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Multi Regional State Space Systems — Controller
Design and Stability

Oliver van Laak
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Hans-Jorg Wenz

Abstract: The paper is concerned with a construction method for control functions for
systems given by an algebraic description of the type £ = f(z,u). The resulting control
functions guaranty stability under weak conditions on the system. An approximation of
the system by affine linear subsystems combined to an overall system is suggested and a
feedback which transforms each affine linear subsystem into a linear one is constructed. The
method is illustrated by a simulation of a highly nonlinear coupled system of three tank.
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1. Introduction

It is a difficult task to design stable controllers for nonlinear systems. For this rea-
son, simple but effective fuzzy controllers were used quite successfully in a number of
applications, see e.g. BUCKLEY, HAYASHI (1993), KRUSE, GEBHARDT, KLAWONN
(1995). However, the analysis and especially the proof of stability for these fuzzy
controllers turns out to be difficult. Work in this direction was done by TANAKA,
SUGENO (1992), Ca0, REES, FENG (1996/1997), DOMANSKI, BRDYS, TATJEWSKI
(1997), MOLLERS (1997).

The approach in the present paper is different. The design of the related non-
linear controllers is as simple as that of fuzzy controllers and it applies to a vast
number of complex system while at the same time the stability of the resulting
control system can be guaranteed. The control function can be derived directly
from the algebraic description

& = f(z,u) (1)

of the system’s dynamic where f : R* x R™ — R". We suggest an approximation
of the system (1) by affine linear subsystems combined to an overall system. State-
ments concerning stability of systems consisting of linear subsystems are known
Cao, REES, FENG (1997). Therefore we construct, with methods from linear con-
trol theory, a feedback which transforms each affine linear subsystem into a linear
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one. The stability behavior of the approximating system is proved and the rela-
tionship to the stability

behavior of the original nonlinear system is pointed out. The obtained control
function can be regarded as a Sugeno-Takagi type fuzzy controller.

The outline of the paper is as follows: Section 2 gives the main results of the
paper; first we define an approximating system, then a design procedure for local
state space systems is presented. Section 2.3 considers the stability of controlled
local state space systems and Section 2.4 shows the relation between the stability
behavior of the local state space system and the original system. Section 2.5 con-
cludes with an adequate stability statement concerning smooth control functions.
Section 3 gives an explicit example. In the Section 4 some concluding remarks are
drawn.

2. Theoretical Results

We start with a short outline of the method. Assume that a system is given by

&= f(z,u) (2)
where f : R® x R — R™. We derive local, affine linear subsystems g, : R" x
x R — R*, v = 0,...,N, and combine these subsystems to obtain a global

approximation g of f, such that ||g — f|| < €. Then feedback controllers for the
subsystems are determined and combined to a smooth and global control function
by means of blending methods as mentioned in Section 2.5.

2.1. Multi regional state space systems

Suppose we are given system (2) with z = z(t) € R* and u = u(z(t)) € R™, t €
€ [0,00) with f(0,0) = 0. For this we consider some area U C R™ which contains 0
(without loss of generality). We assume that U is partitioned into N + 1 subareas
U, v=0,...,N, with

N
U:UUV and U,NU,|=0,p,v=0,... Nv#p,
v=0

where 0 € U, and | - | denotes the usual Lebesgue-measure in R"™. For each subarea
a linear approximation g, : R* x R™ — R™ of f is to be determined. We assume
that for v = 0,... , N the approximation g, is of the form

flz,u) =g, (z,u) =A,(x—z,)+ B,(v—u,)+ f(z,,u,) forz eU,,

whereas z,, is some point of the interior of U, u, € R™, A, € R**"*, B, € R**™.
Without loss of generality, we will assume z, = 0 and u, = 0 for the rest of the
paper.

The linear approximation may be provided, e.g., in the classical way by means of
some Taylor expansion, or alternatively, by means of some linear regression method
applied to identification data. However, we assume that for each v = 0,... , NV there
is a €, > 0 such that

”gu - f“ < Eu il'l Uu‘ (3)
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x = A, (x-x,) + B, (u-u,) + f(x, ,u,)

Figure 1: Local state space system with feedback (7)
The systems

& =g,(z,u) (4)
are called local state space systems, while the resulting overall system
& =g(z,u), (5)
with
g:R" x R"* — R™ (z,u) — g, (z,u) forzelU,

is called a multi regional state space system. Note, that there is
- <  max 6
llg= £l <, max e, (6)

by the supposition (3). Thus, the mapping ¢ is an approximation of f.

Moreover g has a simple structure and we will show that it is possible to derive
a successful control function for such systems (5). If the approximation of f is
good, i.e. max,_,  né€, is small, then a successful control function of the multi
regional state space system g is a successful control function of the original system
f (see 2.4).

We start with the design process by constructing appropriate control functions
for the local state space systems g, (4).

2.2. Control of local state space systems
We are trying to find a control function for each local state space system g, (4),
such that the corresponding closed loop system has a stable equilibrium 0. Keep
in mind all local state space systems should have the same equilibrium 0 (in global
coordinates). We consider control functions of the form

U(I) ZKV(I_xu)+uua (7)
K, € R™*™. For the resulting control loop see Figure 1. Control functions of
this form are characterized by the parameter K, € R"*™, Thus the quality of the
control is only related to an appropriate choice of K,. Conditions for this choice
are derived in the sequel.

Substituting the control function (7) in the local state space systems (4) we
obtain for all v =0,... |N

z=g,(z, K, (x—z,)+u,) =

=(4,+B,K )z ~z,)+ f(z,,u,), zelU v=0,...,N.

v
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Figure 2: Resulting closed loop local state space system (9) with property (8)

In general, systems of this kind do not have the equilibrium 0. In order to derive
an appropriate control function we choose the feedback matrices X, such that

(A, + B, K, )z, = f(z,,u,), v=0,...,N. (8)
We get

z=g,(z, K (z-2,) +u,) =
=A,z forz e U, (9)

where A, = (A, + B, K,). If the matrices A, are stable, the resulting control
function is successful. The corresponding closed loop local state space system is
shown in Figure 2.

In the following we give sufficient conditions for the existence of a matrix K,
such that condition (8) is fulfilled and the closed loop matrix A, is stable. The
corresponding local control functions are used in Section 2.3 for the design of the
global control function.

For sake of simplicity we omit the index v for the remainder of this subsection.

But keep in mind that the following construction procedure is done for all sub-
systems.

Lemma 2.1. Let A\, A, € C with Re()\;) < 0,7 =1,2, and A\, + A\, € R, and choose
z€R*, u€R™ and A € R**™, B € R**™. Let

X = (z, f(z,u)) € R**?
Y= (f(z,u) — Az, (A, + A\)) f(z,u) = M\ z — Af(z,u)) € R**?

Let the following assumptions be fulfilled:
(i) There ezists a matriz K € R™*" | such that BKX =Y.

(ii) Let e; € R™ be the i-th unit vector and let b := Be; € R* be non zero, such that
the pair (A + BK,b) is controllable.

(i1i) The vector k € R™ is such that the spectrum of A + BK + bkT is \,,... A
with Re();) <0,i=3,... ,n.

Set K := I~(+eikT. Then A+ BK is stable and the equation (A+ BK)z = f(z,u)
is fulfilled.

n
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Proof. For single-input systems one way to determine a feedback is Ackermann’s
formula (13). We can reduce the problem of this Lemma in the multi-input case to
the single-input case in the following way, see SONTAG (1990) p. 136.

Let b a non zero column of B. Choose K € R™*" such that (A + BK,b) is
controllable. For randomly chosen K this is fulfilled with probability 1. Now apply
Ackermann’s formula to the system (A + BK,b) and compute a feedback vector k.
The whole feedback matrix is given by

K=K +ekT,
where e, is the i-th unity vector with b = Be,;. With Equation (8) we get
(A+ B(K +e;kT))z = f(z,u). (10)
Sufficient for (10) are the following two conditions:
(A + BK)z = f(z,u) (11)
BekTz=0 (12)

Equation (11) is a condition for the choice of K. In Equation (12) K is implic-
itly contained via Ackermann’s formula, to express this fact we write k(K). Now
we want to answer the question, whether it is possible to find a K which solves
Equations (11) and (12) simultaneously. Let’s have a closer look at Ackermann’s
formula. We denote the controllability matrix by R and the prescribed roots of the
characteristic polynomial x with A;.

kT (K)z = —(0...01)R(A + BK,b)x(A + BK)z = (13)

=—(0...00R(A+ BK,b)) [[(A+ BK -\ 1)z =
=1
~ n_2 ~
=—(0...01)R(A + BK,b) [[ (A + BK - \,I)-
=1

(A+BK - \,_I)(A+BK -\ 1)z
This shows that for Equation (12) the following is sufficient
0=(A+BK-\,_,I)(A+BK - \,I)z. (14)

Since we are only interested in real solutions we assume A ,A,_; € Ror A\, =
= :\-n—l e C

If K is a solution of (11), by expanding Equation (14) we get another linear
equation for K

BEK f(z,u) = (A, + A,_ ) f(z,u) = A\, _ 1z — Af(z,u). (15)

Putting Equations (11) and (15) together we get the matrix equation of assumption
(i). Eq. (15) implies Eq. (12) and therefore together with (11) yields (10). 0O
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2.3. Stability of multi regional state space systems

In the present paragraph we give sufficient conditions for the stability of a closed
loop multi regional state space systems (9). For a composite system of differential
equations of this type, we state the following result:

Theorem 2.2. Let U C R™ with

N
U=|JU, and |U,NU,|=0,pv=0,....,Nv#pu. (16)
v=0
Let
T=A,z forzeU, (17)
be given with A, € R**™ stable and normal for v = 0,... ,N. Moreover, we

assume that the solution xz(t) changes the subareas at most finitely many times.
Then the system (17) is asymptotically stable.

Proof. Let t, = 0 be the time where z(t;) equals the starting point z, € U. Let
i(t) denote the index of the subarea that satisfies z(t) € U;,,. Observe that by
assumption, ¢ is well-defined on [0, co] with exception of finitely many points 0 <
<t <...<tpy < oo which are exactly the points where = changes the subarea.
Then 1 is a piecewise constant function with the jumps t,,¢,,.... We have the
following representation for the starting point z, € U, in terms of eigenvectors
of A, in the region Uj(,):

n
Ty = Zaqaq,im) :
g=1

Moreover, we have

n
3(t) = D agag ettt te(0t,) | (18)

g=1
Now we introduce the terminology &, := (@y,i(e)> - - - @pi(ry) for the matrix
of eigenvectors and Ay := diag(erio(t=t) - i (t=t)) for the diagonal

matrix of eigenfunctions of A;q in Uiy = Uj (o), Where ¢, = max{t, <t |v €
€ Ny }. Then (18) can be rewritten as

z(t) = @y - Ajgy q’,_(:) Ty, LE[tgt) . (19)

At the point t = t;, the piecewise linear approximation of the control function
has a jump (and so does i), whereas for ¢t € (¢,,t,) the control system is linear
again. Therefore, in this situation we express z(¢) in terms of the eigenvector basis

ayi(e)r- -+ 1 @niqr)> t € (t1,%5), and obtain

z(t) = (‘i‘i(t)Ai(t)@;(:)) : (‘I’i(to)Ai(to)‘I’i_(tlo)) T, tE [ty 1) .
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In general, we have (with the notation i(¢,~) := lim,_,, _i(t) for the left-sided
limit of 7 at some breakpoint t,)

k
z(t) = ((I)i(t)Ai(t)(I)i_(gl)) H(‘I’i(z,—)Ai(t,—)‘I’i_(:l,,-))zo v tE (L trga)
v=1

thus .
lz(®lly < 1Al (H ”Ai(t,—)”2> llzolls € (Bstis) (20)
v=1
since ®;(;) is unitary for ¢ > 0. We observe
“Ai(t,,)H? = IB__%’i(Ie,\“““)(t_tV)l = eRez\l,.‘(c)(t-ty) ’t [ (tu7tv+l)'

Here, we assume 0 < ReA; < ReA, < ... < Rel,, Thus with M := maxﬁ’:O ReA
we can estimate

L

k
lz(®)lly < M=) TT eMtx=t=)|jzo|l, = eME | |zglly , T € (B tigr) s
n=1

which holds for any t and k, thus lim,_, , (t) = 0, and we are done.

Assume we are given a control function that is defined piecewise on each subarea
U, by means of the construction method of Section 2.2. As a result of Theorem 2.2
we get, that if the closed loop matrices A, are normal then this control function is
a successful control function for the multi regional state space system g (see (5)).

From now on we assume that such a control function can be found and denote
this specific control function by

w(z) =K, (z -z,) +u, forz, €U, .

2.4. Stability of approximating systems

As we have shown above it is possible to approximate a given system f (2) by a
local state space system (5) and to find an appropriate control function @ such that
the local state space system (5) is stable. In this section we are going to show that
the control function 4 is an appropriate control function for the original system (2),
too. First we state the following Lemma. It gives an estimation for the difference of
the solutions of two systems, if we assume that the systems do not vary too much.

Lemma 2.3. Let
T = f(z), (21)
z = g(2) (22)
be two closed loop systems with f,g : R® — R™ and let f fulfill the Lipschitz
condition ||f(z) — fWIl < Lllz — yl| for all z,y € U C R*, where L > 0. Let

further be
Ilf—gll <e.
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Then for the solutions x and Z of (21) and (22) the following statement holds
Lt _ 1

la(t, 2o) = E(t,2)l| S & S,

(23)
where =, denotes the initial value of (21) and (22).
Proof. Let us have a closer look at the distance between the two solutions
t
llz(t, zo) — T(t,zo)ll = ||/0 &(r,zo) — (1, 2,) d7|| <
t
< [ Nitr,z0) - ezl ar =
t
= [ itameo) - gt aplar <
t
< [ 17(atrz0)) - 1)l +
0
+If(&(r,20)) = g(2(7, 7))l dT <
t
< / L||z(t,zy) — (¢, zo)|| dT + €
0

This is a Bellman-Gronwall inequality, see CALLIER, DESOER (1991) p. 475.
From there it follows

le(t, 20) — #(t, o)l < et +

t
/ eLrelliLdsl gr
0

¢
=5t+5L/ reltt=1) gr =
0

t
=et+el e“/ re LTdr =
0

1

1
=et+eLel (——I:te_“ - -Eg(e'“ - 1)> =

O
From inequality (23) we can derive a sufficient condition to decide whether the
control function @ for the multi regional state space system g (5) is successful for
the original system f (2).
Theorem 2.4. Consider the closed loop original system
& = f(z) (24)

with f(0) = 0 and the multi regional state space system

z = g(%) (25)
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where both control loops are closed by the feedback @ and let the local state space
systems of (25) be stable. Moreover, let ||f —gl| < € and let M = max}_; Re, , be
as in the proof of Theorem 2.2. Let §, > 0 be such that the ball By (0) is contained
in the domain of attraction (HAHN (1967) p. 108) of the system £ = A,z and let

elt —1
L

5(t)=¢ + eMt||z, ]| .

(i) If § is monotone increasing, then ||z,|| = 6(0) < &, is sufficient for the asymp-
totic stability of the equilibrium 0 of the original system (24).

(ii) Otherwise
(52 (ran)) <

is sufficient for the asymptotic stability of the equilibrium 0 of the original system

(24)-

Proof. From Lemma 2.3 we have

Lt_l
L

lle(t, zo) Il = 113(t, )| < lla(t, zo) — E(t,zo)]| < €

First case: ||z(t,z4)|| — ||Z(t, zo)|] < 0. Then the stability of (24) follows from
the asymptotic stability of (25).
Second case: ||z(t,zq)|| — [|Z(¢, zo)]| > 0. Then

llz(t, zo)ll < llz(t, 2o) = 2(t, 2o)l| + 12(2, 7o)l <
Lt

-1
+eM izl = (26)

If the function § is increasing, then the best value of the estimation (26) is at
0(0). If 6(0) < dy, then the initial value z, = §(0) is in the domain of attraction
and the stability follows.

Otherwise § has a relative minimum at

t

= 1 ln< —¢ )
mrM-L Mllzoll)

If o(¢ < 4, then we have

min)

llz(t, zo)ll < &

that means the solution of the original system (24) has reached the domain of
attraction of 0 and the asymptotic stability follows. O



56 Oliver van Laak, Thomas Méllers, Hans-Jorg Wenz

2.5. Smooth control functions

In the previous sections of this chapter we have described a construction method for
a special class of control functions (see Sec. 2.1 and Sec. 2.2) of nonlinear systems
and we have given sufficient conditions for the success of those functions (see Sec. 2.3
and Sec. 2.4). Though the construction method is very simple and the conditions
for the stability of the control functions are weak, there might be one disadvantage
of the obtained control: in general the control function is not continuous. To elude
that problem we consider the following Lemma, which is closely related to Lemma
2.3 and Theorem 2.4. Note, that in Lemma, 2.5 different control functions but the
same system description are considered, while the above mentioned statements are
concerned with different systems but the same control.

Lemma 2.5. Let there be given a system
z = f(z,u)

where f: R* x R™ — R™, and let f fulfill the Lipschitz condition || f(z, ) — f(y, -
M < Lilz = y|| for all z,y € U C R* x R™. Let be & : R® — R™ a successful
state space controller and let be @ : R* — R™ a continuous mapping such that

o —al < e .

Define the closed loop systems

ISH
Il
=
=
~
Il
~
—
ISH
>
—
[EN
=

(27)

z = f(2) = f(z,4(%))- (28)
Then the following statements hold:
1. f fulfills a Lipschitz condition, i.e. ||f(z) — f(¥)|| < L'||z = y|| for allz,y € U C
CR".
2. There is an &' > 0 such that for each initial value z of
(27) and (28) there is

L't _

LI

3. Assume that the equilibrium 0 of the system (27) is ezponentially stable, i.e.
2(t, z0)|] < eM (t=t)||z,|| and that the ball Bs (0) is contained in the domain
of attraction of the system & = Ay z. Let be ﬁ‘Bso(O) = ﬂIBJO(O) and define

o - e
l2(t,z0) — Z(t, z)[| < €

'

et —1
LI

(i) If § is monotone increasing, then ||zoll = 8(0) < &g 18 sufficient for the
asymptotic stability of the original system (28).

(i1) Otherwise
sl (=5 > <6
M =L P\ M lzoll) ) =0

s(t)=¢' + eM|zol].
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w5

Figure 3: System of three conical tanks

is sufficient for the asymptotic stability of the original system (28).

A proof can be obtained by applying the corresponding statements from the
previous sections.

The problem of finding a smooth control is reduced to the problem of determining
a continuous approximation of a non continuous function. Various techniques can
be applied here. One possible technique is blending of various local control functions
as it can be found in Mollers, van Laak (1998). This method has been used in the

following example.
3. Numerical Experiments

Let us consider a system of 3 conical tanks according to Figure 3. They are joined

together by pipes with diameter d,;,.. Tank 3 has an outlet of diameter d,,,
Every tank has an input which can be controlled.

The states of the system are the heights of the filling z,,z,,z5. The control
variables are the inputs of the tanks u,,u,,u5, they are used to control the heights
T,,Z,, T3 in order to converge to given set heights H,, H,, H;. The system equation

z = f(z,u)
is explicitly given by

hle) = g (—sente, = ) F \f2gle, = 2]+ )
o) = i (senta, =) Py fagle, = 2] -
— sgn(e, - 75) F \[2glz — a5 + u2>
o) = i (sn(os = 22) F ool — 21 P /2535 + g

where F' = m(d,;,./2)* is the surface of the pipes and F\(z,), Fy(z,), F3(z;) is
the surface of the water depending on the height in each tank, g is the gravitation
constant. In this example the surfaces depend on the shape of the cones. We have
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0 20 40 60 80 100 120 140 1

Figure 4: Fuzzy state space controller

v T ™ T T T T
0 20 40 60 80 100 120 140 1

Figure 5: Linear controller

F(x

T

;) = n(z, tan B)*

1

for 1 = 1,2,3, For the plant constants we choose d
Suppose the tanks have a maximal heights of 2 m.

We construct a global controller which guarantees stability with the above men-
tioned procedure. We use 18 linearization points hy, h,, hy whereas for either h,
and hj the heights are 0.5 m, 1 m, 1.5 m and for h, they are 0.75 m, and 1.25 m.
In each linearization point we determine the corresponding affine linear system and
the local linear feedback law which makes the subsystems linear.

For every local system the feedback law is chosen, such that its eigenvalues are
Ay = —0.05, A, = —0.08, A\; = -0.1.

In Figure 4 a simulation of the system is shown, where the set heights are H, :
=15 m, H, := 1.25 m and H,; := 0.7 m. Figure 5 shows the simulation of
the system controlled by a linear feedback controller, which was design for the
linearization point (1.5 m, 1.25 m, 0.5 m). It turns out that the system behavior
is much faster and more accurate, if the constructed multi regional state space
controller is used.

= 0.1 m and 8 = 30°.

pipe
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4. Concluding Remarks

We have shown that it is possible to find a appropriate control function for each
system that can be described by (2) if the following conditions hold:

(a) the function f fulfills a Lipschitz condition on the considered area; (b) the
multi regional system (9) can be controlled by a control function 4. Both conditions
are very weak in applications hence we assume that in many applications successful
control functions can be found by means of the method described above.

References

[1] Buckley, J.J., Hayashi, Y., Sugeno type controllers are universal approzimators,
Fuzzy Sets Syst, 58:237-278, 1993.

[2] Callier, F. M., Desoer, C. A., Linear system theory, Berlin: Springer-Verlag,
1991.

[3] Cao, S. G., Rees, N. W., Feng, G., Quadratic stability analysis and design of
continuous-time fuzzy control systems, Int. J. Syst. Sci., 27:193-203, 1996.

[4] Cao, S. G., Rees, N. W., Feng, G., Further results about quadratic stability of
continuous-time fuzzy control systems, Int. J. Syst. Sci., 28:397-404, 1997.

[5] Domanski, P. D., Brdys, M. A., Tatjewski, P., Fuzzy logic multi regional con-
trollers — design and stability analysis, European Control Conference, Brus-
sels, 1997.

(6] Feng, G., Cao, S. G., Rees, N. W, Chak, C. K., Design of fuzzy control systems
with guaranteed stability, Fuzzy Sets Syst., 85:1-10, 1997.

[7] Hahn, W., Stability of motion, Springer-Verlag, New York, 1967.

[8] Kroll, A., Bernd, T., LS-optimal fuzzy-modeling and its application to pneu-
matic drives, European Control Conference, Brussels, 1997.

[9] Kroll, A., Fuzzy-Systeme zur Modellierung und Regelung komplezer technischer
Systeme, VDI Fortschritt-Berichte, Reihe 8, 612. Diisseldorf: VDI. 1997.

[10] Kruse, R., Gebhardt, J., Klawonn, F., Fuzzy Systeme, Teubner, 1995.

[11] van Laak, O., Mdllers, Th., Wenz, H.-J., Stability of nonlinear control systems
by Sugeno type fuzzy state space controllers, Proc. of EUFIT ’98 6th European
Congress on Intelligent Techniques & Soft Computing, Verlag Mainz, Aachen,
940-944, 1998.

[12] Mdllers, Th., On the linearization of a class of multivariable Sugeno fuzzy con-
trollers, Proc. of EUFIT ’97 5th European Congress on Intelligent Techniques
& Soft Computing, Verlag Mainz, Aachen, 1433-1437, 1997.

[13] Mollers, Th., van Laak, O., On the global approzimation and interpolation of
locally described real valued functions, Applied Mathematics and Computation,
93:1-10, 1998.

[14] Nelles, O., LOLIMOT-Lokale, lineare Modelle zur Identifikation nichtlinearer,
dynamischer Systeme, Automatisierungstechnik, 45:163-174, 1997.

[15] Sontag, E. D., Mathematical Control Theory, Springer, 1990.

[16] Tanaka, K., Sugeno, M., Stability analysis and design of fuzzy control systems,
Fuzzy Sets Syst., 45:135-156, 1992.



60 Oliver van Laak, Thomas Méllers, Hans-Jérg Wenz

Author’s address: Gerhard-Mercator-University Duisburg, Faculty of Mathematics, Lothar-
str. 65, 47057 Duisburg, Germany,

E-mail: laak@math.uni-duisburg.de, wenz@informatik.uni-duisburg.de

Gerhard-Mercator-University Duisburg, Faculty of Mechanical Engineering, Department of
Measurement and Control, Lotharstr. 1, 47057 Duisburg, Germany,

E-mail: moellers@Quni-duisburg.de

Received: September 29, 1998



		webmaster@dml.cz
	2013-10-22T10:59:24+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




