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Complete solution of parametrized Thue equations

C. Heuberger
A. Pethé
R. F. Tichy

Abstract: We give a survey on recent results concerning parametrized Thue equations.
Moreover, we solve completely the family

X(X -Y)X —aY)(X - (a+1)Y) - Y* = +1.
Key Words: Diophantine equations, Symbolic Computation, Linear Forms in Logarithms

Mathematics Subject Classification: 11D57, 11Y50

1. Introduction

Let F € Z[X,Y] be a homogeneous, irreducible polynomial of degree n > 3 and m
be an integer. Then the diophantine equation

F(z,y)=m (1)
is called a Thue equation in honour of A. THUE, who proved in 1909 [31]:

Theorem 1.1. (Thue) (1) has only finitely many solutions (z,y) € Z2. 'THUE’s
proof is based on his approximation theorem: Let o be an algebraic number of
degree n > 2 and € > 0. Then there exists a constant c(a,€), such that for all
p€Zandq€N

c(a,€)
= qn/2+1+5 '

p

q

Since this approximation theorem is not effective, THUE’s theorem is not.
Studying linear forms in logarithms of algebraic numbers, A. BAKER could give
an effective upper bound for the solutions of such an equation in 1968 [1):
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author was supported partly by the Hungarian National Foundation for Scientific Research Grant
No 16791/95.
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Theorem 1.2. (Baker) Let k£ > n + 1 and (z,y) € Z? be a solution of (1). Then
max{|z|, [y|} < Ce'&" ™,

where C = C(n, k, F) is an effectively computable number.
Since that time, these bounds have been improved; BUGEAUD and GYORY [6]
recently gave the following bound:

Theorem 1.3. (Bugeaud-Gyéry) Let B > max{|m|,e}, a be a root of F(X,1),
K := Q(a), R :=regk the regulator of K and r the unit rank of K. Let H > 3 be
an upper bound for the absolute values of the coefficients of F.

Then all solutions (z,y) € Z? of (1) satisfy

max{|z|, Jy|} < exp(c1 -R-max{logR,1} - (R + log(HB)))
and
max{|z|, |y|} < eXp(C'2 “H?*™"?.10g?>" 1 H - log B),

with Cy = 37+27(p 4+ 1)77+19,2n46r+14 4 g 0, = 33(n+9)p18(n+1),
BOMBIERI and SCHMIDT [5] proved that the number of solutions of (1) with
m = %1 is O(n):

Theorem 1.4. (Bombieri-Schmidt) There is an absolute constant Co such that for
all n > Cy the diophantine equation F(X,Y) = 1 has at most 431 - n solutions.
Up to maybe the constant 431, this is best possible, since the equation

X"+ (X -Y)2X -Y)...(nX - Y) = £1

has at least the 2n + 2 solutions £{(1,1),...,(1,n),(0,£1)}.

However, the bounds obtained by BAKER’s method are rather large, thus the
solutions practically cannot be found by simple enumeration. BAKER and DAVEN-
PORT (2] proposed for a similar problem a method to reduce drastically the bound
by using continued fraction reduction. PETHO and SCHULENBERG [26] replaced the
continued fraction reduction by the LLL-algorithm and gave a general method to
solve (1) in the totally real case for m = 1 and arbitrary n. TZANAKIS and DE
WEGER [32] describe the general case. Finally, BILU and HANROT [4] observed
that Thue equations imply not only one, but 7 — 1 independent linear forms in
logarithms of algebraic numbers in the same very small size. They were able to
replace the LLL-algorithm by the much faster continued fraction method and solve
Thue equations up to degree 1000.

In 1990, THOMAS investigated for the first time a parametrized family of Thue
equations. Since then, the following families have been studied:
LX—(a-1)X?Y - (a+2)XY2-Y3=1
THOMAS [29] and MIGNOTTE [21] proved that for a > 4, the only solutions are

(0,-1), (1,0) and (—1,+1), while in the cases 0 < a < 4 there exist some

nontrivial solutions, too, which are given explicitely in [29].
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2. 1X3 - (a-1)X?Y - (a+2)XY2-Y?® < 2a+1.

All solutions of this Thue inequality have been found by MIGNOTTE, PETHO, and
LEMMERMEYER [23].

3. X3 - (a+1)X?%Y +aXY2-Y3=1.

LEE [15] and independently MIGNOTTE and TZANAKIS [24] proved that for a >
3.33-10%3, only trivial solutions exist. Very recently, MIGNOTTE [20] could solve
this equation completely.

4. X(X -nY) (X -n'Y)£Y3=1.

This family was investigated by THOMAS [30]. He proved that for 0 < a < b
andn > (2-10% (a+ 2b))4'85/(b_a) nontrivial solutions cannot exist. He also
investigated this family with n® and n® replaced by polynomials in n of degrees
a and b, respectively. ]

5. X4 —aX3Y - X?Y?2+aXY3 +Y* =21

This quartic family was solved by PETHO [25] for large values of a; MIGNOTTE,
PETHO, and ROTH [22] solved it completely.

6. X4 —aX3Y —3X%Y?2 +aXY3 4+ Y* = £1 has been solved for a > 9.9-10%7 by
PETHO [25].

7. X4 —aX3Y - 6X%Y? +aXVY?+Y* € {£1,+4}.

This equation has been solved by LETTL and PETH® [16]); CHEN and VOUTIER (7]
solved it independently by using a hypergeometric method instead of BAKER’s
method.

8 X(X-Y)X —aY)(X —bY)-Y*= %1

All solutions of this two-parametric family are known for 10219" < g+ 1< b <
a(1+(loga)~*), cf. PETHO and TicHY [27). The case b = a+1 will be considered
in this paper.

9. WAKABAYASHI (34] proved that if |z? — a%z%y% 4+ y*| < a® — 2 and a > 8 then
lyl <1.

10. HALTER-KOCH, LETTL, PETHO, and TICHY [11] investigated for distinct integers
a; =0, ag,...,an—1 and an integral parameter a, = a the equation

n
[IX -ay)£y" = 1.
i=1

11. X(X2? - Y2)(X2 — a?Y?) — V5 = +1.

For a > 3.6 - 109, all solutions have been found by HEUBERGER [12].

12. X8 — 2aX%Y — (5a + 15)X*Y? - 20X3Y3 + 5aX?Y* + (2 + 6)XY5 + Y® €
{#1,£27} was investigated by LETTL, PETHO, and VOUTIER, they found all
solutions for a > 89 by hypergeometric methods [18]. For a < 89 they used
BAKER’s method [17].

2. General approach and Linear Forms in Logarithms of algebraic
numbers
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2.1. Thue equations

In this section, we give a short survey on the general approach to solve a single
Thue equation (cf. GAAL [10]). In order to keep notation simple, we only consider
the equation

F(X,Y) = +1, (2)
where n
f(X):=F(X,1) =) a: X!
i=0
is a monic polynomial with real zeros (¥, ..., a(™.

Let (z,y) € Z? be a solution of (2). We define j € {1,...,n} by

T

I_aWi= min |Z-aW|. 3)
y i€{l,...n} |y
Then we have |y| |al) — o) | < |z — ay| + |z — aV)y| < 2|z — aPy| and
; 1 2n-1 c
lo — aty| = 51 < < (@)
Hi;éj Im —a y| |yl I_Ii;éj 'a Y —al I ly|
where c1, ... denote positive effectively computable constants depending on K :=

Q). Fory > (2¢;)/(™=2) z/y is a convergent of al/) by LAGRANGE’s theorem.
This yields

c ; ; ; c
lylnl_l <z -a¥y <yle® - o)+ ——. (5)

y(al) — o) — <2
lyl

We have

FX,Y)=Y"f (é) =Yy" f[ (g - a“)) = f[(x-amy) = Ng/o(X—aMY).

i=1 i=1

Set B :=z —al¥y for i = 1,...,n, then A1) is a unit in O := Z[a(V)]. Thus by
DIRICHLET’s theorem, we obtain

ﬂ‘”::t:e'l“...e“' Uly. .- Uy €L, (6)

r

where eV, ..., e(") are fundamental units of 9. Considering (6) for all conjugates
and taking logarithms, we get the following system of linear equations in the u;:

i# 3. (7)

el®

log ’ﬂ“)l = u, log legi)l 4+ +u,log

Using (5), we derive the estimate

= i < () ‘ ‘
U= max fui —C“P;f;?‘|1°g|f’ || < csloglyl (8)
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For k #1 € {1,...,n}\ {4}, together with (4) and (5) SIEGEL’s identity

o) —a®) g _aly o) —ak) g _aly

T A=l z-a®y ol ol 7= aby ©)
yields
() — ok g 0 — o® [1806)
Bl ol D ki | ol PRI (10)
ali) —a) ﬁ(k) al) — a9 ﬂ(k) |y|

Using a lower bound for linear forms in logarithms of algebraic numbers (see
section 11), (6), (10), (4), (5) and finally (8) we have

log 1) < [log |222= log |51 1 e’
-~ < |log |———=| + bt BN PR og | =
exp(—cs logU) og 0 —a® u; log egk) + u, log B
(7)) — (k) O]
<ol B
ali) — ) ﬁ(k) (11)
2C4
< i exp(ce — nlog|y|) < exp(cs — c7U).

This estimate can only hold for U < cg yielding an upper bound for |y| by (7) and
(5)-

2.2. Parametrized families of Thue equations
Given a parametrized family of Thue equations, one has to perform the same steps
as in the case of one single Thue equation using asymptotic bounds for the quantities
involved.

The main extra tool are estimates of the form

U > Caloga

for some positive constant C' and some g € N. THOMAS [30] calls this fact ‘stable
growth’. The lower bounds for U usually contradict the upper bound for U from
the linear form estimates.

Stable growth can be seen considering asymptotic expansions of the u; resulting
from (7), but at the time of this writing, we cannot give any condition on the familiy
which guaranties stable growth for n > 4; for the case n = 3 see THOMAS [30].

2.3. Linear forms in logarithms
We give a brief survey on some lower bounds for linear forms in logarithms of
algebraic numbers which are currently used for solving diophantine equations.

For an algebraic number v with minimal polynomial E?:o a; X" and conjugates
v =~M,..., 5@ the absolute logarithmic Weil height of v is defined by

h(7y) = (lilog [ad fI max (17 |7(i)l>] .
i=1



98 C. Heuberger, A. Pethé, R. F. Tichy

In general situations, one can use the following estimate of BAKER and WUsT-
HoLz [3):

Theorem 2.1. (Baker-Wiistholz) Let v, ... ,vn be algebraic numbers, not 0 or 1,
K =Q(m,.--,7) and d the degree [K : Q). Fori=1,...,n let

[log(vi)| 1
d 'd)’

hi > max (h('n),

Let by,... ,bp € Z, A =bylogm + ...+ bplogyn # 0 and B > max|bj|. Then
we have
log|A| > —=C(n,d)hy - - - hp log B, (12)

where
C(n,d) = 18(n + 1)In"*1(32d)"*2 log(2nd).

In many concrete families, it is possible to reduce the number of logarithms in
the linear form and to use estimates for linear forms in few logarithms. VOUTIER
[33] considers three logarithms:

Theorem 2.2. (Voutier) Let 71, v2 and v3 be positive algebraic numbers and put
D := [Q(71,72,73) : Q. Let b1, bz and bz be integers with bz # 0 and let hy, hs,
h3, B and E > 1 be real numbers which satisfy

log E E |log il

7h(7i)1 D ) 1 S 1 S 31

log’ E (|bi] el (b2l  lbs|
> y/p o = (0, 1F91 L2 S b
B > max {o, 2, 22 (Ll [al) (Tl Ba) )

hiZmax(

and E < 4.6°. Iflog~, logyz, and log~ys are linearly independent over Q, then

2.4-10% - D%log® B
log* E

log |by log 11 + b2 logy2 + b3 logys| > — hy - hy - hs.

LAURENT, MIGNOTTE and NESTERENKO [14] settle the case of two logarithms:

Theorem 2.3. (Laurent-Mignotte-Nesterenko) Let vy, and . be multiplicatively
independent and positive algebraic numbers, by and by € Z and

A =bylogyz — by log .

Let D := [Q(m1,72) : Q], fori =1,2 let

hi 2 max {h(7l)1 |10gD’71I ) %}
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and

If |A| # 0, then we have

2
log|A| > —24.34- D* (max {log b’ +0.14, %1—, %}) hyha.

The following very deep conjecture is due to LANG and WALDSCHMIDT (cf. LANG

(13)):

Conjecture 2.4. Let K be an algebraic number field of degree m, By,...,0r € K
and by,...,by € Z. Let By,...,Bx,B € R be real numbers such that

logB; > h(Bi), i=1,...,k and B > max{|b]|,..., |bk|, €}
Then there exists a constant c(k,m) > 0 such that
log |by log 1 + - - - + by log Bi| > —c(k,m)(log By + - - - + log By) log B,

provided that by log B1 + -+ + bi log B # 0.
Assuming this conjecture, HALTER-KOCH, LETTL, PETHO and TICHY [11] could
prove:

Theorem 2.5. Letn > 3, a;j = 0,as,...,a,—1 be distinct integers and a, = a an
integral parameter. Let a = a(a) be a zero of P(z) = [[i_,(z —a;) —d withd = 1
and suppose that the indez I of (a — a1,...,a = an—1) in O, the group of units of
9 := Z|a], is bounded by a constant J = J(ai,...,an-1,n) for every a from some
subset Q € Z. Assume further that the Lang- Waldschmidt conjecture is true. Then
for all but finitely many values a € Q2 the diophantine equation

n

H(a: —a;y) —dy" = +1

=1

has only trivial solutions, except when n = 3 and |az| = 1, or when n = 4 and
(az2,a3) € {(1,-1),(£1,+£2)}, in which cases it has ezxactly one more solution for
every value of a.

If Q) is primitive over Q — especially if n is prime — then there exists a
bound J = J(a1,...,an-1,n) for the index I by lower bounds for the regulator of
O (cf. POHST and ZASSENHAUS [28], chapter 5.6, (6.22)). Applying the theory of
Hilbertian fields and results on thin sets, primitivity is proved for almost all choices
(in the sense of density) of the parameters, cf. [11].
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3. A quartic Family of Thue equations
In [27]), PETHO and TICHY considered the two parametric family of Thue equations

Fop(X,Y):=X(X =Y)(X —aY)(X = bY) - Y* = +1. (13)
They proved the following theorem:

Theorem 3.1. Assume that

102'1°2°<a+1<b5a(1+ L )
log” a

Then (13) has only the trivial solutions

Fop(£1,0) =1,
Fa(0,£1) = F, y(£1, £1) = F, p(a, £1) = F, (&b, £1) = —1.

The case b = a + 1 was not covered by that paper, because its Galois group is
different from the general case. In the remainder of this paper, we will investigate
this case and we find all solutions for all integers a. We will prove:

Theorem 3.2. Let a be an integer. Then the diophantine equation
Fo(X,Y) = XX -Y)(X —aY)(X = (a+1)Y)-Y*=+1 (14)
only has the trivial solutions

Fa(il;o) =1,
F,(0,£1) = Fo(£1, £1) = Fy(*a,£1) = Fo(£(a + 1), £1) = —1.

Let a < 0 be an integer and put A = —a. Then A > 0 and we have

Fo(X,Y) = X(X - Y)(X + AY)(X + (A-1)Y) = Y*
=Z2(Z-Y)Z - AY)(Z - (A+1)Y) = Y* = Fa(2,Y),

with Z = X + AY. Hence it is enough to solve (14) for non-negative values of the

parameter.
In [27] it was proved that all solutions (z,y) € Z2 of (14) with |y| < 1 are exactly
the solutions listed in Theorem 3.2.
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3.1. Properties of the quartic number field
We put
falX) = Fa(X,1) = X(X = 1)(X = a)(X = (a+ 1) — 1

and we will investigate some properties of the number field Q(a), where « is a root
of fa.

It is easy to observe that f, is irreducible for a # 0, the case a = 0 yields precisely
the solutions of Theorem 3.2 and will not be considered below.

If a > 3, all conjugates of a are real, we need sharper approximations for the
roots of f, than those established in [27], Lemma 2.1.

Lemma 3.3. Leta > 7 and a := o) < a® < a® < al¥) be the zeros of f,.

Then the following estimates hold:
1 1 1 6 1) 1 1 1 4
TR TE T T E Y TEtEtE s
1 1 1 4 2 1 1 1 6
1+F+§+5+$<d)d+§+g+—+~

1 1 1 ) 1 1 1 4

TR T d Y TRt E TS ®

1 1 . 1 1
142 ) LR R S
a+l+ 5 - a5+a6<a‘ <atl+ 5 —— - =+

Proof. These inequalities can easily be verified by considering the sign of f, at the
given bounds.

Sometimes, approximations of higher order will be needed; they can be obtained
performing two or three symbolic Newton steps starting at 0, 1,a,a+ 1 respectively,
calculating an asymptotic expansion by Maple and verifying as in the proof above.

By [27], Theorem 2.1, we know that the Galois group of f, is isomorphic to the
dihedral group Dg. Indeed, we have a¥) = —a(!) +a+ 1 and ¥ = —a® +a+1,
since f(—X+a+1) = f(X). Therefore we have Gal(E/Q) = ((14), (1243)), where E
is the splitting field of f,. Moreover, we have K := Q(o(!)) = Q(a!!), o)), hence
Gal(E/K) = ((23)). Thus there exists exactly one quadratic subfield of K, say
Q(e), and this subfield is invariant under ((14), (23)). This leads to € = —a(}a(?).

In the sequel, we will work in the order O := Z[a]. First we investigate the
structure of its unit group O*. The corresponding part of [27] cannot be used,
because it depends on the fact that Q(a) is primitive over QQ in that situation.
However, the structure is the same:

Theorem 3.4. Let a # 0 be an integer, a be a root of f, = X(X —1)(X —a)(X —
a-1)=1and O :=Z[a]. If |a| > 3, we have

¥ =(-1l,q,a—1,a —a),
for the remaining values of a, we have
laj=1: OX = (-1,a,a — 1)

la] =2: Dx=<-1,a,\/m>.
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Proof. We will first discuss the case a > 49. To prove that a,a — 1 and a — a are
independent units, consider the regulator

log [aM| log|a® - 1| log|a(!) — a|
Rq = |log |a®@| log|a® —1| log|a(? —a
log [a®| log|a® —1| log|a® —a

By Lemma 3.3, we obtain for a > 25
3 3 3 1
—4log’a — - < Ry < —4log”a + o

Thus Ry # 0 and the units are independent.
We will use the following result of MAHLER [19]:

Proposition 3.5. (Mabhler) Let v be an algebraic integer of degree d > 2 with
conjugates v = vV, ... 4@ and

M(y) = ﬁmax{l,l'y(k)|}.
k=1

Then
|discrz (| < d? . M(y)2d-D,

Since
discrf, = a® + 6a% — 15a* — 15242 — 240 > a8

and discrf, < discry, MAHLER's result implies

d/3
M(y) > YOE (15)

for all v € O.

To prove that the units are independent, we will first consider another system of
independent units. We will prove that these units generate O* using [28], chapter
5, Theorem 7.1.

First, we prove that 7; := a(a — a) > 0 can be extended to a system of funda-
mental units. To prove this, we have to show that thereisnoy € O* and non > 2
such that 7 = v™. By (15) and Lemma 3.3 we have

al/3 103 ,\ /" 103
< = n o« [ 22242 < ] ==
775 S M) = Mm)'" < (100“ ) <4/ 5% (16)

which is a contradiction for a > 16.

Next, let 72 := a(a — 1) > 0. We prove that 71,72 can be extended to a system
of fundamental units of . We have to prove that v® = n¥n, has no solution with
vy € O%, n > 2 and |k|] < n/2. For n > 44, we can argue as in (16) and we get
a contradiction for @ > 48, since M (nfne) < M(m)¥M(n,). For 4 < n < 43, we
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explicitely bound M (nfn2) for all possible choices of k by Lemma 3.3 and we find
a contradiction for a > 24. For n = 2 and k = 0, we find that

+/n5") £ /08P £ /08 + /nf?

is no integer for all choices of the signs, which is impossible since 7, is an algebraic
integer; the case k = 1 can be excluded since n§2) < 0. If n = 3, we find

k=0 &~ 4dy = ~8+ 0y 7 9y € [7/18,8/18]
a
1
k=1 -2d, —3ad; +3dy = -3a> —4a+1— 192% Yy € [—341/54,~11/3]
1
k=-1 3ad; —2d; +3d; = -3a* +da +1 - ds—75 ¥s € [-11/3, —55/27],

where d; are the symmetric functions in ¥, i. e. dy := Y1_, 79 and dp :=
Zl$i<j§4 ¥ 4U) hence d; € Z, which is a contradiction for a > 16.

To finish the proof of the case a > 49, we use an idea of LETTL and PETHO
[16]. Assume that —1,7;,7m2 and some n € O generate O*. Consider N : O* —
()57 = [Niae®)| = YD1 We see that N(D%) C (¢) by PeTné [25],
Lemma 3.2. 7 and 7, were chosen such that N(m) = N(n;) = 1.
+n¥nbn™, then we see

Put a =

Nm™ = N@fnyn™) = N(+a) =,

hence m = +1 and we have

O =(-1,m,m,n) =(-1,m,m,e) = (-L,,a~1,a - a).

Next, we consider 3 < a < 48. We used Pari (cf. COHEN [8]) to compute the
regulator R of K for every a, we calculated the regulator R, explicitely and got

Ra

I'=[D":(-l,q,a-1,a-a)] = % < 7

=M,
where M =1 for all a except

al4 11 14 29 36
M|3 5 3 7 3

In these cases we explicitely solved
7= (a-1)*(a-a)

for all |k1], |k2], k3] < n/2 and 2 < n < M. We did not find any solution v € ©
with ged(n, k1, k2, k3) = 1. Hence, I = 1 in these cases. The last step took about
6 minutes on a Pentium 200 running Linux.

The case a < —3 follows from the positive case considering f—q.(a — a) = 0.

The remaining cases |a| € {1,2} can be proved using Kant [9]. 0
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3.2. Approximation properties of the solutions
Let (z,y) € Z? be a solution of (14), ¥ > 2. As in (3), we define the type j of (z,y)
such that

a® — Z| = min {
Yy

By Fo(=X + (e + 1)Y,Y) = Fo(X,Y) and Lemma 3.3 we see that if (z,y) is a
solution of (14) of type 3 or 4, then (—z + (a + 1)y,y) is a solution of type 2 or
1, respectively. Thus in order to prove Theorem 3.2, we have to show that there
exists no solution (z,y) of type 1 or 2 with y > 2.

Since we have

,15k§4}.

o _z
y

Fy(z,y) = Ng(a)/0(z — ay) =1,

Theorem 3.4 yields
T — oy = 0"y 05’ (17)

where m; = a, 72 =a—1and 73 = a —a.

3.3. Upper bounds for a linear form in logarithms
We shall now derive upper bounds for the linear form

(p)
12
Y

(p)
a3
70

(p)

) i) — ol
ngq)

quj =uy lOg + ug log + ugz IOg + log mm s (18)

where p and ¢ will be chosen according to the type j of the solution (z,y). Fur-
thermore, we will investigate relations between the u;.

Lemma 3.6. Let a > 100 and (z,y) be a solution of (14) with y > 2 of type 7.

The following estimates hold, according to the value of j:

j=1: LetU :=uy and V :=u3 — uy. Then we have $aloga|-U + 3V| < U and
U - 1> 3a%loga. Puttingp =2 and q = 3, we have

log |3A231] < —gUloga + log(4.5a"*/%). (19)

j=2 LetU := up — uz. Then we have |u)| < U, faloga|U + 3u;| < U and
U ~1> 3a%loga. Puttingp =1 and q = 4 in this case, we get

20U
log |3A142] < —gU loga + 9 + log(4.5a1/3). (20)
Proof.
j=1. By Lemma 3.3, we see [a(l)J = -1 and l;}ﬁj = 1, thus the continued

fraction expansion of a(!) starts with [—1, l,aél)] where

2 +a<al) <a® +1.1a
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Since x/y is a principal convergent of a(!) by (4), we have
y > a’. (21)
Then (4) yields — as in [27], (4.8) —

B 8
NORN O ‘ﬂ ' <al) —al 4 = (22)
a

Taking logarithms of the conjugates of (17), we obtain the following system
of linear equations in the u;:

log ‘ﬁ“)l = u, log lnwl + ug log \ng‘)‘ + ug log 'ng‘)’

, ﬂ(z) , 1752) | (2) | §2)

0g |=7=7| = u1 log + usg log + uz log |

B4 77§4) (4) 77§4)

(3) (3) 77(3) gs)

log 30 = u; log (4) + usg log (4) + uglog D
M3

By (22) and Lemma 3.3, we have good estimates for log |3*) /8| in terms
of a. Solving this system by Cramer’s rule, we obtain

1 1
Ru, = (610g2a+1911 oga) log’ﬁ("‘)‘ +4log3a+19125

2
) |ﬂ(4)l + 2log a 192210g a

a3

1 1 1
RU3 = (" Oga +1931 ed ) \ﬂ“ l+410ga +’l932 Oi a

Ru, = (—210g2 a+ 19211

where R is the determinant of the system matrix,

2
R=dlogla+56 2 _ l°g“

+ 00— = (23)

and the 9 lie in the following intervals:

Yo 91 12 a1 Yoo P31 Ui
['—011001] [_51_3] [_270] [_21—1] [2!3] [273] [—671] .

By (21) and (22) we have log || > 3loga.
We have

R(u; —1) > 510g alog|g(4)‘ 10108 a >0
1 2
R(u; — 1 4 3ug — Sug) > ( E _ _%) 10g‘ﬁ(4)' _4}0_gTa >0
0, a

R(ui1 — 1 - 3a®loga(ui — 1 + 3uy — Sus)) > 11 10ga10glﬁ(“)l >0,
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hence u; — 1 > 3a?loga(u; — 1 + 3us — 5u3z) > 3a®loga.
By (23) we have

u; -4log® a < Ru; < 6log?alog ‘,6(4)! +4log’a,

hence 9
log || > 3 loga(ur —1) > 20” log . (24)
We have

log a

R(-U +3V) > 3282 1og‘ﬂ<4>}—5log3a>o

R (U - galoga(—U n 3V)> > ST log ’ﬂ(“)’ >0,

which implies that U > 3aloga|-U + 3V|.
Finally, using (17), SIEGEL’s identity, Lemma 3.3 and (22), we get

o) —o® @
o —o@  BEY| =

1
sl

g(4)
(3)

S
e

A2z31 = log

Together with (24), we obtain the requested bound for Aag;.
j = 2: The continued fraction expansion of a(2) starts with [1, a§2’] where a?—a <

(2) < a? — 0.9a, which yields
y > 0.94%. (25)

This leads to

— < 0(2) - a(") + m (26)

Taking logarithms of the conjugates of (17), we obtain the following system
of linear equations in the u;:

log lﬁ(“] = u; log "h )| + uz log lng )‘ + uglog ln(4)|

4 m 0 ()
log 5 = u, log 77(4) + uz log (4) + ug log (4)
) §3) ng3) (3)
log = uy log |~5| + w2 log |75 | + us log Y
A n{¥ n§V n§"
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Solving this system by Cramer’s rule, we obtain
log a log? a

+

Ru; = (210g a +1911-) log’,@(4)|
1

Rus = (—610g2 a+ a1 %> log ][3(4)‘ — 4log® a + Oy

a

1 1 l 2
Ruz = ( 28 + U3 0ga> lﬁm‘ Oga +193210§4 a.

where
log e, log a

R = —4log’a - 5—=— +190 Pt (27)
and the 9 lie in the following mtervals

o) 911 Yo Yo Uaa Yz1 Va2
000 -L,1 L2 [=3-1 L2 3 =61

Consider
RU < - Slogzaloglﬂ(“)l —3log*a<0

R(U + 3uy) < — loga loglﬂ“)l <0

R(5U — 7Taloga(U + 3u;)) < (—210g2 a+ 421%—) log \ﬂ‘“l
~19log a + 28log* a < 0,

and we get 7Taloga|U + 3u;| < 5U, hence U > (7/5)aloga.
We have

R(U -1) > (—610g2 a- 5105‘1) log |ﬁ<“| ,

hence (27) implies
log'ﬁ(4)l> ( loga——é—) (U—1)>3alog a. (28)

We derive

R(2u3+3u1+U—1)<“1052a1 l ’+50ga<0
R(U —1-3a®loga(2uz +u; + U — 1)) < —12logalog .B(4 l <0,

which implies that U — 1 > 3a2loga |2u3 + 3u; + U — 1| > 34* loga.
Finally, using (17), SIEGEL’s identity, Lemma 3.3 and (26), we get

@) _ o g @@ 1
Am:logu_.ﬁ__ a_ﬂ._ '[_3_,\,_4
a® — o) f@ 50160 | 50|

Together with (28), we obtain the requested bound for Ai14s.
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3.4. Lower bounds for a linear form in logarithms

Lemma 3.7.  Let a > 100, (z,y) a solution of (14) of type j withy > 2. Then
the following estimates hold according to j:

j=1:
2U
A - Y
log|3A231| > =11 (a) <3+ 3aloga) (29)
log |3A231| > =1} (a) log® ( 0'13 U2) , (30)
alog”a
where
l1(a) :=24924.2(loga — 1.2)% log (:—:%ga ) loga
l3(a) := 1.7 - 10" log(1.01a) log® a.
j=2
U
log 3A142] > ~la(a) (3 + 7 (31)
saloga
' 2 U2
log |3A -1 1 2
og 3hsaal > ~ti(a)log? (- ). (32)
where
10
la(a) := 199393.3(loga — 1.5)% log (100 ) loga
101
ly(a) := 8.413 - 10° —a ) log’a.
2(a) :=8.413-10 log<100a) og”a
Proof.
j =1: We rewrite A23; in the following way:
(2) ,(2) 2) (2)
Mgt = w log |y 77?3) +(uz - w)log n?a) NE)
L PR
2 (1) — o)
73 ! a
+ (U3 — Uz + ’U,l) IOg ;g:;)- + lOg ——a(l) )
Since n{¥) = (—a® +a+1)—a = —n{® and n{? = —n$¥) | the second term
vanishes and we are left with
3A231 = Ulog|vi| + (=U + 3V) log |y2| + 3log |vs| (33)

=Ulog|m| +log [v3v5 Y3V, (34)



Complete solution of parametrized Thue equations 109

where
3 3 4
@ ) G & a) — @
We have
1 303 4
< = —_—
mew) < lo ($g5a®) . Mm)<losa, Al <loga,
3
log|m| < o log |v2| < 3loga, log |v3] < loga.

Applying Theorem 2.3 with

1. (303 2U 1
hy = =1 —a® hy =1 R
1= g °g<1ooa)’ 2 Oga<3+3aloga)’ b= 19

we get (29). Putting

and applying Theorem 2.2, we obtain (30).
j =2: We rewrite Aj42 in the following way:

(1),(1) (n (1)

_ ™ N2 M2 " 73
Az = urlog |” G- G5 | + (w2 —w) log | G5~
1 Tl 2 T3
0] nsH | a® — o
+ (u; —U)log —gﬂ + log SO oW |
Since 17§4) =(-aM +a+1)-a= —nél) and ny) = -—nél), the second term
vanishes and we are left with
a® —a® *|a@ — (a+1) Y

Sz =log |\ Doy —am | |a® = @+ 1)

Ulo a® —a\’/a® —(a+1)
E\a@—a) \aO —@+D)/|’

Proceeding as above, we get the estimates.
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3.5. ‘Large’ solutions
We compare the npper and lower bounds for the linear forms given in Lemma 3.6
and in Lemma 3.7: If j = 1, we get from (19) and (29)

8 21 (a)
! 5a4 > U (= - = :
3li(a) + log(4.5a )_U(3]oga 3aloga

If @ > 11313890, the right hand side is positive, so we can insert the lower bound
for U from Lemma 3.6, which yields

8 21, (a)
5a14/3) > 342 ° _ 1 )
3l1(a) + log(4.5a"%/°) > 3a*loga (3 loga 3aloga)

This is a contradiction for a > 11313 892. So there exists no solution (z,y) of type
j =1and y > 2 for a greater than this bound.
For j = 2, we get in exactly the same way a contradiction for a > 6 700 703.

3.6. ‘Small’ solutions
To find all solutions with 100 < a < 11313891, we proceed as in MIGNOTTE,
PETHO and ROTH [22].

First we establish an explicit upper bound for U in both cases:

Lemma 3.8. Let (z,y) be a solution of (14) of type j withy > 2.
j=1: Let 100 < a < 11313 891. Then we have U < 5- 106,
j=2: Let 100 < a < 6700702. Then we have U < 2.5- 105,
Proof. If j = 1, we obtain from (30) and (19)

§U10ga < (i (a) + 1) log? ( 0'1§ U2) . (35)
3 alog’ a

Since U > 3a?loga, we can use logz < \/[5]z and we get U < 7-10%. Inserting
that on the right hand side of (35), we get U < 9107 and repeating this process,
we get the estimate of the lemma.

The case j = 2 can be treated in the same way. O

Lemma 3.9. Let §,,60, M € R, A and B integers and

|A+ Bby + 61 < M. ' (36)

Furthermore, let Q € N, §;,8, € Q with

é; ——3," < Q2 fori=1,2 and p/q a

principal convergent of 8, with ¢ < Q. Then we have
ql|qd]| < @*M +1+ 2B, (37)

where || - || denotes the distance to the nearest integer.
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Proof. Multiplying (36) by g, we have

|03, + a(8: = 61) + g4 - By — a82) + Bp - Ba(S: - &2)| < QM,

hence ) ) N
alledi]| < QM + ¢ |61 - 81| + B + B® |52 - 62|
and the assertion follows. O
Let j = 1. By (33) and (19) we have (36) with
lo
A=U  Be=-U+3V, M=10"0, g =38l 5 _ 1—¥5|L2|.
log || og ||

We choose @ depending on the value of a:

100<a< 60000 Q=10%
60000 < a < 100000 Q=2-10%
100000 < a <11313891 Q@ = 10'°
For each a, we compute rational approximations &; of §; and convergents p/q of &,
with ¢ < Q. For most values of a, we find such a convergent with

7-1018
aloga’

q”qSI” > 24+

and this is a contradiction to (37) by Lemma 3.6 and Lemma 3.8. For the remaining
values of a, we repeat this argument with Q = 10%° and get the corresponding
contradiction.

The case j = 2 is treated in exactly the same way, we only give the values of Q
that we have used:

100 <a < 60000 Q =10%
60000 < a <6700703 Q = 10".

Hence there are no nontrivial solutions if @ > 100. For the case 1 < a < 99, we
used a program of HANROT solving Thue equations following the algorithm of BiLu
and HANROT [4], where the fundamental units — which are known by Theorem 3.4
— can be explicitly given. This took 50 seconds on a Pentium 200 and only gave
the trivial solutions known from Theorem 3.2. Thus Theorem 3.2 is proved.

The computations were performed on a DEC Alpha workstation and on a Pen-
tium 200 running Linux of TU Graz. We have used MAPLE V in the formal
computations, Pari’s library mode for the exclusion of the existence of ‘small’ solu-
tions. We have done this part of the calculations twice, first we only used rational
numbers in the continued fraction procedure (this took 21 days for j = 1 and 8
days for j = 2 on the DEC Alpha), then we used high precision real numbers (18
hours for j = 1 and 7 hours for j = 2 on the Pentium).

Remark (Added in proof): In the numerical calculations we have used a result of
Voutier on linear forms in three logarithms, which is not published yet. Applying
the general theorem of Baker-Wiistholz [3] instead of Voutier [33], the numerical
computations can be performed, however, computation time increases significantly.
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