Acta Mathematica Universitatis Ostraviensis

Michaela HoleSova
Some monomial curves as set-theoretic complete intersections

Acta Mathematica Universitatis Ostraviensis, Vol. 12 (2004), No. 1, 33--39

Persistent URL: http://dml.cz/dmlcz/120602

Terms of use:

© University of Ostrava, 2004

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/120602
http://project.dml.cz

Acta Mathematica Universitatis Ostraviensis 12 (2004) 33-39 33

Some monomial curves as set-theoretic complete
intersections

Michaela Holesovd

Abstract. We describe associated prime ideals of some monomial curves in A%,
We use a procedure by which we prove that these curves are intersection of
three hypersurfaces and we found their concrete description.

1. Introduction

It is known that k-dimensional algebraic affine variety is intersection of not less than
n-k hypersurfaces in n-dimensional affine space A™ . There is the presumption that
a number of these hypersurfaces is exactly n-k. In this case we can say that they
are ideal-theoretic or set-theoretic complete intersections. This is also equivalent to
the fact that either the associated ideal I of this variety has n-k generators (ideal-
theoretic complete intersection) or the ideal I is radical of an ideal @, a C I, the
ideal a has n-k generators (set-theoretic complete intersection). The number n-k is
also height of the ideal L.

Kunz [6] showed that every monomial curve C(ni,ng,n3) in 3-dimensional
affine space is an intersection of two hypersurfaces. This presumption is also correct
for some monomial curves in 4-dimensional affine space A% as known by Bresinsky
[2], Gastinger [5] and Sol¢an [7].

2. The associated prime ideal P
of the monomial curve C(ny,n2,n3,n4)

Let ny,n2,n3,n4 be positive integers with g.c.d. equal 1 and nq,ny,ng, n4 is a min-
imal set of generators for the numerical semigroup H = (ni,ng,ng,n4) = {n,n =
3" aini, a;’s are nonnegative integers}.
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Let K be an arbitrary field, R = K[z, %2, 23, x4] the polynomial ring in four
variables over K. C(n,n2,ns,n4) a monomial curve in affine space A* over K hav-
ing parameterization z; = t™,i =1,2,3,4. The ideal P = P(ny,ny,n3,n4) of all
polynomials f(z1,z2,z3,24) € R such that f(t",¢"2,¢",¢"4) = 0, ¢ transcenden-
tal over K, is the associated prime ideal of local ring Rz, ¢, 24,0,) Of the monomial
curve C(n1,ng,n3,n4). P is the corresponding ideal with dim(P)=1 and height
ht(?)==3 (more information in [6]).

Let a binomial termv,]_[::] T — H::l 2;% € P, where 1,9, =0, i=1,2,3,4.
It is clear that Z?:l Yini = 23:1 9.

‘We have basically two types of binomial terms of P:

i) alel - alal {65k 0 ={1,2,3,4}, i £ 0 or
ok, 0} = {1,2,3,4},7: #0.

ii) z[¢ - T77 aprap {i,
We denote the binomial term z7* — f;" zp* i by (z7') if ; is minimal and by
(z,2)) if 2 — 2 2 @) € P with r; minimal and oy = i, a5, = ay = 0.
Every generating set for P contains for each ¢ (i = 1,2, 3, 4) at least one polynomial
AR :c?”x?"’a:;‘“ with r; minimal. We also denote polynomial z}* — z?" pta
by (x}*(k,1)) if r; is minimal with respect to the condition either cix # 0 or ay # 0.
We define as H.Bresinsky a set B in three cases as follows:
o Let (z}),s = 4,7,k 1,{i,7,k,1} = {1,2,3,4}, with at least two exponents
sn not zero, h € {i, j,k, 1} — {s}. B = {(z]"), («}"), («}*), (z]")}
o (z*,2}’) € P, but (z}*,2]') ¢ P. Either B = {(a],2}), (x}*), (2]")} or
- N 1"
B ={(a",25"), (@}"), (27'), (=} (k, )},
o B={(x]',a}), (a}*, 57}V C, C C {(z} (k,1)), (7' (,1)}-
We write 22" —al*' @) # a2 — 22 if between the first (second)
monomials of this polynomials it is holding either i1 > 7i2 (Yk1 > Tk2) and ;1 <
Y2 (u < i2) or the inequalities are reversed. )
We next define a set Dyj,i # j, {i,j} C {1,2,3,4}, Dyj = {f = z:’z;” —za,
{k,1} C {1,2,3,4} — {4,5},n < ru for the polynomials (z}" (k,1)) if h € {3, j}, for
the polynomials (z}" (2, 7)) if h € {k,(} and for each binomial term f’ = x:’“z}" -

Uzt P f 4 fis [ £ f).

In [1], H.Bresinsky gives the following theorem.

Theorem 2.1. M = BU D;; U Dy U Dy, {i,j,k,1} = {1,2,3,4} is a minimal
generating set for the associated prime ideal P = P(n,n2,n3,n4) of the monomial
curve in A%,

We can find in [5], Lemma 7.1, the next property of minimal generating set for
a prime ideal P.

Lemma 2.1. Let g; = ]_[leﬂ',j = 1,...,t be a monomial term in R. Let
M = {a}" — 91,25 — 92,93 — g4, .., gt—1 — ¢} be a minimal generating set for the
associated prime ideal P of the monomial curve in A%. If 25 | g; and 21 | go, then
there is k,3 < k < t with gy = zf'sz.
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The preceding lemma and theorem give necessary conditions of a minimal
set of generators for an associated prime ideal P of a monomial curve. Put N =
a7’ — a2 gt age, o) — a7 g e ol — af e ol — et ), g, k1) =
{1,2,3,4}, where only ay or aj; can be zero. By using the Lemma 2.1 we ob-
tain, the set N can’t be minimal generating set for the ideal P, but the set
N U {z"z}* — «]'z]'} can be. When we use every conditions of the Theorem
2.1 we get the following relations:

o= it okt ag

i = 4 oy

Tk = ik +Qjk

o= it aitag

Vi = it Y = Qugy Yk = Qk, N = Qi+ Qg (1)

3. Set-theoretic complete intersection

In this section we suppose that the ideal P has the minimal generating set N U
{z'ay* — a7 z]'} with respected the relations (1).

Theorem 3.1. Let P be the associated prime ideal of the monomial curve C(nq,ng,
n3,ng) in the notation as above. Then this monomial curve C'(ny,n2,n3,nq) is a
set-theoretic complete intersection.

Proof. We have to prove that P =Rad(f1, fa, f3), fs € P,s = 1,2,3. Let
fo= z;’ — g et ey, f3 = apk — e, {i,4,k, 0} = {1,2,3,4}. When we
add a linear combination of polynomials f, f3 to a polynomial f € R we denote it
as —. Let fa = z]' — 272", hence

itk
f:1Tk = (=)™ z (T]’:k)(Al)h(z?uzja“)Tﬂkvhl'lrlh<

h=0

We denote b, = (T’,:")(fl)””*h, h=0,.. e fi7 —

aijre~1
Z bhzzm(r]rkvh)+a,e(m]rk—h)xjm,hzkaﬂk(m,rk~h)zgau+am)h+aﬂm,u
h=0
TiTk
DD by hept
h=ay;ri

—h " Qi Gk @l —h)
[ s Tame ) sy (2 gt 2 TR b < o]

ajrar—1
i -7 i h
SN } : bhziﬂh'r]rk+al](a] Th+Qki Qjk ) =T h(:zj‘ 7Iku'k) xln,1h+a1](a,(rk+c«]kak()

h=0
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aire—1 (rsmah
i (T .
+ E bhz?‘ o l)$“3:(fl(;Tk—h)zj0u

h=a;raus

h. ajr(ayr—h), (catax)htajioante
T 7 7 )

.
P
+ Z br(z z; ”)T’”*hzlnh

h=ay;m
- ikh
[l.ka_,k(mm, h) Ika k (z?lna:tl:zk;)(u,kmj—h)7 if h < Otjkalj]

ajhan; g

o (e + @k kt) aurireton (agitetariasr)—rih o ik
S bz CICTR SIS (;E;”Iku"‘) itk

h=0
ayjre—1
+ Z bhm"‘lh(’h’rk—h)“'”‘h((xlirkfh)zva”h‘z_ka7k(al]rk—h)$01(h+akL(h“a1ka;J)
h=a;a; ’ '
TiTk
+ z bh(m?uxjﬂu)7'1N\hxi:,xh+a,1(h~ax]u)+aﬂ(h—ujwu)
h=ayjri

(i +k )
a 15 (e +05 fi

We denote the generator g o T — 1;“’ Tk of the ideal P as fs. Take
s ouip __aata 8 .
an equation 3 fs = —a T £, 042k £ 1t s clear that

a _ i ay
z;7 fo = —a{ 2" f4 mod(fa, fa),

also
x?'ﬂﬂk f;’” - (‘1)T7rkw:’.1|r.7”"kz:1km7‘kf;';rrk mod(fz,fa)
and
ST =gl £ mod(fy, fy). @

We know that R/(f2, f3) is a module over K[z;,2;] and {fz, f3} is a Grobner basis
for (f2, f3) with respect to the lexicographic i)rder, taking z; > xx > x; > 1. By
kl], Chapter 1, §3, Exercise 4 each element f € R/(fa, f3) is uniquely expressed
f=al-1+.. +al* -2l +af-aj+ - +abt - zap T 4L +ab @i 4
+ark »z;"_lz,rc’“’lJr(fz,f;‘), al € Kzi,z),n=1,2,...,m,d =1,2,...,r;. Clearly,
the module R/(f,, f3) has a basis {I,..., 1:;’ _lz;"_l} (that is, a generating set that
is linearly independent over K [z;,2;]), thus R/(f2, f3) is free module over K|z;, z;]
and its rank is ;7. Therefore

f;]rk = (’_l)rJrkz:.)’-j(Q]k&ki“'a_,i’l'k)z;']kaklr‘.,f] mod(fa, f3). ®)
Let g = zj* — w?i’ T%* g™ be another generator of the ideal P. Moreover,

#g =~ fy mod(fy, fa)-

We use the same properties as above and we have a consequence,

grjr,c = (_1)rjrk$§,,ja,.rk+uker7r»~a_1k0k¢m] fi mOd(fz,f:})- (4)
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If P is the associated prime ideal of the monomial curve, then P = Rad(P) and
f1 € P. That is way (f1, f2, f3) C P and this inclusion induces Rad(f1, f2, f3) € P =
Rad(P). If we know (2),(3),(4) then we easily get P C Rad(f1, f2,f3). There is
P = Rad(f1, f2, f3) and our proof is completed.

Let
(T O Ok i T Qi Ok QG Tk ki Okl
P = (27 —x;Yaptalt o) - e e -t
e 0 O OGibeu Gk QG oo
o' —atall ag T, 2" @) )

be the ideal from the Theorem 3.1.
We have four cases:

a) i =0 A aj; =0
b)  au£0 A a;£0
c) g #0 A aj =0
d) ag=0Aa;#0

It is known that associated prime ideal P of monomial curve C(ni,n2,n3,n4) is
from case a), when numerical semigroup H = (n,ng,n3,n4) is symmetric and the
curve is not ideal-theoretic intersection (see [2],[3]).

In [8] we can find two groups of monomial curves

C(4s —1,45,45+ 1,65) and
C(4s+ 1,45+ 2,45+ 3,65+ 3), s€ N, s > 2.

Minimal generating sets of their associated prime ideals are

I -1

s+1 -1 .2 2
{2t — zjmpm® 1 2 — mimpay, o} — mim, o)t — 2wy, 2y — om0}

J
and

2 -1 2o 2 -+l 1,
{zf+ — rirEx’ , T — TiTRTL, Tf, — ziz,,zf — zfzj,zf+ ) — 221}

for (i,7,k,1) = (3,4,2,1) and (,5,k,1) = (1,4,2,3). By a direct computation, we
know that the relations (1) hold for exponents of these polynomials, so we can say
that these ideals are from the case b).

We obtain ideal from the case d) [case c)] by indexes permutation of generators
for an ideal from the case c) [case d)]. Now, we show two examples of monomial
curves which associated prime ideals are from new case ¢) or d). The prime ideals
for this curves C(ny,ng,ng,n4) are given by Computer algebra system Macaulay
created by D.Bayer and M.Stillman.

Example 3.1. Let C(8,9,15,19) be a monomial curve. Q = (z} — zaz3,22% —
T1T4, T3 — T1T34, T3 — zlzg, 2?3 —z324) is the associated prime ideal of this curve
and it has description for (3, j, k,1) = (3,2,4,1) as the ideal in the Theorem 3.1 from
case c) or for (i,7,k,1) = (1,3,2,4) from case d). Hence, the curve C(8,9,15,19) is
set-theoretic intersection and

Q = Rad(fi, 23 — x4, 27 — 2122), where



38 Michacla Holesova

6
6 _ P
Ji =35 - 6wiadada + Yy (-1 (h) (wag)® "2 [case o)) or
h=2
Q = Rad(f{, 23 — z124, 73 — 12374), where

3 5
9\ jo-: 9 5—h)_h—
fl= Z (71>9+h (h> x}Judhmgx:}; + Z (- 1)9+h (h>wi5‘hzgz§(\“ h>12 iy
h=4

9
Z (~1)°th (Z) (Ilz}i)g_hxi""m [case d)].

h=6

Example 3.2. Let C(12, 13,20, 23) be a monomial curve. Its associated prime ideal
is J = (2} — zoma, 22* — 2174, 23 — 2% x024, 23 — wd23, 323 — 2324). The ideal J has
description as the ideal in the Theorem 3.1 from case d) for (i,7, k,1) = (2,3,1,4)
or from case ¢) for (4,j,k,0) = (3,1,4,2). Therefore, this curve is set-theoretic
intersection and

J = R,ad(f;,at? — xz.u,zg — 1%129;4), where

9
- 5 . 9 9-h op_5
fi = —a32 + 9212822 — 36atw)6a314 + E (—1)9+h (h) (x3z3)" "x2h
h=3
[case d)] or

J = Rad(f{,2} — zox4, 72 — 2323), Where

6
. . ; 6 o 6—h _
fi = 23 — 6xtwoaiOmy + E (—1)5+h (h) (za3) "zih 1 [ease o))
h=2

Question. Did we give a description of all associated ideals P of monomial curves
in A? geverated by 5 elements?

Acknowledgment: The author would like to thank for a very helpful conversation
with Stefan Sol¢an regarding this paper.
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