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A Note to the Rationality of Infinite Series I*

Jaroslav Handl

Abstract: The paper deals with the irrationality and rationality of infinite series.
These series consist of special rational numbers of Oppenheim type. Several crite-
ria are included too.

1. Introduction

Some problems concerning the irrationality of infinite series % - bn/(I]/_, ai), where
bn and a, are integers we can find in [1]-[9]. Oppenheim [9] proved

Theorem 1.1. Let {an}nr, and {bn}71 be sequences of integers such that a, > 1 and

(1) | bn [< an —1
hold for every large n. Let the sharp inequality hold infinitely often in (1) and for
every positive integer q there is a positive integer N such that q divides HAA . Then

the number 3> ba/[]}_, ai is rational iff b, = 0 for every large n.

Theorem 1.2. Let {an}nz; and {bn}nz1 be sequences of integers such that an > 1 and
| bn |< an hold for every large n. Let liminfn soo(| bn | +1)/an = 0. Then the number
Zn L /H _, @i is rational iff b, = 0 for every large n.

Later Erdss and Strauss [5] proved the following criterion.

Theorem 1.3. Let {an}ax; and {bn}n=1 be sequences of integers such that an > 1
and limn 400 bn/(@n-1an) = 0. Then the series Zn b /(H a;) 1s rational iff
there ezist a positive integer B and a sequence of integers {cn}n_l such that

an =CnQGn — Cpn+1

| en1 |< an/2
hold for all large n.
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This paper deals with the similar problems. Theorems 2.1 and 2.2 generalize
Theorem 1.1. We will describe the relationship between the rationality of infinite
series of the above type and the solution of an infinite number of certain equations.

2. Main Theorems

Theorem 2.1. Let {an}5>, and {bn}n, be sequences of integers and k be a nonnegativ
integer such that a, > 2,

n—1 k n—1

(2) lbal<an( [ ai=1-2> ][] ad/2k#0)
i=n—k J=2 i=n—k+j—1

(3) | bn |< an, (k= 0)

hold for every large n. Let
. | bn | 1

4 1 f(g——+ —) < ==

) e Y < F

and for every positive integer q there is a positive integer N such that g divides Hivzl a;.
Then the series = Z:ozl bn/ H?:l a;i s rational iff there ezist sequences {cn,m }oe1
m =0,1,...,k of integers satisfying

k n
(5) bn = Z Cn,m H a;
m=0 i=n—m+1
k
(6) Z Cntmm =0
m=0
(7) | Cn,m iS An—m
®) leno|< 5

for all large n.

Consequence 1. Let {an}nr; and {bn}nxi be sequences of integers and k be a non-
negative integer such that an > 2 and | bn |< ([T, _,(ai —2))/2 hold for every large

n. Let X
9) liminf(—,!l—l—+ ! ) < L

n— 00 a; An—k 3k

i=n—k
and for every positive integer q there is a positive integer N such that q divides Hf’:l a;.
Then the series © =y o ba/[]}_, a: is rational iff there exist sequences {cnm }ne1
m =0,1,....,k of integers satisfying (5)-(8) for all large n.
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Theorem 2.2. Let {an}ox) and {b,}5%, be sequences of integers and k be a nonneg-
ative integer such that an > 4,

n—1 n—1 k n-1
(10) |bn|<an((Hai—4 H ai—l—zz H a:))/2, (k> 1)

imn—k i=n—k+41 Jj=3i=n—k+j-1
(1) [br |< an(an-1 = 8)/2,(k=1)
(12) [bn |<an—1,(k=0)

hold for every la]\;)e n and for every positive integer q there is a positive integer N such
that q divides [[,_, ai. Then the series x = oo ba/ TTi_, ai is rational iff there exist
sequences {cn,m}n_1 m =0,1,...,k of integers satisfying (5)-(8) for all large n.

Consequence 2. Let {an}ne1 and {bn}nz1 be sequences of integers and k be a non-
negative integer such that an >4 and | bn |< ([T, _,(a: — 4))/2 hold for every large
n and for every positive integer g there is a positive integer N such that q divides
H:v:l a;. Then the series T = Z:’_ n I—[t L @i 15 rational iff there exist sequences
{cn,m 221 m=0,1,....k of integers satisfying (5)-(8) for all large n.

Theorem 2.3. Let {an}nz: and {bn}nz, be sequences of integers such that an > 2
holds for every n, k be a nonnegative integer and

b 1
(13) lim sup | | <
n—oo i=n_k 31 3
Suppose that for every positive integer q there is a positive integer N such that q divides
[1,_, ai. Then the series x =y - bn/ ]\, ai is rational iff there ezist sequences
{ea,m}s21 m =0,1,...,k of integers satisfying (5)-(8) for every large n.

3. Proofs of Main Theorems

Proof of Theorem 2.1,2.2 and 2.3: We will prove Theorem 2.1,2.2 and 2.3 together.
These proofs consist of two parts.

1.Sufficient condition. Let us suppose (5)-(8) hold for all n > N, where N is
sufficiently large. Then we have

o . k " v
S S en - 3 Dt llnat)
i=1""

n=1 i= n=N
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BN (Chuo Cotmm)
:Z_‘chnmnnm -+ Py = s};v—’"nfj%ﬂaz P,

where P, and P, are rational numbers.

2.Necessary condition. If b, = 0 for all large n, then we put ¢h,,m = 0 and the
proof is finished. If not, then let us suppose that z = y/z = Z‘:ﬂ bn/ H?:l an, where

z > 0, y are integers. We find cn,m satisfying (5)-(8) by mathematical induction with
respect to k.

A) Let k = 0. Then Theorem 1.1 implies that b, = 0 for all large n in Theorem
2.1,2.2 and 2.3.

B) Let us assume that Theorem 2.1, 2.2 and 2.3 hold with k — 1 instead by k. If

bn = 0 for all large n, then we put ¢ m = 0 and the proof is finished. If not, then let
us define ¢y, m such that

bn = Cn,0 t+ dnany

where ¢, 0 and d, are integers such that
(14) ‘ Cn,0 |S a71/2~

Now we can write

b e +d
— n n,0 n+1
:r—;n?ZIG ——d1+z

We will prove that the sequence {bn}s%; replaced by {cn,0 + dnt1}ne1 satisfies the
induction assumptions with k replaced by k — 1 for all Theorems. From (14) we have

(15) | o+ dntr <] cno | +|Cn+1,o | + | ba | cantl + [ bnt1 |
' - An+41 anyr 2 An41

Theorem 2.1: From (4), (15) and a, > 2 we obtain

| eno+dnyr | +]11, 00

lim inf o <
n—oo Hi=n~k+l @i
. nan41/2 + ant1 /24 | bngr | + ?:;—k+2 a;
limin n+l <
noee Hz:n—k+1 @i
1 1 1 !
23k-1 o3k T3 T 3T

If K > 1 then (2) and (15) imply

| eno +dnt1 |< (an +1)/24 | bag1 | Jans1 <
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n

k n
(@ +0)/2+( [[ a=1-23 J[ el2=

i=n—k+1 j=2 i=n—k+j
n—1 k—1 -1
an( H ai—1—2z H a;)/2.
i=n—k+1 §=2 i=n—k+j

Similary if k = 1 then (2) and (15) imply
| Cn,0 + dn+l ]S (an + 1)/2+ | bn+1 | /(ln+l < (an + 1)/2 + (an - 1)/2 = Qan.
Theorem 2.2: If k > 2 then (10) and (15) imply

| en,0 +dnt1 |< (an +1)/24 | bpt1 | Jans1 <

n

n k n
an/2+1/2+( [[ a-4 [ a-1-2 [] ar2=

i=n—k+1 i=n—k+2 =38 i=n—k+j
n—1 n—1 k—1 -1
an( || ai—4 Il a,'—l——2 E H ai)/2.
i=n—k+1 i=n—k+2 j=3 i=n—k+j

If kK = 2 then (10) and (15) imply
| eno +dnt1 |< (an +1)/24 | bugr | Jans1 <

(an +1)/2 4+ (@anan-1 —4an — 1)/2 = an(an-1 — 3)/2.
If k = 1 then (11) and (15) imply

| eno +dny1 |< (@n +1)/24 | bnyr | Jans1 < (an +1)/2+ (an —3)/2=an — 1.

Theorem 2.3: From (13), (15) and a», > 2 we receive

. | ¢no + dns1 | 1 1 1 1
lim su . < el
e [1, e — 2.3+ *oar T e T e

We proved (2)-(4), (9)-(13) for b, replaced by cn,0 + drn+1 and for k replaced by k — 1.
Using the induction hypothesis there exists sequences {gn,m }ne; (m =0,1,...,k — 1)
of integers such that

k-1 n
(16) Cn,o+ dny1 = Z Qn,m H a;
m=0 i=n—m-+1
k-1
(17) Z dn+m,m = 0

m=0
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(18) , qn,m IS Ap—-m

(19) [ gno|< an/2

hold for all large n. From (16) we have

(20) bnt1 = cn+1,0 + Gnt1dni1
k-1 1
= Cn+1,0 + (Qn,o — Cn\0)An41 + Em=1 qn,m ?—jn—m+l a;.

Let us put
(21) Cn+1,1 = ¢n,0 — Cn,0
(22) Cn+1,m =Qn,m—1,(m= 2,3,]6)

To finish the proof we will prove (5)-(8) for sequences {cn.m}3%, (m = 0,1, <. k) for
all large n. From (14) we obtain (8). From (14) and (19) we receive

Cnt+1,1 |=] gn,o — cno |< an

and this is (7) for m = 1. From (22) and (18) we have (7) for m = 2,3, ... k. From
(17), (20), (21) and (22) we obtain

k k

E Cntltm,m = Cat1,0 + (qn+1,0 = Cat1,0) + E Gnt+m,m-1 = 0.

m=0 m=2

Thus (6) holds. Finally from (20), (21) and (22) we receive (5) and proofs of Theorems
2.1,2.2 and 2.3 are finished.
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