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A noté on a paper of Oppenheim and Salat
concerning series of Cantor type

Jaroslav  Hanci

Abstract. The main resuits of this pdper are two criteria for irrational series
which consist of rational numbers where the denominators are specidl integers
and numerators are too large. Several applications for second-order linear
recurrences are included.

1. Introduction

There exist many papers concerning the irrationality of infinite series. Erdds and
Straus [3] proved that if A is a positive integer greater than oné and {c}"L, is a
sequence of integers such that J2*=i kn1""*" < oo then the number

*=E«

is irrational. A similar criterion can be found in [5]. Duverney [2] proved another
type of criterion for irrationality of infinite series.

If the series consists of rational numbers in the reduced form and the denom-
inator of the previous term divides the denominator of the next term then we call
the series of Cantor type. Oppenheim in [6] proved the following theorem.
Theorem 1.1. Let {a,}"°-; and {b)}'’L; be two sequences of integers such that
a, > 1 and \b)\ < a, hold for every sufficiently large n. Suppose that

nnfM=i .

Then the number

Y\ .,
ti n?=i‘J
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1s rational iff b, = 0 for every sufficiently large positive integer n.

This theorem and its proof can also be found in a paper of Salat (7). As
a consequence of a more general theorem, Bundschuh and Petho (1] proved the
following result.

Theorem 1.2. Let {R,};2, be a second-order linear recurrence with characteristic
polynomial x> — A;x — 1 where A, is a positive integer and Ry = 0, Ry = 1.
Suppose that {b,}22, is a sequence of integers such that |b,| is not a constant for
every large positive integer n and there is a positive real number € such that for
every sufficiently large n

[bal < R3S
Then the number
b,

Ran

M3

n=1

is transcendental.

Hanél and Kiss [4] proved the irrationality of this series under weaker condi-
tions.

2. Main results

The main results of this paper are Theorems 2.1 and 2.2. These theorems deal
with criteria for the irrationality of infinite convergent series of Cantor type. The
terms of these series consist of special rational numbers which do not depend on
arithmetical properties such as divisibility.

Theorem 2.1. Let {an}32, be a sequence of positive integers greater than one.

Suppose that {b,}52, is a sequence of integers such that

[bn] +1
an

and for every sufficiently large positive integer n

(18) lim inf 0
n—oco
1
(19) [bnt1] < ‘imw‘(lbn'rl)an+l~
Then the number
00 b,.
a= —_
E n;‘:l aj
1s rational iff b, = 0 for every sufficiently large positive integer n.

Theorem 2.2. Let K be a real number with 0 < K < 1. Suppose that {a,}3%,
1s o sequence of positive integers greater than one and {b,}3, is a sequence of
nonnegative integers such that

b +1

an

(20) lim inf =0,
n—oo

and for every sufficiently large positive integer n
(21) bny1 < K max(bn, 1)an4-
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Then the number

o~ _bn
A=Y T

n=1
is rational iff b, = 0 for every sufficiently large positive integer n.
Corollary 2.1. Let t be a positive integer. Assume that {Rn}32, is the second-order
linear recurrence with characteristic polynomial Q(z) = z? — Ayx — Ay where A,
and A, are integers and Ro = 0, Ry = 1. Suppose that the polynomial Q(x) has
zeros ay and ap with |ar| > |ag|. Assume that {b,}52, is a sequence of integers

such that

- bn
(22) 1‘,{&’;‘,f NeE 0
and for every sufficiently large positive integer n

1 n n
(23) lbasal < 5 max(|ba, 1)]af®" + af?

Then the number

= by

is rational iff b, = 0 for every sufficienty large positive integer n.

Example 2.1. Let m(n) be the number of primes less than or equal n and let T'(n)
be the greatest prime cube less than or equal n. As an immediate consequence of
Theorem 2.1 we obtain that the number

3 (- o T 70
= 3nn!

is irrational.

Example 2.2. Let the numbers t, Ay, Ay, a1, ap and the sequence {R,}52, satisfy
all conditions stated in Corollary 2.1. Assume that s is a positive integer with
la1|® > 2. Let P(n) denote the greatest prime less than n. As an immediate
consequence of Corollary 2.1 we obtain that the number

i Rt(z..,zmn)),,,.

n=1 Riz

ts irrational.

Example 2.3. Let the numbers t, Ay, A;, ai, ay and the sequence {R,}2%, satisfy
all conditions stated in Corollary 2.1. Assume that A2 —4A, > 0. Let Q(n) be the
greatest prime square less than n. As an immediate consequence of Theorem 2.2
we obtain that the number

i Ry 30(0)) 3n
= Rian

is irrational.
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Example 2.4. Let t be a positive integer. Assume that {F,}32

2., is the Fibonacci
sequence.

Let S(n) be the greatest Fibonacci number less than n. As an immediate
consequence of Theorem 2.2 we obtain that the number

i Fyan 3stm)-n
n=1 Fior

is irrational.

Open problem 2.1. Let {F,}53 be the Fibonacci sequence. Is the number

Fon_p
z Fon +1

irrational?

3. Proofs of theorems and of corollary

Proof. (of Theorem 2.1) Assume that the number a is rational and there exist
infinitely many n such that b, # 0. Then there are integers p and q with ¢ > 0
such that a = '014 ;From this we obtain that for every positive integer N

R &

Thus for every positive integer N the number

N
(24) In :q(Han( Z 1‘1 =q 2
=1

neN+1 H j=N+13j

00

N by
ZH,—l aj 2

7 .
2 a;
n=1 n=N+1 n1=l 7

j=14j

is an integer. We also have

n+k

(25) btk < ~—max (bl ) T 5

j=n+1
for every positiva integer k and for every sufficiently large positive integer n which
can be proved by mathematical induction using inequality (19). From (18) we
obtain that there exist infinitely many positive integers M such that

b 1 1
(26) LLIRAT

am 3q

Without loss of generality assume that the number M is sufficiently large

Now we prove that |Ipy—1| < 1. Equation (24) and inequalities (25) and (26)
imply that

uM,\-quH |<q§: Dl

Ma’J'

QM +q i mma.x IbM|11) nj=M+1 aj _

n
am e a1 H,=M aj
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am

quMl 4 a(max(lbarl, 1)) i 1 quM‘ + max(lba], 1) <
apm aym — 27

2
@7) ggltml+ 1 o <3<l

Now we prove that [Ia—1] > 0. Let P be the least positive integer greater or
equal to M such that bp # 0. Hence
(28) 1< |bpl.
(From (24), (25) and (28) we obtain that

v 1[—?'21—1 ‘IWZH

n=M j= Ma]
PR O N
3 n -) 2
HJ=M 4 a=P+1 H]=M aj
o bel S g max([bpl, 1) H?:pﬂ “J') _
P 0 =
H]:M 4 p=pt1 Hj=M 4j
(29) q(_|bp| _ (max(|bp|, 1) X i q(’bP' - max(|bp|,1)) =0
H};M aj; H] MY =1 2] HJP:M aj;
i
Inequality (29) implies that if Ips_; = 0 then for every N > P + 1
1 N 1 N
by = g max(lbel, 1) [ aj = gx=plbel T] o
J=P+1 j=P+1

Thus
+ lbn > lim me =

1
lim inf
n—oo

Qn n—00  Qp
n-1
L 2n~r’|bP|H P14 L 1
liminf & ———2="7" - — liminf 5lbp| H a; >
n—00 an n—oo 2N
j=P+1

p 1
liminf - (o127 = 2lbpl

which contradicts (18). Hence |Ip—1| > 0. ;From this and (27) we obtain 0 <
In—1 < 1. This contradicts the fact that the number Ips_; is an integer and the
proof of Theorem 2.1 is complete. 0
Proof. (of Theorem 2.2) Assume that the number B is rational and there exist
infinitely many positive integers n such that b, # 0. Then there are positive
integers p and ¢ such that
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This implies that for every positive integer N the number

N p N b 00 b
(30) In=q(]]a;)C ~ E—) =4q A
lli[l g ; H;lzx"j neN&1 H;‘:N+la1
is a positive integer. We also have

n+k

(31) bkl < K¥max(lbal, 1) ] a5
j=n+1
for every positive integer k and for every sufficiently large positive integer n which
can be proved by mathematical induction using inequality (21). From (20) we
obtain that there exists sufficiently large positive integer M such that
by +1 1
ay  ~ 3q(l-K)

Equation (30) and inequalities (31) and (32) imply that

(32)

o KM max(ba, 1) [T g1 0

oo
Im-1=q — <g¢ <
M1 n;un' —<q3

b
n =
=M 45 n=M HJ=M a;

max(bps, 1) e i max(bp,1) 1 bpy+1 1 1
Ky ;K S0y 1K “VTay 1K %

This contradicts the fact that the number Ips_; is a positive integer and the proof
of Theorem 2.2 is complete. [m]
Proof. (of Corollary 2.1) We can write the terms of the sequence {R,}5%, in the
form
af —af

R,=-1—2%,
a) - ay
This implies thet

2t 2t n—1 . ;
a; — & 127 127
Ripn = ——-—2- a” +a =
t2 o o H( 1 2 )

i=1
n-1

(33) Ry [] (a8 +af”)
i=1

where for every j = 1,2,...,n — 1 the number

27 127
ol + af

is an integer. From (22), (23) and (33) we obtain (18) and (19). Now we apply
Theorem 2.1 and the proof of Corollary 2.1 is complete. [m]
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