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Oscillation and Nonoscillation of First Order
Nonlinear Delay Differential Equations

Rudolf Olach

Al Oscillation and illation criteria for the first order nonlinear
delay differential equations of the form

#(t) + p(t)le(r ()| sgnz((t))] =0, t2>to,
are established, where a > 1.

1. Introduction
In this paper we shall study the oscillatory behaviour of the nonlinear functional
differential equation

&(t) + p(t)|=(7(t)|* sgnlx(r(t))] =0, t=to, (1)

where a > 1,p € C([to,0),[0,00)),7 € C*([to,00), [0,00)), lims—,00 7(t) = o0,
7(t) <t,t > to. The existence of a positive solution of Eq. (1) is also treated.

By a solution of Eq. (1) we mean a continuous function z(t) which satisfies
Eq. (1) on the interval [tg, 00).

Recently the original results have been published in [6] about oscillation and
nonoscillation of nonlinear differential equation of the form

m
Z(t) + p(t) H lz(t — 7;)|% sgnjz(t —11)] =0, t>tg,
Jj=1
where 0 < 74 < 719 < --- < 7y, afe constants, E;":l a; > 1, and its special case
(t) + p(t)|z(t — 7)|*sgnfz(t — 7)] =0, t>to,
where o > 1,7 > 0.
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As far as we know there are no results for Eq. (1) on the subject of this paper.
Due to inequalities

exp (e exp (—e*) > exp(—eM), O<e<A t>0,
e Mexp(—eM) < exp(—e*), p>0,t>0,
Theorems 1 and 2 are extensions of the results in [6] for the equation
(t) + p(t)|a(t — m1)|%sgnfz(t — )] =0, a>1,t>tg.

The extension on the equation of the type

m m

() +p(t) [[ l=(m ) sgnlz(rn ()] =0, Y a5 >1, t >ty

j= =1

is also possible. Oscillation and nonoscillation problem of cognate equations is also
treated in [2-5].

2. Main Results
We shall need the following lemma.
Lemma 1. Suppose that « > 1,q € C([to, ), [0,00)),¢(t) # 0 on any interval and
q(t) < plt), t>to.
If Eq. (1) has a nonoscillatory solution, then also equation
@(t) + q(t)Ja(r(1)|* sgnlz(r(t))] = 0, t>to, @)
has a nonoscillatory solution.

Proof. Assume that v(t) is a nonoscillatory solution of Eq. (1) such that
v(7(t)) > 0 on [T,00), T > to. Then

o(t) = —p(O)p(r(®)]*, t=T,
and
o(t) <0 fort>T,
i.e. v(t) is decreasing on [T, 0c). It follows from (1) that

o(t) > [ () o)) ds, t>T. 3)

By Cioa([T,00), R) we denote the space of continuous functions z : [T,oc) — R
endowed with the topology of local uniform convergence. We define the set S C
Cioc(|T, 00), R) of the functions = which satisfy the inequalities

0<z(t)<o(t) fort>T.
The operator F': S — Cloc([T, 00), R) is defined by

_J [T as)r(s))* d for t>ty,
F (’”)(t)‘{ {(t)?—sv(;i;: F(z)(stl) for ic T 1),

where t; > T is such that 7(t) > T for t > t;.
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If z € S, then by (3) we have

0< F(z)(t) = /toc q(s)[x(7(s))]* ds < /lwp(s)[v(r(s))]“ ds <o(t), t>t.

Thus we get F(S) C S. We note that S is a nonempty closed convex subset
of Cioc([T,00), R) and the operator F is continuous. The functions belonging to
the set F'(S) are equicontinuous on every compact subinterval of [T,00). Then
according to the Schauder-Tychonoff fixed point theorem (cf., e.g. [1, p. 231]), F
has an element z € S such that @ = F(z). It is easy to see that x satisfies Eq. (2)
on [t;,00).

Now we show that z is positive on [t1,00). Obviously v(t) > v(t1) on [T,t,),
z is nonnegative on [t;,00), x(t1) = F(x)(t1) > 0 and moreover from Eq. (2) it
follows that « is decreasing on [t1,00). Let ty € (f1,00) be the first point in which
z(t2) = 0. Then by Eq. (2) we have

(t3) = —q(ts)[z((t3))]* <0, t3 € [t2,00).

By decreasing character of z we always have z = 0 on [t2,00), which gives &(t3) = 0.
This contradiction proves that z has no zeros on [t2,00) and so x is positive on
[t1,00). The proof is complete.

Theorem 1. Suppose that o > 1, 0 < 7(t) < 1, liminf, o[t — 7(t)] = o > 0, there
exists X > 0 such that
ae™ <1 (4)
and
lim inf p(t) exp(eft) exp(—eM)] > 0, (5)
t—00
where 0 < & < A. Then every solution of Eq. (1) oscillates.
Proof. With regard to conditions (4), (5), we may choose ¢ < 8 < A and
T > tp such that
ae 7 <1 (6)
and due to the condition (5) and the next inequality
M — et > A+ (- 1), t> T,
we obtain
p(t) > AeMexp[(a —1)eft], t>T.
Define
q(t)-= Ae* exp[(a — 1)e?t].
According to Lemma 1, if every solution of the equation
@(t) + q(t)|2(7(1))|* sgnlz(r (1)) = 0, ¢t >T, ()

oscillates, then also every solution of Eq. (1) oscillates.

Suppose to the contrary that (7) has a nonoscillatory solution z(t). Without
loss of generality, we may assume that z(t) is an eventually positive solution of (7).
Then, with regard to the definition of ¢(t) we obtain that

0<z(r(t)) <1 and #(t) <0 fort>Ty >T.
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Set y(t) = —Inxz(t), t > T1. Then y(t) > 0 for t > T} and has a increasing nature.
From (7) we get

§(t) = q(t) exply(t) — ay(r(®))], t=Ti. (®)
By (6) we may choose 0 < v < f# and 0 < r < o such that

ae M < 1.
Now we can consider three possible cases.
Case 1. y(t) < aeP~27y(r(t)) eventually holds. Let T, > T} be such that
y(t) < ae®Iy(r(t)), t2 T
Then we get
y(t) < ae(ﬂw)ry(.,-(t)) < (,e(ﬁw)[t—r(t))]y(r(t))

ot = Bl = Bt
el 97 (0) YT (1)

PO NN O =
Define z(t) = y(t)e™Pt. Then for t > Ty we have
2(t) < ae” M z(7(t)).

In view of this inequality, applying the result of (3, Lemma 2.1] we obtain

Lll'n(; 2(t) = 0.
According to above there exists a T3 > T3 such that
y(t) < eft, t>Ts. 9)
(From (8) it follows
9(t) > q(t) exp[(1 — a)y(t)]
and using (9) we get
y(t) > q(t) exp[(1 — )ePt] = AeM, t>Ts.
Integrating the last inequality we obtain
y(t) 2y(Ty) + N =T, > T,

which contradicts (9).
Case 2. y(t) > ae~7y(7(t)) eventually holds. Choose Ty > T3 such that

y() > ac?ry(r (1)), t2 T
Applying the above inequality in (8) we get
§(t) > q(t) exp|(1 — O y()], > T
Set ¢ =1—e(=#)". Then ¢ > 0 and
P()e™ VY > q(t), t>Ty
Integrating this inequality we have
o o0 1
/ q(t)dt < / eV dt < ==V < oo,

Ty Ty ¢

which is a contradiction to the definition of g(t).
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Case 3. y(t) — ae® =M y(7(t)) is oscillatory. Set
u(t) = y(t) = ey (r(1)).

Then u(t) is oscillatory and there exists an increasing infinite sequence {5} of real
numbers with Ty < t; < t3 < -+ such that

u(ta) =0, n=12,..,

and
u(t) >0 fort€ (ton—1,ton), n=12,....

Also there exists an increasing infinite sequence {&,}, &n € (ton—1,t2,) such that

u(€n) = max{u(t) : ton—1 <t <t} and u(&,) =0, n=1,2,... . It follows that
9t = a()explu(t) + a(e® "~ Dy(r(1)], t>1Ty, (10)
Wen) = Y(én) — ae I HE) (T (En)),

and
9(n) = P € )g(T(6n))- (11)
Combining (10) and (11) we can find that
4(6n) explulén) + a7~ 1)y(r(6))] = ae I H(E0)j(7(60))
= aelP =" #(€a)q(r(€)) explu(r(6n)) + ale? "~ Dy(r(r(€))).
Using
a7 <1, < e, q(r(&n)) = 2e* ) expl(a — 1)ePrién)]
and &, > o + 7(&,) > 7 + 7(£n), We obtain
a(&n) explu(€n) + a7 — 1y(r(€n)))
< A AE) expl(a — 1)e7E) 4 u(r () + ol — L)y(r(r(e,)))
< AMn expl(a = 1)ePE) u(r(€)) + ale® VT = y(r(r(ga)))).
The above inequality implies that
explu(a) +a(e® ™" = 1y(7(6n)]
< expl—(a — )% + (o = D’ ) 4 u(r(6)) + a7 — 1yy(r(r(¢.))))-

So we have
u(n) + a(e®" = Dy(r(6n)) < ulr(€n)) + e~ 1yy(r(r(£a))
—(a~-1)(1— e’/")e“", n=12.... 12)

If limsup,_,, u(t) = imsup,, ., %(én) = 00, then there exists a subsequence {, }
of {€,} such that w(én,) = max{u(t) : Ty <t < &n, }, k=1,2,... . Then it follows
from (12) that
0 < a7~ 1)y(r(En,)) — Y(7(T(En)))]
< —(a—1)(1—e Py <0, k=1,2,...,
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which is a contradiction. If limsup, ,_ u(t) = limsup,_, . u(£,) < oo, then (12)
implics that

0 < limsupfu(6n) + (="~ 1)[y(r(En) - y(r(r(EN])
< limsup[u(r(én)) — (@ — 1)(1 — e~ P)efé ] = —o0.
This is a contradiction. The proof is complete.

Theorem 2. Suppose that a > 1,0 > 0,

limsup(t — 7(t)] < o, (13)
t—oo
there exists > 0 such that
ae”H > ] (14)
and
li]tu sup[p(t)e # exp(—e™t)] < oco. (15)
—o0

Then Eq. (1) has an eventually positive solution.

Proof. According to conditions (13), (14), (15) we may choose w > u,r > o
and T > t( such that
ae” ¢ > 1

and
pt) < wetexpl(ac — ]
< wetexp[(ae?ltTOl _ 1)t
= we explaer™®) —et], t>T. (16)
We define the set S C Cioc([T,00), R) of functions x which satisfy the inequalities
0<a(t) <v(t) fort>T,
where
v(t) = exp(—e“t), t>T.
The operator F : S — Cioe([T', 00), R) is defined by

_ [ 7 p()a(r(s)d for t>T,
F(m)(t)"{ v(t)fv(Tl)TJr F(;)(Tl) fﬁi te (T, Th),

where T} > T is such that 7(t) > T for t > T}.
If z € S, then by virtue of (16) we get

0 < F0 = [ s < [ o) ds

0o oo

= / p(s) exp[—ae“”(s)] ds 5/ we*? exp(—e“*) ds
t t

= exp(—e*t) =v(t), t>Ti.

Thus F(S) C S. Now we can proceed as in the proof of Lemma 1. So Eq. (1) has
a nonoscillatory solution. The proof is complete.
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Corollary 1. Suppose that a > 1,0 > 0.
(i) Let liminfy o[t — 7(t)] > 0, 0 < 7(t) < 1 and there exists X > 0 'Ina
such that )
lim inf[p(t) exp(—er)] > 0. 17)
Then every solution of Eq. (1) oscillates.
(ii) Let limsup,_,o[t — 7(t)] < o and there ezists p < o~ Inox such that

lim sup[p(t) exp(—e*)] < oco. (18)
t—o0
Then Eq. (1) has an eventually positive solution.

Proof. The conditions (17) and (18) imply that (5) and (15) hold and we can
apply Theorem 1 and 2.
Applying Corollary 1 to equation

(t) + p(t)|x(t - 7)|* sguz(t — 7)) =0, t > to, (19)
where 7 > 0, we obtain the result in [6, Corollary 1.

Corollary 2. Suppose that o« > 1. Then the following conclusions hold:

(i) If there exists A > 7' Ina such that (17) holds, then every solution of (19)
oscillates.

(ii) If p(t) # O on any interval of length T and there exists 4 < 77" Ina such
that (18) holds, then (19) has an eventually positive solution.

References

[1] R. E. Edwards, Functional Analysis, Mir, Moscow, 1969 (Russian translation).

[2] I. Gyéri and G. Ladas, Oscillation Theory of Delay Differential Equations with Applications,
Clarendon, Oxford, 1991.

[3] J. Jaros and T. Kusano, On a class of first order nonlinear functional differential equations of
neutral type, Czechoslovak Math. J., 40 (1990), 475-490.

[4] G. S. Ladde, V. Lakshmikantham and B. G. Zhang, Oscillation Theory of Differential Equa-
tions with Deviating Arguments, Marcel Dekker, New York-Basel, 1987.

[5] R. Olach, Observation of a feedback mechanism in a population model, Nonlinear Analysis,
41 (2000), 539-544.

[6] X. H. Tang, Oscillation for First-Order Nonlinear Delay Differential Equations, J. Math. Anal.
Appl., 264 (2001), 510-521.

Author(s) Address(es):
DEPARTMENT OF MATHEMATICAL ANALYSIS AND APPLIED MATHEMATICS, UNIVERSITY
OF ZILINA, 010 26 ZILINA, SLOVAK REPUBLIC

E-mail address: rudolf.olach@fpv.utc.sk



		webmaster@dml.cz
	2013-10-22T11:29:08+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




