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17 necessary and sufficient conditions for the primality
of Fermat numbers

Michal KriZek and Lawrence Somer

ABSTRACT. We give a survey of necessary and sufficient conditions on the
primality of the Fermat number Fp, = 22" 4 1. Some new connections with
graph theory are presented.

1. Introduction
In 1640, Pierre de Fermat conjectured that all numbers
Frn=2""4+1 form=0,1,2,..., (1)

are prime, which was later found to be incorrect. The numbers F, are called
Fermat numbers after him. If F,,, is prime, we say that it is a Fermat prime.

Until the end of the 18th century, Fermat numbers were most likely a mathe-
matical curiosity. The interest in the Fermat numbers dramatically increased when
the German mathematician C. F. Gauss quite unexpectedly found (see (3, Sect.
VII]) that there exists a Euclidean construction (by ruler and compass) of the
regular polygon with n sides if

n=2"Fp, Fny -+ Fmy,

where n > 3,1 >0, j >0, and Fy,, Fi,, ..., Fp, are distinct Fermat primes (for
j = 0 no Fermat primes appear in the above factorization of n). Gauss stated that
the converse implication is true as well, but did not prove it. This was proved later
in 1837 (see [17]).
At present we know that the first five members of sequence (1) are prime and
that (see [2])
F,, is composite for 5 < m < 32.

The compositeness of Fs was found by Leonhard Euler in 1732, In 1855, Thomas
Clausen gave the complete factorization of Fg into two prime factors (see [1, p. 185],
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{7, p- 4]). In [12], it was shown that Fr is composite. For a survey of the factoriza-

tions of further Fermat numbers, see, e.g., 7, Chapt. 1]. Note that the status of
F33 is unknown at present.

In Theorems 1 - 3 below, we introduce three sets of necessary and sufficient
conditions for Fermat primes. Most of them are proved in {7].

2. Necessary and sufficient conditions for an integer to be a Fermat prime

For an integer n > 1 define

M(n) ={a€{l,..,n-1}|ais a primitive root  (mod n)}

and

K(n)={a e {1,...,n-1}|ged(a,n) = 1 and a is a quadratic nonresidue (mod n)}.

In Theorem 1 below, we shall see how the relation M(n) = K(n) is connected with
Fermat primes.

Further, let
H={0,1,...,n—-1}

and let f be a map of H into itself. The iteration digraph of f is a directed graph
whose vertices are elements of H and such that there exists a directed edge from z
to f(z) for allz € H. A component of the iteration digraph is a subdiagraph which
is a maximal connected subgraph of the symmetrization of this digraph (i.e., the
associated nondirected graph). The iteration digraph is called a binary digraph if
it has exactly two components and the following three conditions hold:

1) the vertex 0 is an isolated fixed point,

2) the vertex 1 is a fixed point and there exists a directed edge from the vertex
n—1tol,

3) for each vertex from the set {1,2,...,n — 1} there exist either two edges or
no edge directed toward this vertex.

¢ 6 11 7 10 5 12 3 14

n=>5 n=17

Fig. 1. Binary digraphs corresponding to Fermat primes.
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We will consider a special discrete iteration. For each z € H let f(z) be the
remainder of z2 modulo n, i.e.,

fix)e H and f(z)=2? (mod n). (2)

This corresponds to the iteration scheme k41 = xZ (mod n). In Theorem 1, we
shall again see how this iteration scheme is connected with Fermat primes (cf.
Figure 1).

From here on, whenever we refer to the iteration digraph of f, we always
assume that the mapping f is as given in (2).

Furthermore, we describe a graphical procedure which transforms algebraic
fractions % to geometric images. Let b > 1 and n be positive integers. If r; is the
remainder produced at step ¢ of the base b long division of 1—11, then the remainder

produced at the (i + 1)st step obviously satisfies the congruence
Tit1 = bry  (mod n).

Starting with 7o = 1, we get the sequence of remainders r9,71,72,... of % obtained
through long division in base b. We may graphically analyze this fraction. This
analysis begins at the point (ro,70), proceeds first vertically, then horizontally to
(r1,71), then moves again vertically, then horizontally to (rz,72), and continues in
this fashion (compare with Figure 2). If the remainder becomes zero at the ith step,
we stop the process. In this way, the sequence of remainders entirely determines
the associated graph of the fraction.

Consider, for example, the fraction %, which has a base 10 (decimal) expansion
of 0.142857. The corresponding sequence of remainders is periodic: 79 = 1, r; =
3 =10 (mod 7), rp =2 =30 (mod 7), ry = 6 = 20 (mod 7), r4 =4 =60 (mod 7),
rs = 5 =40 (mod 7), ro = r¢ = 1 = 50 (mod 7), etc. In Figure 2, we see that
the associated graph possesses a rotational symmetry with respect to the point
(3.5,3.5) for the base b = 10, but the graph is nonsymmetric for b = 11. The

graphical analysis of the fraction ,%" for m = 2 is illustrated in Figure 3.

7 7
6 6
5 5
4 4
3 3-
2 2
1 1
0 T 0

01234567 01234567
b =10 b=11
Fig. 2. Graphical analysis of £ for two different bases.

An integer n > 1 is said to be perfectly symmetric if the associated graph of

its reciprocal % is rotationally symmetric with respect to the point (%, %) in any

202
base b provided b # 0 (mod n) and b # 1 (mod n).
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Theorem 1. The integer n is a Fermat prime if and only if one of the following
conditions holds:

(i) The integer n > 3 is odd and M (n) = K(n).
(ii) The iteration digraph of f is a binary digraph.

(iii) The integer n > 3 and the iteration digraph of f has exactly two compo-
nents and zero is an isolated fixed point.

(iv) The integer n > 3 is odd and the iteration digraph of f has exactly two
components.

(v) The integer n > 3 is perfectly symmetric.

The proof of (i) is given in [8]. For the proof of (ii), see [15]. The proofs of
(i) and (iv) follow from Theorems 2.1 and 4.4 from [14]. The proof of property
(v) can be found in [5].

Fig. 3. Graphical analysis of ‘—17 for b =8, 9, 10, and 16.

3. Necessary and sufficient conditions for the primality of Fermat numbers

Before we state further necessary and sufficient conditions for the primality of
Fermat numbers, we recall a well-known property of the Euler totient function ¢:
If the prime power factorization of n is given by
r

n=[]ak,

i=1



17 necessary and sufficient conditions for the primality of Fermat numbers ks

where p1 < py <+ <pr, k; > 0, then
N .
d(n) = [T - pi*= 3)

i=1

Theorem 2. For m > 1, the Fermat number F,, is prime if and only if one
of the following conditions holds:
(vi) There exists a Euclidean construction of the regular polygon with F, sides
by ruler and compass.
(vii)
B(Fn) =2%".

(viii) There exists n > 1 such that ¢(F,,) = 2™.
(ix)
3Fm=0/2 = 1 (mod F,,) (Pepin’s test).

(x) The number F,,, divides the term Rym_3 of the sequence defined by
Ry=8, R;=R!,-2 i=12,... .

(xi) The number F,, does not divide T'(Fy, — 2), where T'(n) is defined by

means of the power series
o0
T(n)z"
tanz = z T
n=0

(xii) The number F,, can be written as a sum of two nonzero squares in essen-
tially only one way, namely Fy, = (22"'4‘)2 +12.

(xiii) There exists a Heron triangle,' whose sides all have prime power lengths
such that at least one of the lengths is equal to Fp,.

(xiv) There does not exist a factor k2™ + 1 of Fy,, where k > 3 is odd and
n>m+ 2.

(xv) 3h2™+2 4 1 { Fy, for any positive integer h.

Proof. (vi) This is a special case of the famous Gauss’s theorem ([3], [7]).

(vii) The proof immediately follows from well-known properties of the Euler
totient function (see (3)).

(viii) If F,, is prime then by (vii),

O(Fm) = 27"

Now assume by the way of contradiction that F), is a composite number and that
&(F) = 2" for some n > 1. Then there exists an odd prime p < Fy, such that
p | F,. Consequently, p— 1 | ¢(Fy,) by (3), and hence, p — 1 = 2° for some ¢ < n.

1A Heron triangle is a triangle such that the lengths of its three sides as well as its area are
integers.
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Therefore, p is a Fermat prime, which is impossible due to Goldbach’s theorem (see,
e.g., [7, p. 33]), which says that any two different Fermat numbers are coprime.

(ix) For the proof see (7, p. 42] (the base 5 is treated in the original paper by
Pepin [13]).

(x) For the proof see [4].

(xi) For the proof see [11].

(xii) This result is a special case of the so-called Fermat’s assertion, which says
that every prime of the form 4k + 1 can be written as a sum of two nonzero squares
in exactly one way. For a detailed proof see, e.g., |7, p. 49].

(xiii) The proof can be found in [9].

(xiv) This result follows from the famous theorem due to Lucas (10].

(xv) The proof is an immediate consequence of the main theorem from the
paper [6, p. 439]. O

In Theorem 3 we will restrict the form of the index m in F,.

Theorem 3.

(xvi) Let m be a prime of the form 4k + 3 and M,, = 2™ — 1 be the associated
Mersenne number. Then the Fermat number Fy, is prime if and only if

MPn=V/2 = _1 (mod F,,).

(xvii) Let m be a prime of the form 8k + 3 or 8k + 5 and M,, = 2™ — 1 be the
associated Mersenne number. Then the Fermat number F, is prime if and only if

MFma=D2 = 21 (mod Fing).

These necessary and sufficient conditions are proved in [16].

Although hundreds of factors of the Fermat numbers and many necessary and
sufficient conditions for the primality of F, are known, no one has been able to
discover a general principle that would lead to a definitive answer to the question
whether Fy is the largest Fermat prime.
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