomorphism
from V to U, consequently f is surjective.

Let w € U, u > 0. Then yu € U, f(vu) € V and f(u) = f(v/u)?, thus
f(u) > 0, which follows that f preserves ordering. Therefore U = V and f is the
identity mapping of U.

For k =a+ib € K, a,b € R we have a,b € U (since o(k) = k € K), hence
g(k) = g(a) +ig(b) = f(a) + if(b) =a+ib=k.

The lemma is proved.

3. Isomorphisms from C into C

Construction 3.1. Let A = {a, : « € I'} be a transcendence base of the extension
C/Q and let B = {b, : v € I} be an algebraically independent subset of C (over
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Q). Then there exist isomorphisms ¢, from the field Q(A), Q(B), respectively,
onto the field Q(X,).er such that
o(x) =P(z) =z forcach x € Q,
@(a,) =1(b,) = X, foreach.e I
According to Theorem 2.1 there exists an isomorphism f from C into C such
that the following diagram is commutative.

Q(4) H?
|

Q(X.)er I
I
I

\
Q(B) —=C
The field f(C) is an algebraic closure of Q(B). Obviously,

Proposition 3.1 The above constructed isomorphism f is an automorphism of C if
and only if B is a transcendence base of C/Q.

Proposition 3.2 Each isomorphism f from C into C can be constructed by means
of Construction 3.1.

Proof. Let f be an isomorphism from C into C and let A = {a, : ¢ € I} be
a transcendence base of C/Q. The set B = {f(a,) : ¢ € I} is an algebraically
independent subset of C (over Q). If ¢, are isomorphisms from Q(A), Q(B),
respectively, onto Q(X,),er described in Construction 3.1, then for a € Q(A) we
have ¥~ '¢(a) = f(a) and we are done.

Definition 3.1. We will call an isomorphism f from the field C into C a
se-isomorphism if X = a()) € f(C) for each A € f(C). Hence f is a s-isomorphism
if and only if f(C) = f(C) = o f(C).
Proposition 3.3 Suppose that f is an isomorphism from C into C constructed by
means of Construction 3.1. Then the following statements are equivalent:

(a) f is a »-isomorphism.

(b) If te I and b, ¢ B, then the set BU{b,} is algebraically dependent (over
Q)

(c) For each v € I, b, is an algebraic element over Q(B).

Proof. Tt is easy to see that (b) and (c) are equivalent. Since f(C) is an algebraic
closure of Q(B), statement (c) follows from (a).

Suppose that (c) is true. Clearly, § € f(C) for each § € Q(B). Let X €
f(C). Since A is an algebraic element over Q(B), there exist positive integers
n,m, polynomials g;(X1,...,Xn) € Q[X1,...,Xn] for 0 <i <m (Xy,..., X, are
indeterminates) and elements Bi,..., 3, € B such that

S 0B BN =0 and  gm(Br,.--n) # 0.
i=0
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Setting v; = gi(B1,...,0Bn) for 0 < i < m we get v; € f(C), ym # 0 and
oA = 0. The result follows by noting that f(C) is an algebraic closure of
Q(B).

Notation. We denote by K, £, A the systems of all s-isomorphisms which are
not surjective, all isomorphisms from C into C which are not s-isomorphisms, all
automorphisms of C, respectively. If B € {K, L, A}, let B* = {g € B : g(i) = i}
and B~ = {g € B: g(i) = —i}.

Theorem 3.1 The sets K, K*, K—, £, £*, L=, A, AT, A~ have the same cardi-
nality equal to expexp No.

Proof. 1. Put F(g) = goo for each g € B, where B € {K, L, A}. It is easy to see
that F is a bijection from B onto B~.

1I. Let A, C be transcendence bases of the extensions C/Q, R/Q, respectively.
By Theorem 2.2 A = {a, : v € I} and there exists B = {b, :€ I} C C such that
card I = expRo. We can suppose either (a) B is a transcendence base of C/Q
or (b) B # C. If f is the isomorphism from C into C constructed in the way of
Construction 3.1, then f € K in case (b) and f € A in case (a) (by Propositions
3.1 and 3.3). Using the permutations of the set I we get

card K = card A = expexp Ro.

III. Choose two different elements ¢,d from C and put @ = c+id, f = a =
¢ —id. Let F(X,Y) be a polynomial in the indeterminates X,Y order Q. Using
the substitution X = z + iy, Y = z — iy for other indeterminates z,y we get
F(X,Y) = ¢(z,y) + iw(z,y), where ¢(z,y),¥(z,) € Qla,y.

Assume F(a, 8) = 0. Then ¢(c,d) + i9)(c,d) = 0, which follows that ¢(z,y) =
(z,y) = 0, therefore F(X,Y) = 0 and the numbers «, 3 are algebraically inde-
pendent over Q.

There exists a transcendence base E of C/Q containing the elements a, . Put
D =E— {3} = {6, : ¢ € I}. Let us construct the isomorphism f from C into C
by means of Construction 3.1 using the set D instead of B. By Proposition 3.3
f is not a s-isomorphism, hence f € £. Again considering the cardinality of all
permutations of the set I we get

card £ = expexp Rp.

The theorem is proved.

4. Involutory Automorphisms of C

Definition 4.1. An involutory automorphism f of C is called Archimedian if f # ic
and the ordered field F(f) is Archimedian, which is equivalent with the following
condition:

there exists an embedding of the ordered field F(f) into the real field R

([F], Chap. VIIL Theorem 1). In the opposite case and in case f # ic, f is
called non-Archimedian.

Notation. If ¢ is a »-isomorphism from C into C, we denote by () the complex
conjugation from ¢(C) onto ¢(C). The s-isomorphism ¢ will be considered as a
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map from C onto ¢(C) and the symbol ¢!

¢(C) onto C.
The following theorem gives a characterization of all Archimedian involutory
automorphisms of C.

will denote the inverse map of ¢ from

Theorem 4.1 The system of all Archimedian involutory automorphisms f of C
is equal to the system of all f of the form f = ¢~' o a(p) o, where ¢ is a »-
isomorphism from C into C such that (i) =i (hence p € K* U AT).

The isomorphism ¢ € KT U A" is uniquely defined by f = p~oo(p)op. The
embedding from F(f) into R is given by restriction ¢ of ¢ on F(f).

@ surjective if and only if ¢ is surjective, i.e., ¢ € A,

Proof. 1. Let ¢ € Kt UAt, f = ol oo(p)op. Clearly, f is an involutory
automorphism of C and since f(i) = —i, we have f # ic.

The field F(f) satisfies the equalities:

F(f)={weC: flw)} = {we C:o(p)(pw)) =
=)} ={weC:pw) cR}

Clearly, the restriction ¢ of ¢ on F(f) is an embedding from F(f) into R and
@ is surjective if and only if ¢ is surjective.

II. Let f be an Archimedian involutory automorphism of C and let ¢ be an
embedding of the ordered field F(f) into R.

Suppose w € C. By Theorem 2.5 there exist unique numbers «, 8 € F(f) such
that w = o 440 and f(w) = o —if. Put

pw) = ¥(@) + ().

Obviously, ¢ is an isomorphism from C into C such that ¢(¢) = i. If A € ¢(C),
then there exists § € C such that ¢(d) = A. Let o, f € F(f), § = a +if3. Setting
& = a —if, we get p(8') = P(a) —ih(B) = A, therefore ¢ is a se-isomorphism. It
is easy to see that f = ¢! o o(p) o .

IIL Let ¢,¢ € K*UAY and let o~ oa(p)op = ¥~ Loa())orp. Let K = o(C),
L=9yC),n=0(p):K—->K,o=0®):L— L, g=1v%op ':K — L Then
according to Lemma 2.1 ¢ = 9.

The theorem is proved.

Remark. In Theorem 4.1 we can replace the requirement ¢(i) = i by @(i) = —i.
The mapping ¢ — o(@) o is namely a bijection from the set of all s-isomorphisms
¢ of C into C with ¢(i) = i onto the set of all s--isomorphisms v of C into C with
P(i) = —i.

Notation. Denote by Aj;, A2 the systems of all Archimedian involutory automor-
phisms f of C such that the fields F(f) and R are isomorphic, the field F(f) is
isomorphically embedded into R but not onto (i.e., the ordered field F'(f) contains
gaps), respectively.

Using Theorems 3.1 and 4.1 we get

Corollary 4.1 card A; = card Ay = expexp Ny.

Construction 4.1. Let A = {a, : t € I} be a transcendente base of the extension
C/Q and let the set I be linearly ordered: I = (I, <). Let us order the polynomial
ring Q[X] = Q[X.].er as follows:
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The monomials in Q[X] are ordered lexicographically; i.e., for monomials
n

n
o= HX[“; and g = H Xﬁ‘
i=1

=1

(n is a positive integer, ki,...kn, h1,...,hy are non-negative integers and ¢ <
ty < -+ < tn are elements from I) we have o < g if o = 3 or ks, < hyn, where m
is the smallest positive integer p < n with k, # hy,.

Let f,g € Q[X], f = a1+ - ~+ay0ty, g = bion +—-+bya,,, where v is a positive
integer, @y < g < -+ < @, are monomials in Q[X] and a1,...,a,,b1,...,b, € Q.
Set f < gif f=goray, < by, where w is the largest integer u < v with a,, # by.

Then < is a linear ordering on Q[X] and (Q[X], <) is a linearly ordered ring.
The linear ordering < can be extended uniquely on Q(X) such that (Q(X), <) is
an ordered field. The natural isomorphism (X, — a,) makes from Q(A) an ordered
field (Q(A), <) which is not Archimedian since for each positive integer n and each
¢ € I we have n < qa,.

According to Theorem 2.3 there exists an algebraic extensionfield F of Q(A)
which is a maximal ordered field. We can suppose that F is a subfield of C. Clearly,
F is non-Archimedian. By the Euler-Lagrange theorem (Theorem 2.4) the field F (i)
is algebraically closed. The situation is demonstrated on the diagram:

Q — Q(4) —F —F(i)) —C.
If « € C—F(z), then « is transcendental over F(), therefore « is transcendental
over Q(A), which is a contradiction. It follows that F(i) = C.
Put f(w) = a—if forw € C,w = a+1if, o, € F. Therefore f is a non-

Archimedian involutory automorphism of C and the fized field F(f) of {f} equals
F.

Theorem 4.2 The cardinality of the system of all non-Archimedian involutory au-
tomorphisms of C is equal to exp exp Ro.

Proof. Consider the automorphism f from Construction 4.1. This automorphism
depends on the linear ordering < of /. If this ordering is changed, we get a different
non-Archimedian involutory automorphism from f. According to Theorem 2.2
card I = expNg and the result follows.

5. Application of algebraically independent numbers to a construc-
tion of diagonable matrices

For an application to matrix algebra we rise the following problem:

Problem Assume that M, N are subsets of C and f is a bijection from M onto N.
When can f be extended to an involutory automorphism of C?

We will give only some partial answers to this question, a complete solution is
open. The following necessary conditions are obvious.
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Proposition 5.1 Let M,N be subsets of C and let f be an isomorphism from C
into C such that f(M) =

(a) If @ € M, then « is an algebraic number if and only if f( a) s an algebraic
number. In this case o and f(e) p the same minimal poly

(b) A subset T C M is algebraically independent if rmd only if f(T) is alge-
braically independent.

Lemma 5.1 Suppose that U,V,W are mutually disjoin sets of real numbers and x
is a bijection from U onto V. If the set U UV UW is algebraically independent,
then the set

{a+ix(a):acUlU{a—ix(a):ac UJUW

is algebraically independent.

Proof. Assume that there exist positive integers n, m, different elements oy, ..., o, €
U, Y1y...,¥m € W and a polynomial F = F(Xy,..., X, Y1,..., Y0, Z1,..., Zp)
over Q such that

F(p1, s 0ns 1o Pns My ooy Ym) = 0,

where ¢; = a; +ix(a;) and ¢; = a; —ix(ey) for 1 < j < n. Substituting for
X;=U;+iV;, Yy =U; —iV; (1 <j <n)in F we get a polynomial G =
=GWUy,....U,V1,..., Vo, Z1,..., Zy,) over Q(3).
Since the set UUVUW is algebraically independent and G(avy, - . ., o, x(01), .. .
cox(em), 1, - Ym) = 0, we have G = 0, therefore G(Uy,...,Upn, Vi,..., Vy,
Ziy.o s Zm) =0 for all complex numbers. Ui,...,Up,Vi,... Vm Z1, ...y Zpm. Conse-
quently, F' = 0 and we are done.

Theorem 5.1 Let A, B, C be mutually disjoint subsets of C such that the set AUBUC
is algebraically independent, and let there exist a bijection x from A onto B. Then
there exists an involutory automorphism h of C such that

acA = ha)=x(a),
yeC = h(y)=

Proof. Since the transcendence degree of R/Q equals exp 8y (Theorem 2.2), there
exist mutually disjoint subsets U,V,W, Z of R such that card A = card B =
card U = card V, card W = card C, card Z = exp Ry and the set UUVUWUZ
is algebraically independent. Let ¢ : U — V, ¢ : A — U, w: C — W be bijections.
According to Lemma 5.1 the set

N={E+ip():EcUYU{E—ip(e): £ UyUWUZ

is algebraically independent and clearly card N = exp®g. There exists a subset
D CC—-AUBUC such that M = AUBUCU D is a transcendence base of
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C/Q and there exists an injective mapping g from M into N with the following
property:
ac A = g(a)=vy(a)+ i),

be B = g(B) =ogx"'(h),
7eC = g(7) =w(),
deD = g(b) e Z

Using Construction 3.1 (M = A, g(M) = B) we get a s-isomorphism f from
C into C (by Proposition 3.3) with f(u) = g(u) for each p € M. Put h =
= f"too(f) o f. Then h is an involutory automorphism of C. For a € A we
have h() = £~ (¥(a) — ip¥(a)) and fx(a) = gx(a) = ogx~'x(a) = g(a) =
¥(a) ~ igth(a), hence h(a) = x(a). For y € C we get h(y) = (f~'o(f)g() =
flw(y) = f~'g(v) = v. The proof is complete.

For the further theorem we will need two lemmas.

Lemma 5.2 Let n > 2 be an integer, £ = cos zit + isin 51 (a primitive 2"th

root of unity) and let f be an involutory automorphism of C, f # ic. Then
fe=¢&=¢"

Proof. We will use induction on n. If n = 2, then £ = i and by Theorem 2.5
(a) f(&) = —i = £&. Suppose that n > 3 and for n — 1 the statement is true. By
noting that f(€)? = f(¢2) = €2 we have f(£) = +£~!. Suppose f(¢) = —¢7L
According to Theorem 2.5 (b), (c), £ = a+1if, where o, f € F(f) and f(€§) = a—if.
Consequently,

—1=¢f(€)=a’+3%>0,

which is a contradiction.

Lemma 5.3 Let p be an odd prime, n a positive integer, £ = cos ‘273.‘ + isin';%f (a
primitive p™th root of unity) and let f be an involutory automorphism of C, f # ic.

Then f(€) =€=¢7"

Proof. Since £€P" = 1, there exists an integer z, 1 < z < p" — 1, p t  such that
f(€) = €. Then € = f2(¢) = €, therefore 22 = 1 (mod p") and z = 1 or
z=p"—1.

Suppose f(§) =& Then &€ F(f)and £ <0or 0 <€ <1lorl<§g whichisa
contradiction to £€7" = 1. The result follows.

Definition 5.1. We call an algebraic number a abelian if the extension K/Q is
abelian, where K is the splitting field of the minimal polynomial of . (Remind
that an extension K/Q is called abelian if K/Q is a Galois extension and the Galois
group of K/Q is abelian.)

Theorem 5.2 For any involutory automorphism f of C, f # ic and any abelian
algebraic number a we have f(a) = a.
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Proof. Let K be a subfield of C which is the splitting field of the minimal polynomial
of a.. Since the extension K/Q is abelian, there exists according to the Kronecker-
Weber Theorem ([W], Chapter 14) an integer rn > 3 such that the mth cyclotomic
field Q(€) (€ = cos 2= + isin 2%) contains K.

Let m = p{* ...pg* be the canonical decomposition of m. We can suppose that
in case m being even, m is divisible by 4. For each 1 < j <k set
m 27 L. T
mj = ——, n;j =& = cos —; +isin 5.
e P #j

Since £™ = 1, there exists an integer z, 1 <z < m — 1 such that f(£) = &®. Then
for each 1 < j < k we have according to Lemmas 5.2 and 5.3

e =yt = fy) = €

and therefore zm; = —m; (mod m). It follows that 2 = —1 (mod p;7) for each
1 < j <k, hence z = —1 (mod m) and thus & = m — 1. The result follows
immediately by noting that

o= Tmo108” (1, €Q).

Remark. Using the Kronecker-Weber Theorem we can easily show that a complex
number is abelian algebraic number if and only if it is contained in a cyclotomic
field.

Now we will consider the matrices with complex entries and we will use this the-
ory for regular matrices ([Se|, Chapter 11, Section 5 for matrices with real entries).
Recall that a square matrix A of order n is called regular or diagonable if there exists
a non-singular matrix U of order n such that U™ 1AU = D = diag {\1,..., \n}-
Then Ay, ..., \, are eigenvalues of A. It is well-known that a square matriz is reg-
ular if and only if its Jordan normal form is a diagonal matriz (Jordan blocks are
square matrices of order 1).

Another characterization is formulated by means of the concept of regular
eigenvalue. If A is a square matrix of order n and X is an eigenvalue of A with
multiplicity m, then X is called a regular eigenvalue of A if rank of A — Al equals
n —m. The matriz A is regular if and only if each its eigenvalue is regular.

The symmetric matrices (with real entries) are regular and the Hermitian ma-
trices as well. Also the families of idempotent matrices and circulant matrices be-
long to the diagonable matrices ([Se], Chapter 12, Section 2; [D], Theorem 3.2.2).
Also the square matrices with simple eigenvalues are regular. In the paper [Sk]
another class of the regular matrices was described. Recall the basic notions:

Definition 5.2. Let f be an involutory automorphism of C and let A = [ay;] be a
matrix of size m x n. Put

A = [brali<kan1<e<m,
where by = f(aw) (1 <k<n,1<€<m).

A matrix M is called f-Hermitian if M7 = M. Obviously, the f-Hermitian
matrices are square matrices. A non-singular matrix U is said to be f-unitary if
Ut =Us.

It was stated in ([Sk], Theorem 3.5):
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Theorem 5.3 Let f be an involutory automorphism of C, f # ic. A square matriz
H of order n is f-Hermitian if and only if there exists an f-unitary matriz U of
order n such that

H=U/DU,
where D is a diagonal, f-Hermitian matrixz of order n. Therefore, the f-Hermitian
matrices are regular.

Using Theorems 5.1 and 5.2 we are able to construct some f-Hermitian matri-
ces as follows. It is not difficult to determine some abelian algebraic numbers, e.g.,
V2, iv/3, € = e**, etc. The application of Theorem 5.1 requests some criteria on
algebraically independent numbers. One of the most beautiful criterion is due to
Lindemann ([Sh], Chapter 2, §7):

Theorem 5.4 (Lindemann) If&,...,& (k a positive integer) are algebraic numbers
linearly independent over Q, then the numbers
ok

are algebraically independent.

The reader is referred to ([Sh], Chapter 3 or [Bu]) for other criteria on alge-
braically independent numbers.
Example. The numbers /7, ¥/5, iv/2, i4/3 are linearly independent over Q and the
numbers e 7 s \"/5, V/7 are abelian algebraic numbers. Then according to Theorems
5.1, 5.2 and 5.4 there exists an involutory automorphism f of C, f # ic such that
the matrix )
Vs e V2
M=% V2 V7
VT T £iV3
is f-Hermitian and hence by Theorem 5.3 M is diagonable. Using MATLAB system
we get

5.5288 0.6235 4 0.78187  0.1559 + 0.98781
M = | 0.6235—0.7818; 1.1892 2.6458

14.0940 2.6458 0.3194 + 0.94764
with simple eigenvalues Ay = 7.4734 + 2.2135i, Ay = —1.5116 + 0.3697i, A3 =
1.0756 — 1.63564.
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