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Inner Product in i-Groups

Bohumil Smarda

Abstract: We investigate a new conception of an inner product on lattice ordered groups.
The inner product is motivated with a scalar product of vectors in vector spaces. Basic and
characteristic properties of the inner product are described.
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A scalar product of vectors has a basic part in the theory of vector spaces. Vector
spaces together with lattice ordered groups (briefly l-groups) form vector lattices
(see [1]). Let us investigate in this paper so called an inner product on l-groups
that is motivated with the scalar product of vectors without using of the structure
of vector lattices.

1. Motivation. The formula (u,v)= |lu/2+v/2||?~||u/2—v/2||? holds for the scalar
product of vectors u,v from a real vector space. If we rewrite the right side of
this formula for vector lattices (which are abelian l-groups) similarly such that we
substitute ||u||? (i.e., the square of the lenght of the vector u) with |u| =uv—u (i.e.,
the absolute value of u) then we obtain |u/2+v/2| — |u/2-v/2| = [(u/2+v/2)V
V—(u/2+v/2)] - [(u/2— v/2)V —(u/2=v/2)] = {[(u/24+v/2)V (=u/2—v/2)]+ (v/2
—u/2)} A{[(u/2+v/2) V (=u/2-v/2)] + (u/2-V/2)} = (vW—u) A (uV—V).
Now we can define an inner product of l-groups.

2. Definition. Let (G,+,V,A) be an l-group and z,y € G. Then an inner product
z.y of elements z,y is z.y = (zV —y) A (y V —x).

We want to analyze the inner product without the assumption of commutatitivity
of an l-group G.

3. Remarks. 1. We have z.x > 0,z y=yrzandzz =02 =0,forz,y € G.

2. K. L. M. Swamy [4] and T. Kovar [3] investigated so called autometrics in
a commutative l-group G. The standard autometric has the form p(z,y) = |z — y|,
for z,y € G and it is in connection with the inner product such that p(z,y) =

=(z -y)(z-y).
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3. No unit element e exists in an l-group G with respect to inner product.
Namely,ifz =z.e = (zV—-e)A(—zVe)=(zA-z)V(—eA-z)V(TAe)V(—eA
Ae) then —le| < z, for any z € G. That is a contradiction with the fact that the
smallest element does not exists in G.

4. Proposition. If G is an l-group and z,y,z € G then it holds:
W) .y > 7 Ay, lzllyl = o] A lyl,
b) |z = z.2, |z} = z.(—x),z.|z| =z,
c)rtz” =0,0r=2z.0=0,
d) —z+zy+z=(~z+z+2)(-2+y+2).

Proof. a),b) follow directly from the definition 2.

¢c) Wehavezt .z~ = (zF V-2 )A(z" V- =" V-zt =—(zt A—z7) =
=0,02=0V-z)A(0Vz) =2t A—-z~ =0 and z.0 = 0 similarly.

d) ~z+zy+tz=—-z+[zV-y)A(—zVyl+z=[(-z+z+2)V(-2—y+
+2))A[(mz4+y+2)V(—z—z+2)]=(—z+z+2)(-2+y+2).

5. Lemma. Let G be an l-group and z,y € G. Then
sty=(@Vy +@Ay) e (-z+yt =w-2)"

Proof. We have (zVy)+ (zAy)=[2zV (y+z)|Al(z+y)V2yand thusz +y =
= (zVy)+(zAy) © 0= —z+{[2zV(y+2)]A[(z+y)V2yl} —y = [(z—y) V(-2 +
Fy+z-y) AV (—2+5)] = {0V (~2+y)]+ (@ —9)} A0V (~z+ )] = OV (<2 +
+Y]+0A(z-y)=(—z+yt +(z-y)” e (-z+y)T=-(a-y) = -2)"

6. Proposition. If G is an l-group, z,y € G and (z+y)~ = (y+z)~ then|z—y| =
= |z| V |y| — z.y holds.

Proof. The proposition N,[2],p.113 implies that |z| V |y| —z.y = (z V —y) V (-2 V
Vy) = [(zV-y)A(~zVy)] = [(zV~y) = (~zVy)| = [(zV-y) +(zA-y)| = |z - y|.
Namely, (-2 —y)* = (—y — 2)* and we have z —y = (z V —y) + (z A —y), see
Lemma 5.

7. Proposition. If G is an l-group and z,y € G then |z.y| = |z|Aly| = |z|.]y| holds.

Proof. We have |z.y| = [(zV —-y)A(—zVY)]V [V -y A(-zVy)]=[(zV-y)A
A=z VyIVI(=zAY)V (A ~y)] = (zA=2)V(zAY)V(-yA=T)V (~y Ay) V (=z A
APV (@ A=y) = —[y|V=|z|V[zA(yV-y]V[-zAyV-y)] = =(z[Aly]) V(@ Aly]) v
V=Vl = ~ (2l Al VIEv-2)Alyl] = ~(=lAlyDV (Al = l2IAly] = [zl vl
see 4.a.

8. Coroilary. If G is an l-group and z,y € G then —(z.y) = z.(-y) = (—z).y hold.

Proof. First, (—z).y = (—=zV —y) A (z Vy) = z.(~y) and further (-z.y) = (—zV
V=y)A(@Vy)=(zA-2)V([yA-y)V(-zAy)V(zA-y) = ~lg|V-ly| v =[(zV
V=y)A(yV —z)] = =(z| A ly| A z.y) = —(2.y) hold.

Recall, that elements x,y of an l-group G are orthogonal when |z| A |y| = 0. Let
us denote zdy.



Inner Product in I-Groups 91

9. Corollary. Let G be an l-group and z,y € G. Then it holds:
1. Elements z,y are orthogonal if end only if z.y = 0.
2. If G is commutative then z.y =0 |z| + |y = |z +y| = |z —y|.

Proof. The part 1. follows immediately from the proposition 7.
2.=: Propositions 6. and 8. imply |z +y| = |z — (-y)| = |z| V| -yl —z.(-y) =
= [z V |yl + 2.y = [z] V |y| and also |z - y| = || V |y| — 2.y = || V [y] = || + .
<: Similarly, we have |z|V|y| —z.y = |z —y| = |z +y| = |2| V |y| + .y and thus
2(z.y) = 0 and z.y = 0, because G is a torsion free group.

10. Proposition. Let G be an [-group and z,y € G. Then for the following propo-
sitions

(1) z.y <0,

(@) zhy<0<zVy,

(i) cANy<z+y<zVy,

(w) |z —yl >z +yl,
it holds (1) & (i1) © (ii1) = (iv). If moreover, G is commutative then also (iv) =
= (1) holds.

Proof. (i) & (ii) : Wehave 0 > z.y = (zV-y)A(—zVy)=(zA-z)V(TAy)V
V(~yA=z)V(-yAy)=—lzg|V—-ly|V(@zAy)V-(zVy) & zAy<0<zVy.

(4) ¢ (i42) : In an l-group G it holds zVy = =z — (z A y) + v and further
zVy=yVz=y—-(zAy)+z,2Ay =y—(zVy)+az These facts follow
tVy>0>2zAyey—(zAy)+z202y—(zVy)+ze —(zAy) > -y-z2>
>—(zVy)ezVy>z+y>zAy.

(721) = (iv) : The previous facts imply zAy < 0 < zVy. Therefore we have zAy <
< (z+y)* <avyand zAy < (z+y)” < zvy,ie, —(zVy) < —(z+y)” < —(zAy).
Therefore we obtain [z +y| = (z+y)T —(z+y)” < (zVy) - (zAy) = |z —y|, see
[2] ,p-113.N.

(tv) = (3) : If G is commutative then the propositions 6. and 8. imply |z — y| =
=|z|V]y| — z.y and |z + y| = |z| V |y| + z.y. If (iv) is true then —z.y > z.y, i.e.,
2(z.y) < 0 and z.y < 0, because G is torsion free.

11. Proposition. If G is an l-group and z,y € G then |z|A|y| = (z Ay)V —(z.y) V
V —(z Vy) holds.

Proof. We have |z|Aly| = (zV —2)A(yV ~y) = (zAy) V[T A~y) V(- Ay)]V
V(—zA-y)=(zAy)V—(zy)V—(zVy).

12. Definition. A .-ideal I in an l-group G is a subgroup in G fulfilling the condi-
tionn x € l,ge G =gz €l

13. Proposition. Let G be an l-group. Then I is a .-ideal in G if and only if I is
a convez l-subgroup in G.

Proof. =: 1f z € I,g € G,0 < |g| < |z| then |g| = |g| A |z] = |g].|z|] € I (see 7.),
because |z| = z.xz € I. We have g = g.|g| € I and together I is a convex subgroup
in G. For z,y € I it holds 0 < |z Ay| < |z| A ly| = |z|.]ly| € I. This fact implies
z Ay € I and 1is also an l-subgroup in G.

<: With respect to 7. it holds 0 < |g.z| = |g| A |z| < |z| and thus g.z € I.
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14. Proposition. If G is a commutative l-group and z,y,z € G*. Then it holds:
6) (T+y) Az < (@A2)+(yA2),
b) (z+y)Az=(zA2)+(yAz) & (z+y—2)AzAyAz <0,
)z AyNz=0= (z+vy)z=z2+y.2,
d) z Ay =0= (kx).y = k(z.y) = z.(ky), for any integer number k.

Proof. a) We have (z+y) Az < (z+y)A[(zAyAz)+z]=(z+y)A(z+2)A(y+
+2)AN2z2=(xANz2)+ (yA=z).

b) From the part a) of the proof it follows: (z+y)Az = (zAz)+(yAz) = (z+
+yAz=(z+y)A[(cAyA2)+z]=>(z+y—2)A0=(z+y—2)A(TAyAz).
On the contrary OA (z+y —2z) =0A(z+y—2)A(zAyAz)=(xz+y—2z)A(zA
AyAz)=(z+y)Az=(+yY A[(zAyAz)+z]=(zAz)+ (yA=2).

¢) The previous part of the proof and 7. implies z.2 +y.z = (zA2)+ (yAz) =
=(z+y)Az=(z+y)=z

d) The proposition follows for £ > 0 from b; for k=0 follows from 4.c and for
k < 0 we have (kz).y = (—|k|z).y = —[(|k|z).y] = —|k|(z.y) = k(z.y), see 8.

15. Corollary. If G is an l-group then (|z| + |y|).|z| < |z|.|2| + |y|-|z| holds for
Z,Y,z € G.

Proof. Proof follows from 7. and 14.a.

16. Theorem. 1. If G is an l-group then for z,y,2 € Gt UG~ it holds:

a) .y = sgnz. sgny(|z| A |y|), where sgnz =1 for 0 # z € G*,sgnz = —1 for
0# 2 € G and sgn0 = 0.

b) z.(y.z) = (z.y).2,

c) (z+y).z| < |zz|+ |y.2| + |z.2].

2. If G 1is a representable l-group then parts b and ¢ hold for z,y,z € G.

3. If G is a commutative I-group then |(z+y).z| < |z.2| + |y.z| holds for z,y,z €
€G.

Proof. 1a: We have r.y = (zV —y)A(—zVy) =z Ay = |z| Aly| for z,y €
€ Gryzy = (xV-y)A(-zVy) = —yA -z = |[z|A|y| for z,y € G~ and
zy=(zV-yA(-zVy)=—-zVy=—(zA—-y) = —(z|Aly]) forz e Gty e G~.

1b: We have z.(y.z) = z.[sgny. sgn z)(|y|A|z|)] = [sgnz.(sgny.sgn 2)].[|z| A (ly| A
Alz|)] = [(sgnz. sgny). sgn z].[(|z| Aly) Al2]] = [(sgnz. sgny).(|z|Aly])].z = (z.y).2.

1c: Propositions 7.,14.a and [2] ,p.112,] imply |(z +y).z| = |z + y| A |z| < (|z] +
Iyl + J2l) A l2] < (2l A J2]) + (] Al2l) + (2l A l2]) = .2l + ly.2] + [e.2]-

2. Let us recall that a representable group G is l-isomorphic with an l-subgroup
of a direct product of linearly ordered groups G;(¢ € I). Then for every ¢ € I it
holds |z.y|; = |(z.¥):| = |z:i-yi| = |zil-lys] = |z)i-lyli = (|]-]y])s, see 7. The parts b
and ¢ we can prove similarly as in the part 1.

3. A commutative l-group is a representable l-group and |z +y| < |z|+ |y| holds.
These facts imply |(z +y).2| = |z +yl.|z| = |z + y| Alz| < (z| + [y]) Alz] < |z| A
Alzl + |yl A lz] = |z].]2] + |yl.|2] = |z.2| + |y.2], see 7. and 14.a.

17. Remark. The inequality 16.c does not hold without absolute values. For exam-
ple,forz > 0,2 #0,y=2z=—zitis0=(z+y)zandz2+yz+z.2=1.(-2)+
+(—z).(-z) + z.(—z) = —=.
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18. Corollary. If G is an I-group and ,z,u,v € G then it holds:
rdy = r.udy.v, Téy.v.

Proof. We have zéy = |z.u|Aly.v] = (|z|Alu]) Ayl Alv]) = |u|A(lz]Aly]) Alv] = 0.
Therefore z.udy.v holds and the second formula follows similarly.

19. Proposition. If G is an l-group and z,y € G then it holds:

o) ztyt =@ Ayt ey = (e A-y)t 2Ty = (-2 Vy)T,
Tyt =(aVv-y),

b) (zy)* =Tyt v yT) = (@tyh) + (7 y7),
(zy)” =@y )A (@ y") = (ety™) + (27 y"),

c)ry=atyt +z-y +zty +2 gyt

Proof. a) Theorem 16.1 implies z+.y* = 2t Ayt = (zAy)T, 27y~ = |z7|Aly~| =
=-(@A)A-(yA0) = (~zA-y)t 2ty =-[z" A(~y7)] = —[(xVO) A (~yV
VOl = —[(z A—y) VO] = (~2Vy)" 5" y* = ~[~(zA0) A (yV0)] = ~[(~z Ay) V
VOl =(zV-y) .

b) First it holds (z.y)* = [(¢ V —y)A (-2 Vy)]VO=[(zV -y) VO A[(~z V
Vy) VOl =[(zVO)V(~yVOJA[(=zVO)V(yVO)] = (zFV -y )A(-z" Vy*) =
=@t A-z )V(ETAyY)V(—y  A—z)V(-y~ AyT) =0V (zt Ayt)V (-2~ A
A=y ) =0V @AY V(-zA-y)=(zAy)tTV(-zA-y)t =zFyt vz~.y~ and
also (z.y)” =[(xzV-y)A(—zVY)AO0=(zV-y) " A(-zVy) =z~ yT Azty .

Further, it holds zt 4yt + 27y~ = (s Ay) VO + (—z A —-y) VO = [(x Ay) +
(T A=YV (=2 A-y)VEAYVO=[0A(y-2)A(z-y)]V[-zVI)A
AV -y)A(=zVyY) AV -y)]VO0=|z|Aly|A(zy)" = (z.y)", see 7.and also
sty +z7yt = (~zVY)AO+(@V-y)AO=[(—zVy)+(zV-y]A[(-zVy)A
ANazV-y)JA0=[0V(y+2)V(-z-y)]A(zy)” =(z.y)".

¢) Finally, it holds z.y = (z.)* + (z.y)”" =ztyt +z- .y~ +2ty™ +2- 9y .

20. Corollary. Let G be an l-group and z,y € G. Then zt.y*,z~ .y~ are orthogo-
nal elements and also z+.5~, 17 .y* are orthogonal elements.

Proof. Proof follows from 18.

21. Proposition. If G is an l-group and z,y,z € Gt UG~ then it holds:
a)z>0=>z(yVz)=zyVez,zr.(yAz)=zyAz.z
z<0=>z(ynz)=zyVez,z(yVz)=zyAz.z
b)) z>0,yAz=0=2(y+2)=zy+z.2,
z>0,yVz=0=>z.(y+2) =2y + .2,
<0 yNz=0=>z.(y+2) =y + .2,
z<0,yVz=0=>z.(y+2)=zy+z.2.

Proof. Let us discuss all cases with using of 16.1 and [2],p.102,c:

a) First,if z > 0 then it holds:

() fory,z>0itisz.(yVz)=zA(yVz)=(zAy)V(zAz)=zyVzzz.(yA
ANz)=zA@YAz)=(cAyY)A(zAz)=zyAz.2,

(i) fory >0,z<0itisz.(yVz)=zA(yVz)=zAy=(xAy)V—(zA-2) =
=zyVz.z,z.(yNz)=—-(xzA=2)=(AyY)AN—(x A —-2) =Ty A2,

(ii) fory <0,z > 0itisz.(yVz) =zAz = —(zA—-y)V(zAz) = zyVz.z,z- (YA
ANz)=—=(zAN-y)=—(zA-y)A(zA2)=zyAzT2,
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(iv) fory <0,z <0itisz(yVz)=—-[tA-(yVvz)]=-2zV(yVz)=(-zV
Vy)V(—zVz)=—(zA-y)V—(zA-2)=zyVezr(yAz)=—[zA-(yAz)] =
=—zV(yAz)=(—zVyY)A(—zV2)=—(zA-y)A—(zAN-2z)=zYyAz.2

If z <0then z.(y Az) = —[(—z).(y A2)] = —[(-2) -y A (=z).2] = z.y V 2.2 and

(yVz)=-[(-x).(yV=z)]=—-[(—z)yV(-z).2] = 2.y A T.z hold, see 8.

b)If 2 > 0,y Az =0 then zy Az.z = 2 Ay Az = 0 holds and thus we have
z(y+z2)=z(yVz)=zyVrz=zy+z2

Ifz>0,yvz=0thenzyvVz.z=—-(zA-y)V—-(zA—-2)=-zVyVz=0and
thus we have z.(y + z) = z.(y A 2) =zyAz.z = z.y + z.2.

Ifz<0,yAz=0thenzyVzrz=—(—zAy)V—-(—zA2)=zV-yV-2=2V
V—(yAz) = V0 = 0 and thus we have z.(y +z) = z.(yVz) = z.yAz.z = z.y+z.2.

Ifz<0,yvz=0thenzyAz.z=-cA-yA—2=—-2zA—-(yVz)=-xA0=0
and thus we have z.(y + 2) = z.(yAz) =zyVzz =2y + 2.2.

22. Theorem. If G is an I-group and z,y,z € G then z.(y.z) = (z.y).z holds.

Proof. Propositions 16, 19, 20 and 21 imply
z.(y,z) = zt.(y2)t + 27 .(y2)” + zt.(y2)” + 27.(y2)T = zt.(yt.zt +
2+ .yt ry 2+t (ytzm +y ) (vt +yT2T) =
= a:+.(y )4zt (y 2 ) .yt )4 (v )+t (y T2+t (y T2 +
(yt. z+)+z (y2z)=(@tyN) et +(zty )z + (@ yM)z"+(z"y7).2"
+ 4+ (ztyt)z” + @ty )t + @yt + (@7y )z + = (etyh)2t +
+xmy Nzt + @ty + (@ y ).z H (@ y )zt ()2 (et yT) 2T+
+@ yN) ez =@yt +zy )zt + (@t yt+ry )z + (gt y g2t +
+(@ty +z yN)z" = (zy) Tzt +(@y) T2+ (zy) 2T+ (zy)T2T = (zy).2.

Let us remark that Proposition 7 implies |z| < |y| & |z.y| = |z|. Now, we shall
investigate a similar relation introduced in the following definition.

23. Definition. Let G be an l-group and z,y € G. Then let us define a relation |
on G such that z[y & z.y = z.

24. Proposition. If (G,<) is a commutative l-group then [ is an antisymmetric
and transitive relation on G with following properties:

a) The restriction [/G* of the relation | on G is the lattice order on G,

b) znon || 0,y < 0,z[y = = =0, for z,y € G,

¢) 0[z, forz € G,

d) [ is reflezive ezactly on G.

Proof. First, we shall prove that [ is antisymmetric and transitive:

Zlyye =z =zsy=yr=yandzly,ylz => s =zy,y =yz =>c =1y =
=z.(y.2) = (z.y).z = z.2 = z[2, for z,y,z € G.

Further, we have:

a)zlyer=zy=zAy &z <y, forz,y€GT,

b)ifz >0,y <0thenzlye0<z=zy=—-(zA-y)=-2zVy<0&z=0
andif <0,y <Othenzly e 0>z=zy=-2zA-y=—-(2Vy) >0 =0
hold (see Theorem 16),

¢) 0=0.z & 0[z, for z € G,

dzzez=zz=|z|©2>0,forz€G.
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