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A generalization of Pillai’s arithmetical function
involving regular convolutions

Ldszlé Téth

Abstract: We define a generalization of Pillai’s arithmetical function P(n) = 37, (4, n),
in terms of Narkiewicz’s regular convolutions. We give arithmetic evaluations for our new
generalization of Pillai’s function and we establish asymptotic formulae for it in case of
cross-convolutions, investigated in our previous papers.
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1. Introduction

Pillai’s ([8]) arithmetical function is defined by P(n) = 3 .-, (i,n), where (i,n)
denotes the greatest common divisor (gcd) of ¢ and n. In this paper we consider
the following generalization of this function. Let A be a regular convolution of
Narkiewicz-type ([7]) given by

(frag)n)= Y f(d)g(n/d).

deA(n)

see also [6], [9], [16]. This is a common generalization of the Dirichlet convolution
D and of the unitary convolution U.

We recall that if A is a regular convolution, then the elements of the set A(n)
are called the A-divisors of n and

(i) for every prime power p° there exists a divisor t = t4(p®) of a, called the
type of p® with respect to A, such that A(p*) = {1,p%,p%*,...,p"} for every i €
{0,1,...,a/t},

(ii) the function I, defined by I(n) = 1 for all n € N, N denoting the set of positive
integers, has an inverse p4 with respect to the A-convolution, g4 is multiplicative
and for all prime powers p® one has

-1, ifta(p®) = a,
0, otherwise.

pa(p®) = {
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For k € N, let Ax(n) = {d € N :d* € A(n*)}. The Ag-convolution is regular
whenever the A-convolution is regular, see (9], Theorem 3.1. Let (a, b) 4,x denote the
largest k-th power divisor of a which belongs to A(b). Note that (a,b)p x = (a,b)
is the greatest common k-th power divisor of a and b.

Furthermore, let v € N, let F = {f1, f2,..., fu} be a set of polynomials with
integral coefficients and let g be an arbitrary arithmetical function. We define the
generalized Pillai function Pf(,f‘/)‘,k'g by

(1) PR s = S g(((fi(z),n*) an),

z;(mod n*)
1<5<u

where (f;j(z;)) stands for the ged of fi(z1), ..., fu(Tw)-

We use the notations Ey, E and I for the functions F,(n) = n®, E(n) = Ey(n) =
n and I(n) = Ep(n) = 1,n € N, respectively.

For A = D, the function Py}, ) = P& , Was investigated by J. CHIDAMBARA-
SWAMY and R. SITARAMACHANDRARAO (2] and for A = D,k =u =1, fi(z) =z
and ¢ = E, we get the function P, defined by K. ALLADI [1]. If A = D,u =
1, fi(z) = z and g = E we obtain the function Pj introduced by H. G. KOPETZKY
(5], which reduces to the function P of S. S. PiLLAl (8] in case k = 1. The
unitary analogues P’ (case A = U,u = k = 1, fi(z) = z,9 = E;) and P} (case
A =Uu=1,fi(z) = z,9g = E) were introduced and investigated by us in {13],
(15].

For A = D,k = 1,9 = E and for polynomials of first degree f;(z) = s; + (z —
1)dj, (sj,d;) = 1,1 < j < u the corresponding function was studied by us in [14].

We give arithmetical evaluations for our generalized Pillai function and we es-
tablish asymptotic formulae for it in the following three cases:

Case 1: g = E,, F a set of nonconstant polynomials with an additional condition
(including the case when all the polynomials are irreducible),

Case 2: g = E, with 7 > u and fj(z) = s; + (z — 1)d}, (s;,d¥)e = 1,1 < j <,

Case 3: g = Ey and f;(z) = s; + (z — 1)d¥, (sj,d5)r = 1,1 <j <,
assuming that A is a cross-convolution and using elementary arguments.

The notion of cross-convolution, as a special regular convolution was intro-
duced in our previous papers [20], [16], [17], [18] as follows. We say that A is
a cross-convolution if for every prime p we have either t4(p®) = 1, i.e. A(p®)
{1,p,p% ...,p°} = D(p®) for every a € N or t4(p®) = a, ie. A(p?) = {1,p%} =
U(p®) for every a € N. Let P and Q be the sets of the primes of the first and
second kind of above, respectively, where P U Q = P is the set of all primes. For
P =P and Q = 0 we have the Dirichlet convolution D and for P =0 and Q = P
we obtain the unitary convolution U.

For z > 1 let

() =] (1 - i)—l, (o) =

v4
pEP p

(1l

(-5

PEQ

where (p(2)¢q(2) = ¢(2) is the Riemann zeta function.
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Furthermore, let (P) and (Q) denote the multiplicative semigroups generated by
{1}UP and {1} UQ, respectively. Every n € N can be written uniquely in the form

n = npng, where np € (P),nqg € (Q).
The results of this paper generalize and unify many known results concerning
the special cases mentioned above.

2. Arithmetical evaluations

For a polynomial f with integral coefficients let Ns(n) denote the number of in-
congruent solutions (mod n) of the congruence f(z) = 0 (mod n). It is well-
known that the function Ny is multiplicative. Define the function Ng by Np(n) =
Ny, (n)Ny,(n)...Ny, (n) for each n € N. It follows that the function Ng is multi-
plicative.

The arithmetical evaluation of the function P,(,’,‘A'k’g is given by

Theorem 1. If A is a regular convolution, F = {fi, f2,..., fu} is an abitrary set
of polynomials with integral coefficients, k € N and g is an arithmetical function,
then

(2) PI(’?/)Lk,g = ((9 o Ek) * A /—LAk)(NF o Elc) * Ay Ekua

where o denotes the ordinary composition of functions.
If in addition g is multiplicative, then P,(;?A'k'g is multiplicative.

Proof. Grouping the terms of (1) according to the values ((fj(z;)),n*)ax = d* and
using that d* € A((a, b)) if and only if d*|a and d* € A(b), see [9], Theorems 4.2
and 4.3, we get

P e = S gd)= 3 g(d)Ty where
dEAg(n) z;(mod n*) d€ Ay (n)
1<j<u

((fi(25))n*) 4k =a*

T SU T SR
z;(mod n*) z;(mod n*)
1<j<u 1<j<u

((fi@DhnF an=d*  ((fi(z;)/d*),(n/d)*) ak=1

>3 3 pade) = Y 1 D0 uale)

z;(mod n*) e*€A(((f;(2;)/d*),(n/d)*) A x) zj(mod n*) e*|f;(z;)/d*
1<j<u 1<j<u e€Ar(n/d)
n
= Y w0 X 1= 3 wa@(F) " Ne((de)).
e€Ax(n/d) zj(mod n*) e€Ak(n/d)
1<j<u

fj(zj)_-zo—(mod (de)*)

Hence k
Np((d
PO = Y o) Y mae e

d€Ak(n) e€Ax(n/d)
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Denoting de = § € Ag(n), where d € Ag(n),e € Ax(n/d) if and only if § €
Ai(n),d € Ag(d), cf. [9], Theorem 2.1, we have

k
P o =nte 3 MO S iy, (570,

S€AK(n) d€Ak(8)

which finishes the proof of (2). It has been already noted that Ng is multiplicative.
If g is multiplicative, then using that regular convolutions preserve the multiplica-

tivity, we get that PI(,')‘A',C’Q is multiplicative.

Let ¢pas = pa x4 Es. For s = ku and for A instead of 4,

(u

(3) Sanku(n) = 044 (n) = (a, *a, Eru)(n)

represents the number of ordered u-tuples (z;,zs, ..., z,) (mod n¥) such that
((zj),n*)ax) = 1. This generalized Euler function was introduced by P. HAUKKA-
NEN and P. J. McCARTHY [4], see also [3]. Observe that ¢p; = ¢ is the Euler

function.

Corollary 1. (9 = E, and g = E,,)

P e, = PIE‘:‘/)l,k,r = da,,rk(NF 0 Ex) x4, Egu,

P’(;"’)"k’“ = ¢n(4u‘i!(NF ° Ek) *4, Eku.

If fi(z) =s; + (z — l)d;?, 7 =1,2,...,u, then let Pl(,t‘f),,k_g = P/(;",Z,g(s,d, .), where
s = (s1,82,...,8y) and d = (dy,ds,...,dy). Taking into account that in this case
Ny;(n) = (d§,n) if (d¥,n)|s; and Ny, (n) = 0 otherwise, from Theorem 1 we get the
following result.
Corollary 2. For every A,g,k,u,s,d and n € N we have
P (s,dn) =¥ 3 ((go i) xa, pa,)(€)e™ (e,di)* (e, d2)...(e, du)*.
e€Ak(n)

(evdj)klsi
I<j<u

Let 6 = d;d;...d,. We have
Corollary 3. If (s;,d)r =1, j = 1,2, ...,u, then for every n € N,

P (s,dn) =0k 3" (g0 Ei) *a, pa,)(e)e™

e€AL(n)
(e,6)=1

and if in addition g is a multiplicative arithmetical function, then

/t—1 .
v 9(p**) 1)« 9P+
Plg?/l.y (S, d’ n) = nk H aku +(1- kut Z kuit °
piln \ P P iz P



A generalization of Pillai’s arithmetical function involving regular convolutions 207

for every n € N,n > 1, where p®||n means p®|n,p®*! fn and t = t4, (p?).

Proof. Since (sj,d;?)k = 1, we have (e, d;)¥|s, if and only if (e,d;) = 1. Furthermore
forn = p?, with p fd;,1 < j < uand Ax(p®) = {1,p%,p*, ..., p%},t = ta,(p?) we
have

a/t
P/(;,‘liyg(si dypa) = Z g(p‘kt)qsx")k (pa-—zt)‘
1=0

Using now that q&(A‘“)k(l) =1 and

-1 a—1 1
o R
for every 1 € {0,1,...,a/t — 1}, we get
a/t—1 ]
Pf(;"z,g(s,d,pa) = g(p“k) + Z g(pklt)(pku)a—zt(l _ ;,‘JJ)
i=0

If n = p® and p|d; for some j,1 < j < u, then P/g’f,)c'g(s,d,p“) = p*** and the proof
is complete.

Corollary 4. (g = E,) If r # u, then
k(r—a) _ 1
(u) Lk k(r—u) _ 1 y\p
Piiq(s,d,n) =n* ] (pa + (1 pkut) PpR-w) _1)°

°%lIn
(p,d)=1

and if r = u, then
(u) .k 1 a
PA'fk’u(s,d,n) = pku I“[ (1 + (1 - p————km) —t-) ,
p%|In

(p,8)=1

for everyn € Nyn > 1, where t = t4, (p®).

Corollary 5. If A is a cross-convolution, then for everyn € Nyn > 1 we have

u 1 1
P .(s,d,n) = n** 11 (1+a(1—m>> 11 (2~p—aku).

p°|In,peP r°lin,peQ
(p,6)=1 (p,8)=1

For s; = dj = 1, i.e. for fj(z) = 2,1 <j <u,let PI(;,‘/)Lk.g = Pj(“",)c,g and we get
from Theorem 1
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Corollary 6. For every regular convolution A and for every g, k,u we have

P,(4‘,‘I)c,g = (g o Ek) *Ap ¢E‘;‘.)k’
Pike. = Pk = Ber xan 8%

Remark 1. If A is a cross-convolution, then Ay = A for every k € N, see [9],
Theorem 3.3, [16], Remark 2 and from (3) we have

k 1 k
d’f:)k = HA *A Epy = ¢A,)u = d)fA.)ku = 45(,4'1;),

Pf(iu,)c,g = (go Ex) *a ¢(,;‘,)k, P,S;“,)C'r = Er %4 ¢:‘_)k

and it follows that
(4) PRl = Bru*a 845 = P = Pllkun-
Another representation of the function P/El’f,i‘u(s,d, .) is given by
Theorem 2. If (s;,d5)r =1, 5 =1,2,...,u, then
P (s,d,.) = paJs *a, Exuta,(-,6),

where Is(n) = 1 or 0, according as n and § are coprime or not, and T4(n,d) denotes
the number of A-divisors of n which are prime to §.

Proof. We deduce from Corollary 3
P.(At,‘l)c,u(s1d’ ) = (Eru *a, A k)]s *a, Exu = pa,Is *a, Exuls x4, Eku
= pals x4, Exu(Is %4, I) = pa,Is ¥4, Exuta,(.,0).

For other special choices of g we have for example the following results.

Theorem 3. For every regular convolution A and for every n € N,

(5) > oaul((z;),n)a) = ntra(n),
zj(mod n)
1<j<u
(6) > rall(z)in)a) = 0au(n),
z;(mod n)
1<j<u
) ) zw““”")==n“II(1+-55&lL
zj(mod n) pin p

1<j<u
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where T4(n) and o 4,u(n) denote the number of A-divisors of n and the sum of u-th
powers of A-divisors of n, respectively, w(n) is the number of distinct prime factors
of n and z is a complez number.

Proof. In case k = 1 using Corollary 6 we deduce

PM =gx ¢(") =g* E.

Alg —9* APy = G*¥AUA XA L.
Now for g = 04,4 = I x4 E, we get
P o =I%aEyxapia*a By =Eyxa Ey = Eyta,
which is relation (5), and for g = 74 = I x4 I we conclude
P/(;.‘l).r,q =1 LYWEY HA *A Eu =IxpsEy = O Au

giving (6). Finally, for k = 1,4 = D and g(n) = 2*(™ we have

u u u 2—1
PS5, () = (g% ) (n) = n¥ J(1 + )

pln

where the last equality can be easily obtained using the multiplicativity of the
involved functions.

For u = 1 and z = 2 relation (7) is due to us, see [11]. The function ¥, (n) =
n len(1+’—};) is the generalized Dedekind function defined by D. SURYANARAYANA
[10].

Remark 2. If g is a real valued increasing function and A and B are two regular con-
volutions such that A(n) C B(n) for every n € N, then PI(_f“/)“k‘g(n) < P,(;f}g_k'g(n),

for every n € N. In particular, P;(n) < PI(‘I‘L‘E(n) < Pi(n) for every regular
convolution A and for every n € N.

3. Asymptotic formulae

We need the following lemmas.

Lemma 1.
O(z'~*%), 0<s<1,
(8) > n7*={ O(logz), s=1,
nse o(1), s>1,
9) Z n~ =0('"%), s>1.

n>zx
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Lemma 2. (cf. [20], Lemma 8) If A is a cross-convolution, s > 0 and a € N, then

z e = ¢(aQ)zs+l

= agoryy TOETHAE)

n<z
(n,a)€(P)

where fa(a) = 1 or fa(a) = o*.(a) the sum of (—€)-th powers of the unitary

divisors of a, according as the set Q is finite or Q is infinite, respectively for every
0<ex< 1.

Case 1: We consider first the function P,(:.“/)a ko obtained for g = E,.

Let f be a nonconstant polynomial with mtegral coefficients and let its decom-

position into irreducible factors be f = cgi'g52...g7m. Define h(f) = max;<j<m ;.

Lemma 3. ([20], Lemma 6) For every set F' of nonconstant polynomials and for
every € > 0 we have

Np(n) = O(n*~"+e),
where h = 1/h(fy) + 1/h(f2) + ... + 1/h(fu).

Theorem 4. If A is a cross-convolution, F is an arbitrary set of nonconstant poly-
nomials, k,u € N and 0 < r < h, then

u kut+l X . N
00) 3 P ) = g 3 PR 4 o),

where R(z) = zF* if h > r + } and R(z) = ghvt1=kh-n*e jf h <r + 1 for every
0<e<k(h—r).

Proof. Using Corollary 1 and Lemma 2 with € = 0 and using that 7(n)
for every € > 0, where 7(n) is the divisor function,

= 0(nf)

Yo PRk = D bakr(@NE(d)eR =T panr(@dNp(@) ek

n<z de=n<z d<z

< eSz/q4
(d,e)e(P)

(e, d)e(p)

- oo (@ ()" -0 ("))

d<z (ku + l)dQ d

ku+1

dakr(d)Nr(d*)p(dg) w = Pakr(d)Np(d¥)
Tkutl Z dFutidy +0 (”’k 2 )

dku—e¢
d<z

lcu+1

$akr(d)Nr(d*)$(da)
5 st

u Np(d®) u Np(d"
(Ik * Z dku+1- kr) ( k Z dku—e—kr ’

ku+1

d>z d<z
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using that ¢4 xr(d) < d*" for every d € N. Here the series of the main term is
absolutely convergent, since its general term is

dkr gk(u—h)+e 1
0 ( dkutl ) =0 (d1+k(h—-r)—e) ’

applying Lemma 3 and choosing € < k(h — r). The first O-term is

1 1
ku+1 _ ku+1 _ ku+1l—k(h—r)+
0 (a: Y dl+k(h—r)—s) =0 (x ‘ dk(h—r)—z) = O(ghHimkhmnre)

d>z

using (9) with € < k(h —r).
The second O-term is

dk(u—h)+e/2 1

ku - ku

0 (IL‘ Z dku—e/2—kr ) =0 (.’t Z dk(h——r)—e) ’
d<z d<z

by Lemma 3, which is, using (8): O(z**) for k(h—r) > 1, choosing e < k(h—71) —1

and O(zkutl-kh=r)+e) for 0 < k(h —r) < 1 with € < k(h — ), and the proof is

complete.

Corollary 7. If A is a cross-convolution, F is an arbitrary set of nonconstant irre-
ducible polynomials, k,u € N and 0 < 7 < u, then (10) holds with the error term
R(z) = z¥* ifu > r+ ¢ and R(z) = «*"+1%¢ if u <r+ 1 for every 0 < e < k(u—r).
Proof. In case of irreducible polynomials f; we have h(f;) = 1, thus h = u and we
apply Theorem 4.

For A = D the result of Corollary 7 was proved in (2], Theorem 3.2.

Case 2: Next we consider the function Plf;v‘,)c.r(s, d,.) obtained for g = E,,r > u
and fj(z) = s; + (z — 1)d%, where (s;,d¥), =1,1<j <u.

Lemma 4. (see [12], Lemma 5)

O(z'~*logz), 0<s<1,
(11) Z T(?) ={ O(log’z), s=1,

n
n<z 0(1), s> 1.

Theorem 5. If A is a cross-convolution, k,u € N;r > u and (sj,df);J =11<5<
u, then
A¢(6)zkr+l
(u) ==
D Piie(sdin) = S + 0(5(@)),

n<z
where A is given by

C(k(r = u) + 1)Calkr + 1) 1 \7! 1
2= S T (- 5m) T (-5 »

plép pléq
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2
(12) H (1 - pFrl + Tl_ _ 1 + 1 ) ,
PeQ phrt2 T pk(r—w+2 T pk(2r-u)+2

(p,0)=1

and S(z) =z*"(r > u+$),z

kr log? z(r = u+1,Q infinite ), z*" logz(r = u+ %,Q
finite ), z** 1 (r <u+ 1). k ' k

Proof. By Corollary 3 we have P u) (s,d,.) = (Eir

* Is ¥4 Exy = ExIs *
AIJ*AEku—h*AEkrlé,Whereh Ey A pa)ls ¥a By krls *A

x4 pals. Now from Lemma 2, for every

0<e<],
(u)
ZPAt,‘k,r(&d,n):Zh(e) > g
ngs e<z i<z/e
(7,0eqQ)=1
_ deq) kr+1 I\ krte
;h(e)<(kr+1)(5eq( )40 ((2)7 naea)) )
ghr+1 (d) h(e)f(e 8) ku
= NANLA I \EQ,0) kr+e € fA((SCQ)
T D A Calap I o B
e<z e<z
where

o= ] (1_1) and  h(n) < n**.
pln p
(p,d)=1

Hence we obtain

kr+l e ku
(u) EQ,(S) krd1 e
Z PA k,r (S d 71) k"' + 1) Z CIc1'+1 ( ™ Z ekr+1

n<z e>x
Lhre Z fa(beq)
ek(r—u)+e |~

e<z

Here the series is absolutely convergent, since its general term is O(1/nk(r=u)+1)
where r —u > 0. Let A be the sum of the series. The general term is multiplicative
in e and using Euler’s product formula we get (12) for A.

The first O-term is O(z***!) by (9) and the second O-tem is for Q finite and
choosing € = 0: O(z*") for k(r — u) > 1; O(z*" logz) for k(r —u) = 1; O(z*" -
r=kr-w+l) = O(zku+1) for k(r — u) < 1, applying (8).

Furthermore, for Q infinite the second O-term is using (11): O(z*") if k(r—u) > 1
with £ = 0; O(z*" log? z) if k(r —u) = 1 with € = 0; and if k(r —u) < 1 and selecting
0<e<1l-k(r—u)itis

oz(e) u
o (xme T ek(r_u)+5> = O(z*+),
e<z

see [13], Lemma 2.2.
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Corollary 8. (fj(z) =,1<j <u,0=1)If A is a cross-convolution and k,u €
N,7 > u then

S P ) = 92 (s,

n<e kr+1
where
_ C(k(r —u) + 1)¢o(kr + 1) 2 1 1 1
= Cplkr + 1) IT (1~ et o T PR +2 + PRET—w+2

PEQ

and S(z) is defined in Theorem 5.

For A = D this result is due in [2], Theorem 3.2.

In case A = U,k = u = 1 the result of Corollary 8 is proved in [13], Theorem
4.2.

Case 3: Now we deal with the function Pf“f,)c'u(s,d, .) obtained for ¢ = E, and
fi(z) =s; +(z - 1)df, (sj,d;?),c =11<j<u

We also need the following lemmas.

Lemma 5. ([19]) If A is a cross-convolution and u,t € N, then

2 t 2
Z Ta(n,t) = (g&%) f(t)u)gcz—(z)(;:%ax (logz + 2C - 1 + 2a(u) + a(t,u)
n<z
(n,u)=1
H(2
(13) ~26((tu)q) - 2%—3—22%) + 00"yt WS H(z,Q)),

where C is Euler’s constant,

few= 1] (1—%), ¢2(n)=n2H(1—pl2)’, atu)y= 3 ;?"E%’

plt pln plt
(p,u)=1 (pyu)=1

Sw(d)

Vd

Cq(s) is the derivative of Co(s), oi(t,u) is the sum of s-th powers of the unitary
divisors of t which are prime to u and H(z,Q) = vz (Q finite), Vzlogz (Q
infinite).

1
a@=a@w =3 28 =3 EL  Sw=Y

plu plu dlu
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Lemma 6. If A is a cross-convolution and u,t € N, then

Z Ta(n,t) = ng(( )):c (logz +2C — 1 + 2a(ug) + a(t,ug) — 26(tQuq)
n<z
(nujE(P)

(o(2)

_2zQ—(2—)~) + O(U:I/z(t, UQ)S(UQ)H(I, Q))’

where
(B(u@))? f(t,uq)th
$2(tquq)

Fa(t,u) =

Praof. Apply (13) for ug instead of u.

Remark 3. For every cross-convolution A and every u,t € N we have 0 < Fa(t,u) <
1.

Lemma 7. If A is a cross-convolution and u,t,b € N, then

b _ Fa(t,u)zbt! 1
Z:I n’ta(n,t) = (FSIAO) 1) (logz +2C - i1 + 2a(ug) + aft,ug)

(n,u)e(P)

?8) +0(0Z ) /5 (t,u@) S (ug) Jh (2, Q)),

where Jp(z,Q) = 28/ (Q finite), 2°\/zlogz (Q infinite).

Proof. By partial summation from Lemma 6.

-2B(tQuq) —

Lemma 8. If A is a cross-convolution, t € N and s > 0, then the series

Z pa(n)Fa(t,n) {Z pa(n)Fa(t, n) logn
1 b
ne+ [ e+l
(D1 (mi)=1

i pa(n)Fa(t,n)(2a(ng) + a(t,ng) — 28(ngtq))
ns+l

n=1
(n,t)=1

are absolutely convergent. Let A;(s), By(s) = —A}(s) (derivative with respect to s)
and Cy(s) denote their sums.

Proof. The absolute convergence follows at once by Remark 3 and by a(n) =
O(logn),

Bn) = 0(1).
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Theorem 6. If A is a cross-convolution, k,u € N and (s;,d%)y = 1,1 < j < u
then

ku+1

w _ gl 1 (Q(2))
fgpA,k,u(S’d’n) - (ku + I)CQ(2) (A‘S(ku) (Ing + 2C -~ ku + 1 CQ(Q)

—Bs(ku) + Cs(ku)) + O(Jku(z, Q)),

where As(ku), Bs(ku), Cs(ku) and Jru(z,Q) are defined in Lemma 8 and Lemma
7, repectively.

Proof. Using Theorem 2 and lemma 7 with b = ku,u = d,t = § we get

STPM (s, din)= D pald) Y eFrale,d) =

n<z d<z z
- (d,8)=1 (e?)e/(i)
Fa(6, d)zku+! < 1
- 1 2 8,d
S na@) (g s a8 5 420 ~ gy + 2e(d) + (6,00

(d,&‘):l

2
—2B(dqdq) -2C 8) +0( 0Z1/2(8,dQ)S (dQ)Jku(ng)))

l.ku-i—l

= pala)ralo,a) (d)Fa(6,d) 1 46(2)
- rem | | Z LGl (e 20 - s -28)

= ku+1  (o(2)
(d,8)=1

-3 pa(d)Fa(é,d)logd

dku+l

d<z
(d,8)

+ Y l‘A(d)FA(‘Sad)(2a(de)kj+?(5de)_Qﬁ(dQ‘SQ))

d<z
(d,8)=1

- z
+0 d}; 0”1/2(6,dQ)S(de) Jku(5, Q)
(d,8)=1

zku+1

_ _ 1 CQ(2)
= -——-———(ku G0 (Ad(ku) (logm +2C P 2CQ( )>

+0 (logz ) ﬁiﬁ) — Bs(ku) + Cs(ku) + O (Z l°—gd—)

dku+1
d>z d>z
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+0 | zF 12 (log )7 Z 3’%(%112/7)) )

d<z

where v = 0 if @Q is finite and v = 1 if Q is infinite. Now using (8), the well-known
estimate

logd log = S(n)
7 =0 (.’sz) , §>1, and E( ;l_s_+l_/2- = 0(1), s>1,
n<z

d>x

see [15], Proposition 7, the proof is complete.

Refnark 4. For f;j(z) =z,1 <j <u wehaved =1,

- _ p—1
A““”wﬂm+n££O )

Bi(ku) =

bku+ 1 - 1)p*utlio -1 !
= Ay (k) | S2C ) _ ) (p )pk _ losp ( _ p-1 )
ks 1) 2 i D@ -7\ pr D - 1)
For A = D,u = 1,8 = 1 this result is due in [2], Theorem 3.1. In case A =
U,u=1,8 = 1 the result of Theorem 6 is proved in [15].
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