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The class number one problem for the non-normal
sextic CM-fields. Part 2.

Gérard Boutteaur and Stéphane Louboutin

Abstract. We delineate the determination of all the non-normal sextic CM-
fields with class number one and whose maximal totally real subfields are non-
normal cubic field. There are 367 non-isomorphic such fields. Since we had
already proved elsewhere that there are 19 non-isomorphic non-normal sextic
CM-fields with class number one and whose maximal totally real subfields are
cyclic cubic fields, we are now in a position to conclude that there are 386
non-isomorphic non-normal sextic CM-fields which have class nuinber one.

1. Introduction

Lately, great progress have been made towards the determination of all the normal
CM-fields with class number one. Due to the work of S.-H. Kwon, Y. Lefeuvre,
F. Lemmermeyer, S. Louboutin, R. Okazaki, Y.-H. Park and Y.-S. Yang, all the
normal CM-fields of degrees less than or equal to 48 with class number one are
known (with only partial solutions in the special cases of normal fields of degree 32
and 48). In contrast, up to now the determination of all the non-normal CM-fields
with class number one and of a given degree has only been solved for quartic fields
(see [LO]). The present piece of work is an abridged version of half the work to be
completed in [Bou] (the PhD thesis of the first author under the supervision of the
second auhtor): the determination of all the non-normal sextic CM-fields with class
number one, regardless whether their maximal totally real subfield is a non-normal
totally real cubic field (the situation dealt with in the present paper) or a real cyclic
cubic field (the situation dealt with in [BL]).

Let K be a CM-field, i.e. K is a totally imaginary number field, hence of even
degree 2n > 2, and K is a quadratic extension of its maximal totally real subfield
k, hence k is of degree n. We let hy, Qk € {1,2} and wg denote its relative class
number, its Hasse unit index and the number of complex roots of unity contained
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in K, respectively. Note that wy = w4 where A is the maximal abelian subfield of
K. We have (see [Wa, Chapter 4]):

(1)

e = Qrwk [dr Ress=(Cx)
g = -

=

(2m)" V dx Res,—1(G)

where dg and dj denote the absolute values of the discriminants of K and k,
respectively.

2. On CM-fields of odd class numbers

Proposition 1. Let K be a CM-field of degree 2n, n > 1 odd, and let Fi, denote
the finite part of the conductor of the quadratic extension K/k.

(1) At least one prime ideal of k is ramified in the quadratic extension K/k.

c

Proof.

(1

(2

)

=

Therefore, di > 3d} and the narrow class number hi of k divides the class
number hy of K. Consequently, if hyc is odd then hf is odd, h} = hy and
every totally positive unit of k is the square of some unit of k.

Assume that hy is odd. Then, exactly one prime ideal Q of k is ramified
in the quadratic extension K/k and Qx = 1. Finally, if Q is above an odd
rational prime q, then Fy i = Q, ¢ = 3 (mod 4) and the inertia degree f
of Q is odd.

Let Fi/x denote the finite part of the conductor of the quadratic extension
K/k and let x be the quadratic character associated with this quadratic
extension K'/k. According to class field theory, there exists some primitive
quadratic character xo on the multiplicative group (Ax/Fr/x)* (where Ay
denotes the ring of algebraic integers of k) such that for any a € Ax we
have x((a)) = v(a)xo(a) where v(a) € {£1} denotes the sign of the norm
Nk/q(a) of a. In particular, if K/k is unramified at all the finite places
of k then for any algebraic unit ¢ of k& we must have v(e) = +1. Taking
e = —1 for which v(€) = (~1)", we obtain that n must be even.

Let ¢t denote the number of primes ideals of k which are ramified in the
quadratic extension K/k. According to the first point of this Proposition,
we have ¢ > 1. Assume that hy is odd. Since 2¢~! divides hy (see [Lou3,
Proposition 6]), we have ¢t = 1. Moreover, since 2¢ divides hy if Qx = 2
(see [Loud, Proposition 6]), we have Qk = 1. Now, if ¢ is odd, then K/k is
tamely ramified, hence Fg/, = Q. Since the multiplicative group (A4x/Q)*
is cyclic of order ¢/ — 1 and since ¥(—1) = (=1)" = —1 (by the first point),
we have 1 = x((=1)) = v(=1)xo(~1) = =xo(~=1) = =(=1)@'~/2, which
yields ¢/ = 3 (mod 4). Hence, ¢ =3 (mod 4) and f odd.

temma 2. Le: K/k = k(\/@)/k be a quadratic estension of number fields, where
o is an algebraic integer of k. There exists some integral ideal I of k such that
(4) = T2 Fy .

Proof. Let Ay denote the ring of algebraic integers of k and D /i denote the dif-
ferent of the quadratic extension K/k. Since Dy = ged{(2y/a); a € Ay and K =



Non-normal sextic CM-fields

k(/a)} (see [Lan, Chapter III, Prop. 8]), for any a € Ay such that K = k(\/fD
there exists an integral ideal Zx of K such that (2y/a) = I% D/« Taking relative
norms, we do get (4a) = I*Ngx(Dk/i) = T2 Fi/x where T = Ni/k(Ik)- ®

Proposition 3. Let K be a CM-field of degree 2n, n > 1 odd, let Fi i denote
the finite part of the conductor of the quadratic extension K/k, assume that the
class number hy of K is odd, let Q denote the unique prime ideal Q of k which is
ramified in the quadratic extension K/k (see Proposition 1) and let ¢ > 2 denote
the rational prime below Q.

(1) If ¢ > 2 then Fyyp = Q.

(2) If ¢ =2 and /=1 € K, then there exists r > 1 odd such that Fg = Q".

@B) Iflg=2,V=1¢ K and /=g & K] or if g > 2 and /=q € K, then q is

neither totally ramified in k/Q nor inert in k/Q.

Proof. Let a be any totally positive algebraic element of k such that K = k(v/—a).
There exists some integral ideal Z of k such that (4a) = Z?Fg/x, by Lemma 2. Set
h = h{ = hy, which is odd by Proposition 1.

(1) K/k is tamely ramified.

(2) If Fxsx = Q7 with r even, then (4a) = J? with J := IQ™/?. Since
h is odd and since both J2 and J" are principal in the narrow sense,
J is principal in the narrow sense and there exists some totally positive
unit € of k such that 4o = ¢3%. Since ¢ is the square of some unit of k
(see Point 1 of Proposition 1), we obtain 4a = 42 for some v € k and
K = k(v/=a) = k(v/=1), a contradiction.
Assume that (q) = Q" is totally ramified in k/Q or that (¢) = Q is inert
in k/Q. Since Fg/x = Q" for some odd r (by the previous two points)
and since n is odd, we obtain (4ga) = J2 for some integral ideal J of
k. As in the previous point, we obtain 4ga = 2 for some v € k and

K = k(y/=a) = k(y/=q), a contradiction. e

c)

3. Bounds on residues
Lemma 4. Let K be a totally imaginary number field of degree 2n > 2. Set \, =
n(y +log(2n)) — 1, where v = 0.577 - - denotes Euler’s constant. Then, % <B<1
and (k(B) <0 imply
(1-8)/2n
_ 2mndy
1/2
dyl™
Proof. Let K be a totally imaginary number field of degree 2n > 2. Assume that
¢k (B) <0 for some S satisfying % < B < 1. According to the proof of [Lou2, Prop
A}, Hecke’s integral representations of Dedekind zeta functions yield
Rese=1(Ck) > (1= B)di¢ ™72 fa(B)(1 - 2and; /™).

where fn(8) = B(I'(B)/(27)P~1)" is positive and log-convex in the range f > 0,
hence convex in the same range. Since f,(1) = (f,/fa)(1) = —An, we obtain
fa(B) 2 fa()+ (B-1)f (1) =1+ A(1 - B) intherange 0 < f < 1.

Res,—1(Cx) 2 (1= B)die ™2 (1 + M (1 - B))(1
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To get the term (1 —L?)(IY(FU/2 as large as possible, we would like to be allowed
to choose B = 1—2/logdgk, and (k (1 —(2/logdy)) < 0 would imply Res,—1((x) >
(24 0(1))/log dk where o(1) is an explicit error term which approaches to zero as
di goes to infinity. Discarding this error term, we would obtain (see the proofs
of Theorems 8 and 12): Let K be a sextic CM-field and assume that (x (1 —
(2/logdk)) < 0. Then,

_ 4\/dk [dp
2 . - S
@ hic 2 emd(logdr)? logd’

and hy = 1 would imply dx < 2.10%, pg = d}!ﬁ < 7500 and dp < 2-10". Since
we do not know how to prove that (x (1 — (2/logdk)) < 0 (which would hold true
if (x had no real zero in the range 1 — (2/logdk) < s < 1), we will have to be a
little more clever and we will obtain worse bounds (see Theorems 8 and 12 below).

Proposition 5.

(1) Let a > 0 be given and let K range over CM-field sextic fields.
(a) There exists d, effective such that dx > da and (x (1 (1/alogdk)) <
0 mply
1
(3) Resg=1(Ck) > W-

(b) For any ¢ > 1, there exists d, . effective such that di > da., 1 —
(1/alogdk) < B < 1 and Cx(B) < 0 imply
1-5
(4) Rese=1(Ck) > pyTS
(2) (See [Lou7)). If F is totally real cubic number field, then
1
(5) Ress=1(Cr) < 3 log” dr,
and § < B < 1 and (p(B) = 0 imply
1-8
(6) Rese1(Cr) < === log® dp.

Proof. According to Lemma 4, (x(1 — (1/alogdk)) < 0 implies

Fa(dxk)

= > 2el/28 log dw
Res,;=1(Ck) > ael/2e log dy

where F,(z) = (1 + (A\s/alogz))(1 — 6me'/%¢ /x'/%) is clearly > 1 for z > d, large
enough (notice that A3 = 6.245278---). In the same way, 1 — (1/alogdk) < f < 1
and (x(B) < 0 imply

1-5
el/2a

where G4 (z) = 1— 6me'/0/z1/0 is > 1/cfor & > dq.c = (£2£)%!/¢ large enough. ©

Resg=1(Ck) > Ga(dk)
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Lemma 6. (See [LLO, Lemma 15)). Setc, = (3+2v/2)/2 < 3 andc; = (24+V3)/4 <
1. The Dedekind zeta function of a number field M has at most one real zero
in the range 1 — (1/cylogdpy) < s < 1 and at most two real zeros in the range
1~ (1/cologdp) <s< 1.

4. Non-normal sextic CM-fields with non-normal maximal totally
real real cubic subfields

From now on, we let K denote a non-normal sextic CM-field whose maximal totally
real subfield F = k is a non-normal cubic field. We write K = F(v/—8) where § is
a totally positive algebraic element of F. We let F' denote the normal closure of F.
Hence, F is a real non-abelian normal sextic field with Galois group the dihedral
group of order six, and we let L., denote the only quadratic subfield of F. Hence,
Ly, = Q(Vdr) and F = FL,, = F(/dr). Recall that there exists some integer
f > 1such that dp =dp,, f? and d = d}__f* = di,.d} (see [Mar]). In particular,
d} | d} | dk and dg | d}.

4.1. First case

We assume that K contains an imaginary quadratic subfield L, = Q(y/—dyL,,.)
of discriminant —dy,,,, < 0. Then wx = wy,,., Qx = Qr,,, =1 and K = FL;,,, =
F(y/~dL,,.),.e. wecan choosed € Q. Weset M = L;¢Li,, and N = FM. Hence,
M is an imaginary biquadratic bicyclic number field, N is a dihedral CM-field of
degree 12 and we have the following (incomplete) lattice of subfields:

F—
%‘/2
LA

Q5 Lim

Lemma 7. Recall that we have set c; = (3 + 2v/2)/2.

(1) Since (n/Cm = (Ck /L., )?, any real zero of the entire function ( [y, is
at least a double zero of (N, hence is less than 1 — (1/c, logdn). Moreover,
dn divides d%. Hence, ((k /(L. )(s) >0 for 1 — (1/3cylogdk) < s < 1.

(2) Qx =1, wx = wy,,, and hy,,, divides hy. In particular, hy = 1 implies
hy.. =1

(3) Assume that hy = 1. Then, any real zero of (k is at least a double zero of
(n. Hence, Ck(s) <0 in the range 1 — (1/3cilogdk) < s < 1, by Lemma
6.

Proof. Since dy/dy = (dk/dL,,.)? and since dp divides (dp,.dy,,.)?, (use the
conductor-discriminant formula), we deduce that dy | d%d3 | d%. Since K/Lim
is a cubic extension, then Qx = Qp,,, = 1 and hy,,, = hy, divides hy (see [LOO,
Theorem 5]). Therefore, if hy = 1 then L, must be one of the nine imaginary
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quadratic fields of class number one (i.e. dr,, € {4,8,3,7,11,19,43,67,163}),
which implies (p,,.(s) < 0 for 0 < s < 1, and using (v = (Ck /CL..n)*Car, We obtain
the last assertion. e

Theorem 8. (Compare with Theorem 12 below). Let K = FL;;, be a non-normal
sextic CM-field which is a compositum of a non-normal totally real cubic field F
and of an imaginary quadratic field Ly, . Assume that (1, (s) < 0 in the range
0<s<1. Then,

- \/aK/dF 19
7 hp > -l dg > 1077,
™ K 2 {ii(logdp)Zlogdy 17 4 2
Moreover, hy =1 implies dg < 2-10%7, py 1= ;(/G < 34500 and dp < 3-10'3.

Proof. Set ¢z = 3m3¢,e!/6 = 287.031-- (recall that ¢; = (3 + 2v/2)/2). We
first use (1) and the second point of Lemma 7 to obtain

_ o Wk [di Ress=1(Ck)
K = 873V dr Rese=1(Cr)

We then use (3) with a = 3¢; for which d, = 10'® (see the third point of Lemma
7) and we finally use (5). We obtain

- wk vdk [dr 19
> Y L dg >1
hy 2 c3(logdp)? logdg for dic 2 10

As for the last assertion, we notice that since Np;q(Fk/r) > 3 (use Proposition
1), we have dx > 3d% which implies

- s 2v/3dp

h —_— >
K= cs(logdr)? log(3d5)
for dp > 3-10"%, and dr < \/dk /3 which implies
174
- 8(3dk) 51

K= ¢3(log(dx /3))? log dx
for di >2-10%7. o

By using Theorem 8, necessary conditions for class numbers of CM-fields to
be equal to one (see [BL], [Oka] and [Bou]) and the technique developed in [LOO,
Sections 4.4 and 4.7 for computing class numbers of such non-normal sextic CM-
fields, we obtain:

Covollary 9. There are 134 non-normal CM sextic fields K = FL;,, with class
number one which are composita of a non-normal totally real cubic field F and of
an imaginary quadratic field L,y,, the ones given in TABLES 1, 2 and 3 below.
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4.2. Second &ase

We assume that K = F()f"d) contains no imaginary quadratic field (where 5 is
a totally positive algebraic integer of F), i.e. we assume that we cannot choose
6 £ Z We let 6\ — d, 6, and 63 denote the three conjugates of <5 and set d =
M203 = N,o(6). We then set K, = F(</="), K[ = Fyf'd,T) = Fy/-dJi,
Mi = Fix/'""). Hence, M/F is bicyclic biquadratic and Ki/F, F/F and ATJ/F
are the three quadratic subextensions (with base field F) of the extension Mi/F.
We also set N = F (\/-<S$i, >/-<$2, V~<5)) and M, = F{sf"d) (recall that F denotes
the normél closure of F). Hence, N is a normal CM-field with maximal totally redl
subfield N° — F ()/Si&2, y/"i&3) > N is the normal closure of K and the Mj's are
conjugate subfields of N. We hédve the following incomplete lattice of subfields:

N
e
K _M
2

2 /

2
F+ K3
3 re

&
Q
We will set M = Mi and K — K\

Lemma 10. For 1| < i < 3, &fie Mi are pairwise distinct but isomorphic. ~Hence,
[N : F] = 8 and GH(NfF) = C, x C, x C,

Proof. Assume that two of them, say M\ and M, are equal. Then for some OJ ¢ F
we héve 02 = a’". Hence, d = <52’<5" and M, = F\J—<S8,) = F(%/—d) is normal.
Since the Mj's are conjugate subfields of TV, we obtain M ~ M\ — M, — M, =
F{y/~~d) = Fy/dp, \[*-d). Since it/F is one of the three quadratic subextensions
of M/F and since if / F{\/dp) — F (for /i is totally imaginary), we obtain that
K — F{y/~"d) of K = F(/—ddp), contrary to the hypothesis that K contains no
imaginary quadratic subfield. -«

Lemma 11. Recall that we hdve set c, 2 + \/3)/4. We hdve the following
Jactorization  of Dedekind zeta functions:

®) CN/CA Ifcemic)

(9) = (CMO/CF)(CWC/0’
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and

(10) Cn /€ = (Cie [CP)(Crer [CF)-

Therefore, any complez zero of the entire function (k [Cr is at least a triple zero of
the Dedekind zeta function (N, hence is less than 1 — (1/cylogdn), by Lemma 6.
Moreover, dy divides d3!. Hence, (Ci /(r)(s) > 0 for 1 — (1/24czlogdk) < s < 1.

Proof. Since Gal(N/F) is the elementary 2-group Cy % Cy x Cy, using abelian

L—functions we easily obtain (8). To deduce (9), we notice that (um, = (m, = (M,

for the M; are pairwise isomorphic for 1 < ¢ < 3. In the same way, since M/F is
bicyclic biquadratic with quadratic subextensions K/F, K'/F and ﬁ‘/F, we obtain
(10). Let us finally prove that dy divides d%. To begin with, let f denote the
norm of the conductor of any one the quadratic extensions M;/F (since the M; are
pairwise isomorphic for 1 < i < 3, we have f; = f, = f3). Using the conductor-
discriminant formula, we obtain that dy divides d%(f1f2f3)4 = d%f”. Since
dy = di,f, we obtain that dyn divides d}\j/d;f\ Now, according to [Sta, Lemma
6), the different D)/ divides the different Dy . Hence, dy = d5.Na/Q(Dyyy )
divides d% Naryq(Pr/r) = d%(Nkjq(Disr))* = did/dy. Hence, dn divides
(d}d%(/d'}:)”/d;f = d%d}/d}? and noticing that dj. divides d}., we finally obtain
that dy divides (dk /dr)?*, hence divides d%. e

Theorem 12. (Compare with Theorem 8 above). Let K be a non-normal sextic
CM-field with mazimal totally real subfield a non-normal cubic field F' and assume
that K contains no imaginary quadratic subfield. We have

VaxTdr

[ e, ¥
(n K = 355(logdr)? log dk

for dy > 1022,

Moreover, hy = 1 implies dg < 2-10%°, pg := d;‘ls < 76500 and dp < 3-10'.

Proof. Set ¢s = 127%c,e!/*8¢2 = 354.989 - - (recall that ¢, = (2 4+ V/3)/4). Now,
there are two cases to consider.

First, assume that (r has a real zero 4 in (1 — (1/24czlogdk), 1[. Then, (x(8) =
0 < 0. Therefore (use (4) with a = 24¢, and ¢ = 48 for which dy. = 6 107),

S 1-8 7
(12) Resg=1(Ck) > 18e171 for dx >6-10".

Using (1), (6), (12) and Qxwg > 2, we get
_ Vdk [dr Vdk /dr
(13)  hg =z 72
4n3el/48ealog® dp = 2m3el/482(log dp)2 (log dk )
(for dyc > d%).
Second, assume that (z has no real zero in [1 — (1/24c;logdk),1[. Then (p(1 ~
(1/24c¢ologdi)) < 0 and according to Lemma 11, we conclude that

Cr(1—(1/24c2logdk)) < 0.

for dg > 6107
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Therefore (use (3) with a = 24c, for which d, = 10%2),

(14) Resg=1 (Cx) for dyx > 1022,

>
= 24cqel/18e2 log dy
Using (1), (5), (14) and Qrwk > 2, we get

(15) h Vdk/dr

>
K = 12m3¢yel/48¢2 (log dp)? log di

for dg > 10%2.

Since the right hand side of (13) is always greater than or equal to the right hand
side of (15) (for c; > 1/2), the lower bound (15) always holds.

Finally, the proof of the last assertion of this Theorem is similar to the proof
of the last assertion of Theorem 8. o

Lemma 13. Assume that hi is odd, let Q be the only prime ideal of F which is
ramified in K/F (see Proposition 1) and let ¢ > 2 be the rational prime in Q.
Assume that (q) = Q; Q3 is partially ramified in F/Q. Then, Fkr = Qf for some
oddr > 1.

Proof. Let a be any totally positive algebraic integer of F' such that K = F(\/=a).
There exists some integral ideal Z of F such that (4a) = I>Fx/; (see Lemma 2)
and Fk,r = Qf or Qf for some odd r > 1 (see Proposition 3). Now, Fi/p = Qf
would imply (4¢"a) = J? with J = TQ] Q5. Since the narrow class number of F is
odd (by Point 1 of Proposition 1), as in the proof of Proposition 3 we would obtain
4¢"a = 42 for some v € F. Hence, K = F(y/=a) = F(y/=¢") = F(,/=¢) would
contain an imaginary quadratic subfield, a contradiction. e ’

Lemma 14. Let k be a number field of degree n > 1, let Ay denote its ring of
algebraic integers and let Q be a prime ideal of k above the rational prime q¢ = 2.
Let e > 1 denote the ramification index of Q. If there exists a primitive quadratic
character xo on the multiplicative group (Ax/Q")*, then 2 < r < 2e + 1, which
implies 2 <r <2n+1.

Proof. If m = ) .,,a:2", a; € {0,1} is the binary expansion of a non-negative
integer mm > 0, then it is well know that the 2-adic valuation ve(m!) of m! is equal
to m — S(m) where S(m) = Zizo a;. Hence,

(2m)!
4m(m!)?
(notice that S(2m) = S(m)). Let kg be the Q-adic completion of k£ and let vgo
denote the associated valuation. The Taylor series expansion

Vitz=1+ Z(—l)m-‘ﬂzm

12
=t 4™ (m!)

va( )= S(m) - 2m

is convergent if and only if

Vg(rz%zm) = lim e(S(m) - 2m)+ mrg(z) = +o0,

im
m-—+00 k—+00
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hence if and only if vg(x) > 2e. Therefore, if @ € A satisfies a = 1 (mod Q%¢+!),
there exists # € Ay such that o = ? (mod Q2¢+1) " which implies xo(a) = +1.
Since there must exist some o € Ay satisfying o = 1 (mod Q"~!) and xo(a) # 1is
Xo is primitive, we do obtain that r must satisfy r — 1 < 2e + 1. Finally, since the
order of the group (Ax/Q7)* must be even, we have r > 2. o

Lemma 15. If (2) = Q, Q% is partially ramified in F/Q and if there exists a prim-
itive quadratic character xo on the multiplicative group (Ax/Q3)*, thenr = 5.

Proof. Since 2 <7 <5 and r is odd, it suffices to prove that a quadratic character
on the multiplicative group (Ax/Q@3)* is not primitive. Since ker(A;/Q3)" —
(Ax/Q3)* = {*1}. it suffices to prove that —1 is a square in (Ax/Q3)*. This
follows from the fact that if 7 € Q»\ Q3, then 7 € Q2\ O3, hence 72 = 2 (mod Q3)
and (14 m)2 = ~1 (mod 03). e

Theorem 16. Let K be a non normal sextic CM-field. Let F denote its totally real
cubic subfield. Assume that F' is non-normal, that only one prime ideal Q of F is
ramified in the quadratic extension K/F and let ¢ > 2 be the rational pritne in Q.
(1) Assume that ¢ > 2. Then, either
(a) (¢) = Q1Q2Q3 splits completely in F and Fy e = Q1, Qa2 or Qg
(and the three corresponding sextic fields may be non-isomorphic (e.eg.
cases 11 and 12 in Table 4 below)).
(b) (q) = ©1Q3 is partially ramified in F and Fyj = Qa.
(c) (q) = ©1Q2 in F with fo, =1 and fg, =2, then Fy/r = Q1.
(2) Assume that g = 2. Then, either
(a) (2) = ©1Q2Q3 splits completely in F and Fycyp = QF, Q3 or Q3 (and
the three corresponding sextic fields may be non-isomorphic).
(b) (2) = Q1Q% is partially ramified in F and Fy/x = Qf.
(¢) (2) = Q1Qy in F and Fix = QF or Q3 (and the two corresponding
sextic fields K are not isomorphic).

Proof. Use Proposition 3 and Lemmas 13 and 15. e

By using Theorem 12, necessary conditions for class numbers of CM-fields to be
equal to one (see [BL], [Oka) and [Bou]), by using Theorem 16 for constructing the
quadratic characters associated with the quadratic extensions K/F and by adapting
the technique developed in [LOO, Sections 4.4 and 4.7] for computing class numbers
of non-normal sextic CM-fields containing imaginary quadratic subfields, we obtain:

Corollary 17. There are 233 non-normal CM sextic fields K with class number one
which contain no imaginary quadratic subfield and whose mazimal totally real cubic
subfields F' are non-normal, the ones given in TABLES 4, 5 and 6 below.



Non-normal sextic CM-fields

5. Tables
TABLE 1. K = FLim and (q) = @ is inert in F
case dr,, dr di f Pr(z) di j23
1 3 148 37 2 z"+2° -3z-1 27.3% 37 916
2 3 316 316 1 242’422 2*.3%.79° 1179 -
3 3 568 568 1 z°-—2°-6zx-2 2°.3%.71° 1434
4 3 940 940 1 z* -7z -4 24.3%.5%.477 16.96 -
5 4 321 321 1 x°+a’—dz—1 25.37 1077 13.69-
TABLE 2. K = FL;m and (q) = Q° is totally ramified in F
case dr,,. dr dr  f Pr(z) di i |
1 3 621 69 3 2°-6x-3 37237 1024 -
2 3 756 21 6 2°—6r—2 2377 1094
3 3 837 93 3 z*-6xr-1 37.317 1131 -
4 31620 5 18 x°—12z - 14 2*.3%.5% 1410
5 3 1944 24 9 2*-9z-6 26.3" 1498 -
6 3 2241 249 3 z*-9z-5 37.83% 1571 -
7 32700 12 15 2®—15z—20 24.37. 5" 1672
8 3 2808 312 3 z*-9z-2 26.37.13% 1694 -
9 3 3132 348 3 z*-18z-20 2%.37.29° 1757 -
10 3 4104 456 3 z°-18z-16 26.37.19% 1922 -
11 3 480 60 9 z°-18zr 12 2% 3" .57 2034 -
12 3 5940 165 6 z°-12z-6 21.37 57117 2174
13 3 6588 732 3 «®-15x-—16 24.37.617 2251 -
14 3 8289 921 3 2°-2lz-12 37307 2430 -
15 3 9153 113 9 z-2lz -4 39.113% 2512
16 3 11880 1320 3 % -27x-34 26.37.5%.112 2740 -
17 3 12744 1416 3 z°-21z-30 2°.37.59% 28.05 -
18 3 20385 2265 3 x°—33x-48 37521517 32.80- -
19 4 148 37 2 z 4z -3z-1 28377 839 -
20 4 404 101 2 2¥-z?-5zx-1 28.101% 1173 -
21 4 564 141 2 zP42?-52-3 28.3%.472 13.11- -
22 4 756 21 6 z*-6z-2 28.3%.77 14.46- -
23 4 1524 381 2 4P -Tx-1 2%.32.127% 1826 -
24 4 3124 781 2 z®-16z-12 2%.11%.712 2320 -
(25 8 148 37 2 o +z°—3z—1 2377 1187 -
26 11 1573 143 11 z°+a° -7z —2 117137 17.34- -




Gérard Bontteaux and Stéphane Louboutin

TABLE 3. K = FL;, and (g) = Q,03 is partially ramified in F

[case d,,":‘i dy d. f Pplz) dy PK
1 3 321 321 1 a4zl —dr -1 31077 822
2 3 564 141 2 2 +a2’-52-3 2%.3% .47 992
3 3 993 993 1 ' 42?623 3°.3317 11.98-
4 3101 1101 1 24t -9r- 12 3% 367° 12.40--
5 31425 57 5 a'—x?-8r-3 3*.5%.19° 1351
6 31524 8L 2 2 4a?—Te—1 2'.3% 1277 1382
7 302505 2505 1 -2’ - 10z -5 3*.57 1677 1631
8 3 3144 3144 1 -2 - 167 -8 25.3% 1317 17.59
9 33252 813 2 2’4o’ -9r-3 24.3%.271% 1779
10 33510 885 2 2Pz’ 1hw—15 2% 3% 5% 59 1830
11 33576 3576 1 o2 42’ - 150 -3 20331497 1836 -
12 33873 3873 1 2® -2 - 162 — 17 3%.12917 1885 -
13 34692 1178 2 2t -2 - 17r -3 177 23° 2010
14 34764 4764 1 2t -2’ -~ 122 -6 p 3977 2020 -
15 36420 1605 2 4?25z 55 2.3 .57 1077 2232
16 307032 7032 1 2 4a? — 14218 2°.3%.293% 2300 -
17 3 7461 7464 1 ot -2 — 24x - 24 20333112 2346 -
18 3 8220 8220 1 P42’ -20z-12 23571377 2423 .
19 38472 8472 1 2t~ —27x 33 2°.3%.353% 2448
20 309192 9192 1 2*+a2’ -~ 18z -30 2°.3%.383% 2515
2 310200 408 5 a4 a? -23r-27  2°.3% 5% 172 2604
22 310641 10641 1 ad 42’ - 220 - 16 3335477 26.41-
23 310812 10812 1 o —2? - 23z -9 2% 3172 537 2655 -
24 312216 12216 1 2® —a? - 35¢ - 57 2%.3% 509 27.65 -
25 314520 120 11 o® ~ 332 - 22 26.3%. 5% 11" 2929 ..
26 316689 16689 1 x® 427 — 2%r — 24 3%.5563%  30.69 -
27 316860 16860 1 x4 a’ — 16 10 2* 3*.57 2817 20.79
28 318201 18201 1 z® 4z’ —30x 48 3%.6067° 31.59-
29 319020 19020 1 42’ —20r-30 2°.3%.57.317% 3205
30 320073 20073 1 o’ — 2’ -30z -2 3%-6691° 32.63- -
31 1 316 316 1 ¥ +a’ —dz -2 25.79 858 -
32 4 940 940 1 2P —Tr—4 26.5% .47° 1234 -
33 41708 1708 1 2¥ —2” —8x -2 257761 15.06- -
34 41772 1772 1 2t~ 1dx - 12 2°.443% 1524 -
35 42636 2636 1 2® 2% 160 18 2°.659°  17.40
36 12700 1215 27— 150 —20 26.3%.5% 17.54
37 1 3596 3596 1 2’ 1llr -8 2297317 19.30
38 44364 4364 1 2®+ 2%~ 192 - 27 2°.10917 2058
39 4 4844 4844 1 P42’ - 122 -14 2°.7%.173?
40 4 5356 5356 1 x® 220 28 2°.13% 103’
11 4 7084 7084 1 2® 42?192 -11 2°.7%.11%.23°
42 4 7244 7244 1 2® 42 - 20z -38 218117 .
43 {7404 7404 1 242’ — 122 -6 2°.3%.6177  24.55 -




Non-normal sextic CM-fields

TABLE 3 (continued).

case dr,,. dr d. | Pr(f) dy ]
44 4 8556 8556 1 a YT 27r 51 25.37 237 317 2576
45 49676 9676 1 ut - 220 - 12 2° 417 597 26.84 -
46 4 11884 11884 1 r ~ 197 — 24 29.29717 2875
47 4 14316 14316 1 o° ~ 2’ - 27x - 21 2°.3%.1193%  30.59
48 414956 14956 1 o' +x? 320 -6 2037397 31.04
49 416044 16044 1 2 427 —36x - 54 203777 1917 3177 .-
50 4 18604 18604 1 2 —x®-—36r —18 2946517 33.38

51 4 21324 21324 1 2 - x® - 4dr -84 2037 1777° 3493
52 7 469 469 1 4+ z7 —bxr -4 77677 1074 -
53 7 756 21 6 ot~ 62 3¢ 7% 1259
54 77 07 1 24t -85 3117 17.92-
55 702233 2333 1 P42’ -8z 1 7ho11t 207 18,07
56 74193 4193 1 2% —a? — 120 7 705997 2230 -
57 74641 4641 1 o® bzt - ldr-21 3%.7° 132177 2307
58 75080 5089 1 o - z? - ldr - 11 737217 2378 -
59 75369 5369 1 u’ - 17x - 23 70137597 2421
60 76153 6153 1 a® -z’ 120 -3 37732937 2534
61 76601 6601 1 a®~13z -9 71232417 2594
62 77665 7665 1 & -27x 19 325270732 2727
63 7 8113 8113 1 2°-13r -5 7197 617 2779
64 7 8505 105 9 z*—27r - 51 305270 2828
65 79905 9905 1 u® - 17x - 19 5278 2837 29.70
66 710353 10353 1 ot 4 at -220 43 37 70177297 3014
67 7 14385 14385 1 a® —2? - 36r-69 3%.57.7° 1377 33.63
68 716737 16737 1 2 - x? - 362 - 27 32.7% 797" 3537
69 720545 20545 1 o® 42’ — 40z - 67 52 735877 37.88- -
70 725249 25249 1 z® —19z -9 7% 3607 4057 -
71 7 30849 30849 1 a* 42?420 -45 3% 77.13%.113° 4337
72 8 568 568 1 2° —1° 61 2 2771 11T
73 8 1304 1304 1 2* -2 1lr-1 27 163° 1545

74 8 1944 24 9 2% -92-6 293" 17.65- -
75 8 3736 3736 1 242 -14r - 22 2" 4677 21.94-
76 8 8920 8920 1 z* - 22r —16 29.5%.2237 2932 -
77 8 11032 11032 1 z* 42— 14z - 10 29 7°.197% 3148
78 & 11608 11608 1 z° - 23z -5 2914512 32.02 -
79 § 14296 14296 1 z®+a2? - 24z -4 29.1787% 3432
80 8 14680 14680 1 z* 4z - 30z — 70 27 5% 367 34.62 -
81 8 28504 28504 1 z® - 3dx —40 2% 77509 4319
82 11 473473 1 2 bz -1 1177437 1161
83 1102024 2024 1 2° -2~ 102 -6 26.11° - 23%  18.86
84 112100 2101 1 2 —u? - 112 -8 1% 191° 1910
85 112233 2233 1 2*42” -8z -1 77117207 19.49
86 11 5368 5368 1 z°+a® - 19z -23 2°.11° 617 26.11




Gérard Boutteaux and Stéphane Louboutin
TABLE 3 (continued).
case di, dp di. [ Pr(z) di PK
87 11 7084 7084 1 z°+a”—19z—11 2772 11%.237 2864 -
88 1115961 15961 1 2° —2? — 30z - 32 11%-14517 3754
89 1117116 17116 1 2%+ 2% — 162 - 2 2*.11° 3897 3843 ..
90 1127049 27049 1 2 +2® — 34z - 56 11°-2459%  44.76 - -
91 11 37609 37609 1 z®+2”—34z 32 11° 137263 49.96---
92 19 1425 57 5 z° -2’ —8x-3 37.57.19% 1838 -
93 19 3021 3021 1 z*+2°-9z2-6 32.19% 532 23.61. -
94 19 3496 3496 1 z° 13z —14 2°.19% . 23% 2479 -
95 19 4104 456 3 z® 18z - 16 2°.3°.19% 26.15. -
96 19 5529 5529 1 z°+2° 20z -39 32.19° .97 28.88. -
97 19 5624 5624 1 z°—z® - 24z - 28 2°.19% .37 29.04 -
98 19 39064 39064 1 z* -2 — 46z — 26 2°.19%.257% 5542 -
99 43 473 473 1 -5z -1 117 43%° 1458 -
100 43 7224 7224 1 242’ - 192 -7 2°.32.72.43° 36.18- -
101 43 11137 11137 1 z%42° - 222 -8 72377 .43° 4179 -
102 67 469 469 | x°+z’—br—4 77670 1565 -
103 163 1304 1304 1 z° -z’ —1lz—1 2° 1637 2553 -




Non-normal sextic CM-fields

TABLE 4. K does not contain any imaginary quadratic field
and (¢) = ©1Q2Qs splits in F

case dp q Pr(X) dx PK
1 148 107 z° + 492" + 22327 + 107 27377107 1152 -
2 148 139 26+ 772" + 2352% + 139 24.372.139 12.03 -
3 148 491 2% 4 89z* + 1787z% + 491 24.37%.491 1485 -
4 148 691 2° + 652 + 45922 + 691 21.37%.691 15.72- -
e 316 211 z° + 65z" + 42727 + 211 27797211 16.61---
6 316 307 z°+ 53z* + 7112? + 307 24.79%.307 17.69 -
7 321 59 «° + 31z° + 862> + 59 37.59-1077 13.50 -~
8 321 79 2®+ 141z® + 29122 + 79 32.79-107° 1418 -
9 321 163 z°® 4+ 272" 4+ 1262% + 163 32.107% 163 16.00 - -
10 404 43 2+ 5727 + 24727 + 43 27431017 1383 -
11 404 179 2%+ 33z* + 23522 + 179 24.101% 179 17.54 -
12 404 179 2°+ 1073z* + 133527 + 179 24.101% 1179 17.54 -
13 404 283 2° + 41z + 2512% + 283 29.101% 283 18.94 -
14 469 263 x° + 20" + 128z° + 263 72677 263 19.66
15 564 331 2° + 33z + 291z + 331 2737477331 21.73 -
| 16 568 83 ° + 33z + 203z° + 83 25 717 83 17.29 -
17 621 151 z° + 36z° + 14dz” + 151 35237 151 19.68 -
18 733 127 z° +29z" +163z” + 127 127-733% 2021 -
19 733 127 z°+ 80z* +892z% 4127 1277332 20.21---
20 756 211 z° + 33z + 279z + 211 2735 77 211 2222 -
21 785 23 z° +30z" + 97z + 23 57231577 15.55 -
22 993 139 z° + 186z" + 8505z + 139 37.139 3317 22.70 -
23 1101 31 z° +68z" + 7762° + 31 37.31-3677 18.30 -
24 1345 7 2%+ 14a" + 4527 + 7 5772697 15.26 -
25 1373 71 z° +32z" + 25227 + 71 7113737 22.61- -
26 1373 71 x°+ 32z* 4 108z% + 71 71-1373% 22.61.--
27 1425 43 z° +551z” + 422z° + 43 3757197 .43 21.06---
28 1524 19 z°+629z" + 4763z +19  2°-3°.19-1277 18.79---
29 1901 31 z°+ 24z + 108x” + 31 31-19017 21.95---
30 1901 31 z°+493z* +451z% + 31 311901 21.95---

17
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Gérard Boutteaux and Stéphane Louboutin

TABLE 4 (continued).

case dr q Px(X) dx Pi
31 1944 139 2% + 212" + 11127 + 139 25370139 28.40---
32 2101 23 2° + 60x" + 128z + 23 117231917 21.59 -
33 2228 19 2° + 8la® + 7272 + 19 2719 5577 21.33 -
34 2300 107 z° 4 7492 + 567z + 107 2757237107 28.76-
35 2557 23 x° + 162" + 60z + 23 23 25577 23.06 -
36 2713 3 z° + 33z + 1552° + 3 3.27187 16.74 -
37 2857 19 a® +222z” +1372° + 19 19 2857° 2317 -
38 3325 23 2° + 116" + 26722° + 23 5777197 23 2517 -
39 3356 107 z° + 892" + 165927 + 107 27107 8397 32.61-
40 3941 71 z° + 202" + 9627 + 71 77715637 3214
41 4409 11 z° + 467z + 690z + 11 1144097 2445 -
42 6133 7 20 + 6827 + 328z +7 7-61337 2531
43 6133 7 2%+ 2292% 4+ 83z% + 7 7-6133% 2531
44 7668 19 2° + 1473xz" + 3632° + 19 273519717 32.31 -
45 7753 3 x° + 1292”7 + 59z° + 3 377537 2376 -
16 7753 19 z° +30z" + 1292 + 19 1977537 3233
47 9076 3 z° +1017z" + 14341127 + 3 27322697 25.05 -
48 10333 7 2° +36a" + 9627 + 7 7-103337 30.12- -
49 10077 31 2° + 36189732z" 373133597 3828
+28035372408z> + 31
50 11853 7 a° + 3141z + 6272° + 7 3574397 3153 -
51 15061 7 28+ 122" + 3227 + 7 7150617 3415 -
52 15641 2 2%+ 722" +372° +2 2315641 35.36 - -
53 15700 3 z° +8lz" +1072° +3 273571577 3007 -
54 16649 2 z° +2316144z" + 40477378927 + 2 27166497 36.11- -
55 17929 3 2% +2090z" + 706927 + 3 3179297 31.43- -
56 20252 11 2° + 377z + 3525927 + 11 27.11-617-83%7 40.64 -
57 21281 2 z° 4 33528z + 5657° + 2 2° 13716377 39.19 -
58 21913 3 z° + 2302”7 + 1194127 + 3 317712897 33.60 -
59 22229 7 z° +340z° + 18784x° + 7 7222297 3888 -
60 23417 2 «° +32z" + 4527 +2 2% 234177 4045 -
61 30169 3 z° + 19955z + 598z° + 3 3-30169° 37.38--
62 30868 3 2° +569z" + 132727 + 3 27377177 3767 -
63 311656 7 2° + 2277z + 76371x° + 7 57.7.23° 2717 4352 -
64 32421 7 z°+48z" + 180z +7 3771017 1077 44.10- -
65 37437 7 z° + 556749204z" + 1362722” + 7 37.7.12479°  46.26 - -
66 46996 3 z° + 3467981z + 3660259z° +3 27 - 3-31° 3797 43.33 -
67 51316 3 z° + 133612" + 907z° +3 273128297 4462 -
68 85300 3 z° + 310760391641z" 27357 8537 52.86 -
+33331797907x% + 3
69 126664 3 z° + 82841249297885z” 253717 2237 60.31---
+30290200633872943z> + 3
70 142876 3 2° +9749333x" + 10680727 +3 2" <3237 - 1553° 62.78 -




Non-normal sextic CM-fields

TABLE 5. K does not contain any imaginary quadratic field
and (¢) = 1@z in F

case dr q Px(X) dx PK
1 148 23 z° + 2527 + 51z’ + 23 2723377 892
2 148 31 2°4292% 4 672% + 31 2%.31.37%  9.37.-
3 148 227 2% 4 252% + 17527 + 227 24.372.227  13.06
4 148 331 z° + 332" 4+ 22722 + 331 2*.37%.331 1391
5 148 467 z° 4+ 49z* + 61522 + 467 2' 377467 14.73 -
6 148 499  z° 4 332" 4 29922 + 499 24377499 14.89 -
7 148 547 2% + 41z + 319z” + 547 2*.37%.547 1512 -
8 316 23 z° + 252" + 7927 + 23 2723797 1148
9 316 131 z°+ 212 + 11927 + 131 2'.797 131 1534 -
10 316 547 z°+ 113z 4 119522 4 547 2° 797 . 547 19.47-
11 321 23 2% 43727 + 13127 4+ 23 37231077 11.54- -
12 321 31 2°+38z% +89z% 431 3%.31-107° 1213 -
13 321 307 2%+ 8lz! 4+ 31527 + 307 3%.107%-307 17.78 -
14 404 7 249z 1927 47 2771017 1022 -
15 404 67 2°+ 25z 4 792 + 67 2'.67-101* 14.89 -
16 404 347  z° + 332" + 2112* 4 347 2*.101% 347 19.59 -
17 469 2 2 +9z7 + 1dz7 + 4 2077677 1553 -
18 469 11 z°+36z* + 1682% + 11 72 .11-67° 11.58- -
19 469 47 z®+ 20z + 1042 + 47 7247 .67 14.75- -
20 469 223 2°+ 29z% 4 19522 + 223 72677223 19.13- -
21 469 239 2%+ 242" + 16422 + 239 72.67% 239 19.35
22 473 71 z° 43027 + 22927 + 71 117-437 71 15.85 - |
23 473 139 z°+ 31z* + 20222 + 139 117 -43% 139 17.73 -
24 564 163 a° + 57z + 43bz” + 163 2737477163 19.31- -
25 564 211 z°+21z" 412327 4 211 21.3%.477.211 2015
26 568 9 2° + 53« + 463z + 139 2717139 18.84--- |
27 621 19 a° +33z" +752° +19 319 23" 1393 -
28 621 47 2°+45z* 4 4832” + 47 3%.23%.47 16.20---
29 621 103 2°+ 60z* + 504z + 103 3°.23%.103 1847 -
30 733 2 z°+ 152" + 11z’ +2 257337 1275
31 733 11 z°+4 322" 418822 + 11 11-733% 1344
32 733 71 «®+37x% 4339z 4+ 71 717332 18.34 -
33 837 2 z°+272" +152° +2 2735317 1332 -
34 837 79 z°+45z% +1952% 4+ 79 3%.312.79 1952 .-
35 993 7 z° + 112" +262° + 7 37.7.331° 13.79 -
36 1101 223 z° + 288z + 564z + 223 372233677 2542 -
37 1300 11 z°+13z° +43z7 +11 27 5711137 16.27- -
38 1300 67 x°+49z" + 58727 + 67 2%.5%.13%.67 21.99 ..
39 1304 11 z° +4lz" +752° + 11 2° 111637 16.29 -
40 1345 19 z° + 422" + 65z° + 19 5719269 18.03
41 1373 3 z° + 60z + 13627 + 3 3-13737 13.34. -
42 1373 151 2°+ 922" 4 16642® + 151 151-1373% 25.64 -

19
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Gérard B and

TABLE 5 (continued)

case q Px(X) dx PK

43 1573 71 z° + 202" + 10dz” + 71 11713771 23.66- -
44 2101 31 2° + 40z + 35627 + 31 117311917 22.70 -
45 2580 79 x° + 24z’ + 84x” + 79 37798637 28.44
46 2636 3 20 + 193z" + 5927 + 3 2736597 16.58 -
47 2708 11 x® + 172" + 51z + 11 27 116777 20.78
48 2808 67 z° +8lz" + 17127 + 67 2°.3%.137.67 28.43
49 3021 2 «° +28x" +172° +2 2337197 . 537 20.44
50 3356 59 x° +29x” + 183x” 4 59 27598397 29.54
51 3508 11 x° + 13z° + 272° + 11 27118777 22.65
52 3604 19 0 + 132" + 3bz° + 19 2717719 - 537 25.04
53 3736 19 2° +97x" +1739z° + 19 25194677 25.34 -
54 3957 2 x° 493z + 258z° +4 25.37.13197 31.63-
55 4765 2 z° + 792" + 108727 + 2 27579537 23.79
56 4841 3 x° +462" + 2927 +3 34771037 2031
57 4853 2 a4+ 191z + 207z + 2 232372117 23.94
58 4933 7 20 37z + 27527 + 7 749337 23.54-
59 4933 19 z® 4+ 113z* +1232° +19 19 -4933°  27.80
60 5081 3 «°+1da" +262” +3 350817 20.64
61 5685 31 ° +93z" + 19527 + 31 3757313797 31.63-
62 6185 3 2° +10x" +172° +3 35712377 22.04
63 6401 3 «° +257x" +59z° +3 33771737 2229
64 6557 7 x° +36a" +3122° +7 7-797 837 25.88-
65 7028 11 «° + 652" + 39927 + 11 2777 11- 2517 28.56 -
66 7796 3 x° +49x" +3952° +3 27.3.19497 2381
67 8372 3 a®+132" +3527+3 27.3.77.137.237 2438
68 8837 23 «° +336z" + 754027 + 23 2388377 34.86
69 8909 2 2° +1lz' + 15z +2 2%597 1517 29.31
70 8909 7 z°+ 1792z* + 14442% + 7 7-59%.151% 28.67-
71 9293 2 z° +3002" +97z° +2 2792937 29.73"
72 9413 11 z° + 105z" + 1392” + 11 1194137 3148
73 9749 2 z° +99x" + 31z’ +2 27.97497  30.21
74 9805 7 ¥ +21317x" + 464371 +7 57.7-377 537 29.60
75 9812 3 z° + 40756927 + 50756231z + 3 27.3.117 2237 25.71
76 9813 7 0 +101x" + 83z +7 37732717 2961
77 9869 7 x° + 104dx” + 54247 + 7 7-717 1397 29.66 -
78 10261 7 1° +20z" + 24z + 7 7-317-3317  30.05
79 10292 3 x° +473z" + 14327 +3 27.3-317 837 26.12
80 10721 3 z° +11a" +262” +3 37171517 26.48-
81 12092 19 a° + 52261z” + 280087z + 19 27.19.3023° 37.49
82 12269 3 a° +97z" + 15527 +3 3.12269° 27.69 -
83 12309 7 a° +602" +768x° +7 37.7-117 3737 31.93-
84 12333 31 2° 462820z +69024a” + 31 37.31-41117 40.94




Non-normal sextic CM-fields

TABLE 5 (continued).

21

case dr q Px(X) dy PK
85 12401 3 2°+ 1942 +245z° +3 3124017 27.79 -
86 12788 11 a° + 2997z + 601927 + 11 27112371397 34.87 -
87 14165 23 2° + 147536z + 1835892z° + 23 572328337 40.80 -
88 14229 7 z° 4+ 12z + 24z’ +7 35.7.177 317 3351 -
89 14420 11 z° + 185z +1232” + 11 2%.57.77.11- 1037 36.29 -
90 15212 3 a° +3313z" +203z” + 3 27338037 29.75 -
91 15252 19 z° + 208953z" + 11619z + 19 273719317417 4051 -
92 15284 3 z° +4lz” +4192° +3 27338217 2980 -
93 16532 3 z° +17z° +23z° +3 27341337 30.59 - -
94 16721 3 z° +83z" +13222° +3 32377277 30.70 -
95 17165 23 z° + 2336z + 17629227 + 23 572334337 4350 -
96 17273 3 2° +94z" + 53z +3 3237 7517 31.04
97 17684 11 2° + 641" +2912° + 11 271144217 3885 - |
98 17717 2 25 + 152" + 5bz” +2 277725317 36.86
99 17780 3 2° +6lz +3bz° +3 27357701277 31.34---
100 19112 3 z°+29z" +47r° +3 25323897 32.10- -
101 19544 11 z° + 14927 +5103z” + 11 2577113497 40.17 - -
102 19869 7 z° +69z" 4+ 1011z +7 37.7-37° - 179° 37.46- -
103 21853 7 z° + 2362 + 8944z +7 7-137 417 38.66 -
104 23612 3 z° + 209z + 107z + 3 27359037 34.45- -
105 24884 3 z° + 113z" + 2507z + 3 27362217 35.06 -
106 26612 3 z° + 565z" + 30352 + 3 2736653 35.85- -
107 30356 3 z° + 3025z + 56423z + 3 2737589 37.46- -
108 33885 7 z° 4 24z + 1322247 3557 .7-2517 44.75- -
109 34172 11 z° + 1145z° + 699z” + 11 271185437 4839 -
110 38204 3 < + 186193z" + 2027z” +3 27.3.95517 4044 - -
111 38420 3 z° +113z" +2891z” +3 27357177 - 1137 4052 -
112 39704 3 z° +34513z” + 11627z + 3 2°.3.7°-709° 40.96---
113 41240 3 z° + 591661z + 19373647295z + 3 25.3.57.10317 4149
114 43368 19 z° + 39750177z" +618651147z° + 192° - 37 137191397 57.39---
115 44072 11 a° + 7957605z" + 2047039z” + 11 2577117877 5267
116 45884 3 z° + 14833z + 765899z +3 273114717 4299 -
117 51404 3 z° + 659338673z + 49539876107z° +3 2 -3-71°- 1817 44.65 -
118 56264 3 z° + 788594737z + 20558987z +3 253137 5417 46.01 -
119 58904 3 z° + 2225z + 342539z” + 3 2°.3-377.1997 46.72 -
120 88700 3 a° + 127921z" + 43787z +3 273578877 53.55 -
121 93260 3 z° + 121861z" + 24544072” +3 2735746637 54.46 - -
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TABLE 6. K does not contain any imaginary quadratic field and (¢) = ©,Q3 in F

case dr  q Pk(X) dx PK
1 568 2 a° + 7z + 10z +2 2717 1475
2 1101 3 2° +8z"+1227 +3 3%.3677 1240 -
3 2024 2 a0 + 112" + 3027 +2 2T 117.237 2253 -
4 2233 11 2° + 74z + 77z’ + 11 77-11° 297 1949 -
5 2505 3 a® +11z" +302° +3 3% .57 . 167° 1631
6 2589 3 20 + 162" + 3627 + 3 3%.8637 16.49 -
7 3124 11 a® +193z" + 1859z + 11 27 117717 2180 -
8 3252 3 x° +281z" + 318327+ 3 273 2717 17.79 - -
9 3596 2 z° + 9z + 1627 +2 29.297 317 27.29 -
10 3041 7 20 + 37z + 14722 + 7 7% 5637 21.84---
11 4844 2 2° + 652" + 2427 + 2 2°. 771737 30.14 -
12 5901 7 a° + 45227 + 27442” +7 37.7°5.2817 24.99---
13 6153 3 2° +10z" +212” +3 3%.77.2937 22.00- -
14 6237 7 2° + 962" + 25227 +7 3%.7°. 117 2545 .
15 8637 3 a° + 1804z + 6127 +3 3728797 24.64 -
16 8745 3 z° + 130z + 1172° +3 35 57117 . 53° 2474 -
17 10868 11 z° + 11727 + 97927 + 11 27.11%.137-197  33.03 -
18 12660 3 a° + 25z + 1472° +3 273757 211° 27.98 -
19 14189 7 20 + 229z + 1134727 +7 7520277 3348 -
20 15252 3 z°+ 25z +5lz° +3 27.3%.317 417 29.78 - -
21 16116 3 z° + 25297z + 47595z + 3 27 3% 177797 3033 -
22 17889 3 z° + 19x" +90z” + 3 3%-67° -89 31.40- -
23 19113 3 z° + 1752 + 40262 +3 332372777 3210 -
24 22425 3 z® +47671z" + 82227 +3 355" 137237 3386 -
25 23028 3 1° +d9z" +267z° +3 27371971017 3416 -
26 29553 3 z° +19z" + 1827 +3 3%.98517 37.12- -
27 31101 7 x° + 1857804z + 471072z + 7 37.7°.14817 4349 -
28 32073 3 z° +322z" + 23073z +3 3%.10691%7 38.15---
29 34152 3 z° + 1452° +171z° +3 2°.3%.14237 38.96 -
30 36872 11 < + 229059609z" + 855080347z +11  2° - 11°- 4197 49.63 - -
31 37176 3 z° + 375539437z + 328829269117 +3  2°- 3% 15497 40.08 -
32 38580 3 a° +24lz" + 7527 +3 2%.3%.57.6437 40.57 -
33 41172 3 2° +29329z" + 1047339z + 3 2735477737 41.46---
34 41865 3 2° + 102058z + 30321z” + 3 35727917 41.70 --
35 47004 3 z° +433z7 + 26727 +3 27 3% 39177 4334 -
36 52764 3 x° + 28549z" + 31282952 + 3 273543977 45.04 -
37 53736 3 z° + 56317z + 86415z +3 253522397 4531 -
38 73176 3 a° + 23867281z + 2424100779z +3 25353049 5023 -
39 76200 3 «° + 61z +207z° +3 2°.3%.57. 1277 50.91 -
40 98844 3 t° + 2293z" + 6999z + 3 273782377 5552
41 108325 7 z° + 12962664z” + 309216012z° + 7 57.7°.619° 6593 -
42 201129 3 z° +137137z" + 79472 +3 3%.670437 70.36- -
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