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Definability of arithmetical operations
from binary quadratic forms

Ivan Korec

Abstract: It will be shown that some binary quadratic forms F, j o(z,y) = az? + bry + cy?
are def-complete, i.e. they suffice to define addition and multiplication on the set N of
nonnegative integers. Therefore elementary theories of the corresponding structures are
undecidable. For example, the operations +, x are first order definable in the structure
(N; F1,0,1), where Fy,0,1(z,y) = 22 + y? for all z,y € N. The same holds for the quadratic
forms Fg 0,1, F15,0,1, for every of the operations F, _p . provided a,b,c € N and 0 < b2 <
4ac, and for some further quadratic forms.

Key Words: Elementary definability. Undecidable theories. Quadratic forms
Mathematics Subject Classification: Primary 03B10. Secondary 11C99

1. Introduction

Elementary definability of +, x on the set of positive or nonnegative integers in
various structures was studied for a long time. It is a frequent method of proving
undecidability of the corresponding first order theories. A classical paper in this
direction is [Ro49], where, e.g., definability of +, x from the successor and the
divisibility is proved. A wide list of def-complete structures is contained in [K096].
Related results are collected also in [Ce95] and [Gr91].

We shall deal with arithmetical structures on the set N of nonnegative integers.
They are defined as follows:

Definition 1.1. A structure (N; X1yt Xk> will be called arithmetical if all X4, ...,
X are arithmetical (i.e., first order definable in (N; +, x)).

Hence the word “arithmetical” is used in the sense of mathematical logic, not
in the sense of number theory. All structures considered below are obviously arith-
metical.
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Definition 1.2. (i) An arithmetical structure (N; Xl,‘..,Xk) will be called com-
plete with respect to the first order definability (or shortly def-complete) if the usual
operations +, X are definable in it.

(ii) An operation or relation X on N will be called complete with respect to
the first order definability (or shortly def-complete) if the structure (N; X) is def-
complete.

If we consider the set of all arithmetical operations with the quasiorder “to be first
order definable from” then the def-complete operations form the greatest element of
the associated partially ordered set (obtained by factorization). The corresponding
def-complete structures have in some sense “most undecidable” theories. Of course,
there are stronger operations (and harder theories), but only outside the class of
arithmetical ones.

In the present paper def-completeness of some binary quadratic forms will be
proved. The following theorem summarizes the results proved here and the related
results of [Ko97]. The parameters a, b, ¢ runs over N.

Theorem 1.3. The following operations are def-complete:
(1) Fa—be(z,y) = ax? — bry + cy? provided 0 < b? < 4dac;
(2) Fano(z,y) = az? + zy provided a > 0,
(3) Fapclz,y) = ax? + bzy + cy? provided 0 < b? = 4dac;
(4) Fo0.1(z,y) = az? +y? fora € {1,6, 15}.

The items (2) and (3) and a special case of (1) are contained in [K097]. Therefore
(2) and (3) are not proved here; (1) is proved because the additional assumption b|a
(which occurs in [K097]) is now removed. The case a = 1 of (4) is the main result
of the present paper. The other two cases can be considered rather as examples,
and are proved by reduction to the first one.

The quadratic form Fy 4 is a total binary operation in N if and only if

(1) a, b, c are integers and a > 0, ¢ > 0;

(2) if b < 0 then b? < 4ac.
Further, a necessary condition for its def-completeness is that at most one coefficient
is equal to 0. (Otherwise + is not definable.) Hence the item (1) of Theorem
1.3 completely answers the question of def-completeness of binary quadratic forms
with a negative coefficient. The items (2)-(4) give only partial answer for the
binary quadratic forms with nonnegative (integer) coefficients. Maybe, the above
necessary condition is sufficient also in this case, but this question remains open.

2. Notation and auxiliary results

We shall use usual first order predicate calculus with equality. The symbols like +,
%, <, | (divisibility), etc. will be used in their usual meaning (it usually depends
only on the base set of the considered structure, N in our case). We shall use the
following notation for binary quadratic forms and biquadratic forms

Fape(z,y) = az® + bzy + cy?,
Gabedelz,y) = az + by + cx?y? + dzy® + ey?.
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The former notation will occur in the theorems, the later in some proofs. We shall
use also the following notation for the monomials, in particular for unary linear
forms:

M (z) = kz™, My(z) = M} (z) = kz.

Further we shall consider the following ternary relations

Rop,e = {(x,y,z) eEN |az +by = cz}

R)y.={(z,y,2) e N’ |z #£yAaz + by = cz}.
The parameters a, b, ¢, d, e, k, n above are nonnegative integers, only b in F, 5 . can
be arbitrary integer. These symbols will be used also as functional, resp. relational

symbols in first order formulas. Their semantics will be fixed analogously as that
of 4+, X, etc. Some further symbols will be explained when they are used.

Lemma 2.1. For every pair of positive integers a, ¢, addition is definable in the
structure (N; Ra.a,c), and also in the structure (N, R, .,0).

Proof. Since Rkq,kakc = Ra,a,c for every positive integer £ we may assume that
a, c are relatively prime.

I. Let us consider the structure (N; Ry 4, ) at first. If 2a # c then the constant 0
is definable by the formula 2 = 0 <= R, ,.(z,z,2). f2a=c (ie,a=1,c=2)
then the constant 0 is definable by

=0 < Vy,z(Ra'a'c(y,z,x) e y=z/\z=:z).
Now we can define the relations
VPlus. = {(z,y,2) E N |z +y =z Ac|z},
APlus, = {(z,y,2) e N |z +y =z AalzAaly}.

They are subrelations of the graph of + (the letters V, A abbreviate ”values” and
”arguments”, respectively). They can be defined by the formulas

VPluse(z,y,2) <= 3u(Raa,c(z,y,u) A Raaclz, 0, u)),
APlus,(z,y,2) <> u,v(Ra,a,c(¥,0,2) A Raya,c(v,0,9) A Raa,c(u,v,2)).

The verification is almost obvious. We shall consider only < in the second formula.
The right-hand side gives

au = cr, av = ¢y, au + av = cz,

and then z + y = z. Since a, c are relatively prime the first two equalities gives
a|z, a|y. Together we obtain APlus,(z,y, 2).

Using APlus, we can define every ia, ¢ € N, as a constant. Then we can define
the operation + by the formula

c—=1lc-1
z=z+4y &~ \/ \/ Bu,v,w(VPlusc(m,ia,u) A VPlus.(y, ja,v) A

i=0 j=0

A VPlus.(u,v,w) A VPlus.(z,1a + ja, w)).
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The expressions ia, ja and ta + ja ought to be understand as constants. The
definition of + uses that always

z=z+y < (z+1ia)+ (y + ja) = z + (ia + ja).
We need here such ¢, j that = + ia, y + ja are multiples of c; then all sums on the

right can be expressed by VPlus,.. Since a, ¢ are relatively prime such i, j exist and
we can choose i < ¢, j < c.
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II. The consideration for (N; RS , .,0) are similar to those above but a little
more complicated; we must avoid equal arguments. If we define the relation VPlusg,
APlus® by the same formulas as VPlus,, APlus, above (up to the superscript 0)
we obtain

VPlus?(z,y,2) <= =z #y A VPlus.(z,y, 2),
APlusd(z,y,2) <= 2 #0Ay #0Az #y A APlus,(z,y, 2).

Now we can define

APlus,(z,y,2) <= z=0Ay=0A2=0V
V=0Vy=0A(z=2zVy= z)/\Elu,vAPlusg(z,u,v)V
V Ju,v,w,x1,Y1,21 ( APlus?l(z,u, x1) A APlusg(y,v,yl) A

A APlusg(z, w,z1) A APlusg(zl,yl, z21) A APIusg(u, v, w))
The formula expresses that
(z+u)+ (y+v) =2+ (u+v);

the values of u, v must be chosen so that all partial sums are given in APlusa, i.e.
their arguments are pairwise distinct nonzero multiples of a.

Similarly we can define VPlus.. (The defining formula can be a little simpler;
we need not rewrite the second line of the definition of APlus,.) Further we can
continue as above. O

Remark. If the constant 0 can be defined in (N Ra o, b) it can be eliminated from
Lemma 2.1. However, we shall need not such statement.

The relation R, 4,0 in Lemma 2.1 cannot be replaced by R, s, (and similarly for
R%), as the following example shows.

Ezample 2.2. Let us consider the relation Rg 10,15. No integers relatively prime
to 30 occur in any element of R 10,15 (at any of three position). Hence these
elements cannot be distinguished from each other, and no of them can be defined
in (N; Re,10,15) as a constant. However, these constants are definable in (N; +).

Conjecture 2.3. For every positive integers a, b, ¢ addition is definable in the struc-
ture (N; R 5,c) if and only if ged(a, b, c) € { ged(a, b), ged(a, ¢), ged(b, c) }.

Lemma 2.4. For every positive integers a, b, ¢ such that b*> < 4ac the constant 0
is definable in (N; Fy _p,c)-

Proof. Let us use the o (as a binary operator) instead of Fy,—p .. (Remember that
b? < 4ac arranges that the operation F, _; . is total.

Ifa—b+c# 1 wecan definex =0 <= z ez =z. Therefore we may assume
a — b+ c =1 below. We may also assume a < ¢. Notice that z e z = z is satisfied
by z = 0 and = = 1; therefore we only have to distinguish 0 and 1.
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If a = 1 then we can define
=0 <> zez=csAJy(ly£zAyey=yA(yez)e(yez)=yexz);

we can see that from the Cayley table of e.
If a > 1 we can define

r=0 < xozzz/\‘v’y(yoyyéy = Bz(zoz;éz/\(:voy)oz=(zoy)oz)).

To see = we can take z = by?. Indeed, 0 e y = cy? and
(cy®) 0 0 = ac’y* = ac’y* - bPcy* + b’cy* = a(cy®)® - b(ey®)z + c2® = (cy?®) o 2.

Now assume that the right-side holds; the first member expresses z € {0,1}. We
shall show that the second member excludes z = 1. Indeed, substitution z = 1 into
its last part gives (1ey)e1 = (1ey) e z and then

bla—by +cy?)(z - 1) = c(z - 1).
Since z # 1 we can divide by z — 1 and then for y = ¢ + 1 we obtain c|b, i.e.
cla+c—1. Then ¢|a — 1 which contradicts 1 <a <ec. O

For the next theorem we shall need the neighborhood relation Neib defined as
follows:
Neib(z,y) < y =s(z)Vz = s(y),
where s denotes the successor operation.
Theorem 2.5. The structure (N; Neib, x) is def-complete.

This is (a reformulation of) Theorem 2.2 from [K096], therefore the proof will not
be given. It uses the idea of definition of + from s, x from [Ro49], the asymmetry
of distribution of squares modulo 8 and Lagrange’s Four squares theorem.

3. Def-complete quadratic forms
The main result of the present paper is that the quadratic form Fjg; is def-
complete. We shall formulate it in more widely used terms:

Theorem 3.1. The operations +, x are first order definable in the structure (N; o),
where z ey = 2% + y? for all z,y € N.

operation.

Proof. At first we need to define multiplying by 2, i.e. the unary function Ma(z) =
2z. It can be done through the the following steps, in which some functions
MP(z) = kz™ are defined.

0e0=0 1228 o 28 = 828 ¢ 928
z2=ze0 3628 o 228 = 1228 o 3418
22 =zeczx 6z* ¢ 0 = 3628

474 =222 0 924 0 224 = 71 ¢ 622
5z% = 222 e 22 32200 = 9z¢

8z% = 222 @ 222 18z% = 3z2 e 322

3zt edr? =511 e0 17z% o 6% = 18z% o z*
7z* o 24 = 52% ¢ 5z 16z o 7Tzt = 17z% 0 424
928 =324 0 422 ¢ 0 = 162*

3428 = 524 ¢ 324 2z 0 0 = 4z2.
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Every formula expresses the idea of the definition of the leftest function in it. For
example, we have

=0 & zezx =12, M2(zx) =z o0, MZ2(z) =zex.
A middle step and the last step are
y = Mgs(z) == yoM;(z) = Miy(x)e M3(z), y=Ma(z) <= ye0=M(z).

(Of course, we could reduce the number of steps by more complex definitions.)
Notice that if we have defined MJ* we can immediately define also M?™ because it
can be defined by composition of M with MZ; these steps are not mentioned in
the list. (For example, 828 can be used because 8z* was defined.) However, the
converse is not true. E.g., we cannot obtain 4z? immediately from 42* or 9z* from
9z8.

If we have multiplication by two then the functions |72 ~y?| and x can be defined
by

z=2? =y’ <= ze(zoy)=2-((ze0)e(ye0)),

z=ay <= |22 —y?|e(2z) = (xey)e0.

Now we can define 1 (using x only) and then the neighborhood relation Neib by
Neib(z,y) <= 3z(zez=2 (yel)Azz=|y* - 1|).

We show only reverse implication. The right-hand side gives z° + 22 = 2y? + 2 and
z22% = (y? — 1)2. Hence 22, 22 are the roots of the quadratic equation
X2 = (2 +2)X + (12 - 1)2 = 0.

Its rots are (y + 1)2, and hence 2? = (y + 1)? which (together with z € N) gives
r=y+1lfory>0,and z=1fory=0.
By [K096] Neib and x suffice to define addition. O

Remark. [Ko97] contains a similar result with the sum of five squares (and the
conjecture that four squares suffice). Since no unary function suffices to define +,
x Theorem 3.1 is definitive in the sense that the number of squares cannot be
further diminished.

Theorem 3.2. The quadratic forms 6z + y* and 1522 + y? are def-complete.

Proof. 1. We shall reduce the first case to the previous theorem, i.e., we shall prove
that Fi o1 is definable from Fs ;. In the first stage of the proof we shall freely use
all suitable M, and we shall define Fj o ; through some quadratic and biquadratic
forms. Then in the second stage we shall eliminate the used linear forms, i.e., we
shall show that they are definable in (N; Fs0,1).

Analogously as in the previous proof we shall write only the ideas of the def-
initions; the leftest innermost form is defined. Let us notice that F.p.(z,y) =
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Fob,c(y, z); such steps will not be mentioned below.

F0,0(,y) = F5,01(0,2)
2 F302(z,y) = Fs,0,1(%,2y)
G15,0,12,04(2,Y) = Fs,0,1 (Fr00(2,9), F302(z,v))
Fs01(Fi1,08(z,y), F30,23z,9)) = 97-G15,0,12,04(Z,y)
4-Fy02(2,9) = Fi1,08(22,9)
Fz,o,s(Fg,o.s(z,y), Fu.o,z(zxy)) =35 G15.0.12,o,4($,y)
4-Fyo2(z,y) = Fy0,8(27,y)
Fr06(12- F10,1(z,v), Fo0,2(,7)) =42 - G15,0,12,0,4(%, y)
So the first stage is finished. If we take factorize the coefficients used above into
prime factors we obtain that F} ¢ is definable in (N; Fg 0,1, M2, M3, M5, M7, Mo7).
In the second stage we have to prove that My, M3, Ms, My, Mg7 are definable in
(N;'FG,OJ ) We shall continue as we did in the previous proof with M,. However,

now we denote z & y = 6z + y2; this operation is not commutative, and hence the
defined function cannot be always the first argument on the left.

2=0ez z e 3z = 1522

6z2 =ze0 3.2z =6z

T2 =zez 1322 ¢ 4922 = 172?% ¢ 4122
322 0 22 = 12 o T2? 0e 7z = 492

22 01722 = 722 o 22 ODel5z =6z e 3z

322 e 4122 = 1722 o 22 3.5z = 15z

22 04222 = 1722 ¢ 622 zellz=Tzxezx

T o 61 = 4212 3z 039z =7-(0e15x)
0o 1522 = 622 ¢ 322 re97z =39z e 17z,

So all necessary M} were defined.

I1. To prove that Fis 0,1 is def-complete it suffices to define Fg 0,1 in the structure
(N; Fi5,0,1). The proof is similar to that above, therefore we shall write it more
briefly. From the formulas

Fi0,0(z,y) = F15,0,1(0, )
3 F5,0,3(,y) = Fis,01(z,3y)
G10,0,30,0,9(%, ) = Fis,0,1 (F1,00(2,9), F5,0,3(2, 7))
Fs,0,3(F8,0,3(z,9), F5,0,3(0,¥)) = 8- Ga0,0,30,0,0(2,y)
8 F1,0,6(z,y) = F3,0,3(x,4y).

we see that Fg o, is definable in (N; Fiso,1, M2, M3). It remains to show that M,
M3 are definable in (N; Fi50,1 ), and this is clear from the formulas

z2=0ez 8z =2 -4z

0edz? =220z zoTr =2z 02z

002z = 422 OQel7x =4z e 7x

4r =22z 3zexr=8-17z. O
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Theorem 3.3. For every a,b,c € N such that 0 < b® < 4ac the quadratic form
Fo_be(z,y) = az? — bzy + cy? is def-complete.

Proof. We shall use the symbol e for F, _4 .. Since b* < dac the symbol e denotes
a total operation on N. By Lemma 2.2 we can define 0. Now we shall prove that
for all z, y, 2

zez=yez < z=yVa(r+y) = bz

Indeed, by equivalent transformations we obtain:

rez-—yecz

az? — brz + c2? = ay? — byz + cz?

az® — ay® = brz — byz

a(z +y)(z —y) = bz(z —y)
z=y V a(z+vy)=bz

0

Hence we can define the relation R, , ,

by the formula
Rg,a.b(:E’y’z) = T #y/\.’l:.z =ye_z.

Now by Lemma 2.1 we can define +. Finally, since zy = Ei!L;li—_yﬁ we can
define x by the formula

z=gzy < u((z+u=yVyt+u=2)A(ue0)+daxz=(z+y)e0).

The expression 4a X z must be understood as repeated addition z+z4---+2. O
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