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Something about Lindeman’s Theorem

JAROSLAV HANCL

Abstract. The paper deals with the transcendency and algebraic independence of a
special infinite series. The proofs use Lindemann’s theorem and a certain combinatorial
identity.

1991 Mathematics Subject Classification: 11J81, 11J85

1 Introduction

There is a lot of papers concerning the transcendency and algebraic independence
of exponentials. In 1873 Hermite [4] proved the transcendency of the number e
and in 1882 Lindemann [5] proved the transcendency of the number 7. Up to this
day we know about hundred different proofs concerning the transcendency of these

«

two numbers. One of them we can find in [3]. In 1882 Lindemann [5] proved

Theorem A. Let n be a natural number and o1,...,a, (i = 0 & 1 = j),
81,...,0, (6; #0 for everyi=1,...,n) be algebraic numbers. Then

Zn: 51,801:' # 0.
i=1

A lot of results concerning this theory we can find in the books [2] and [6]. This
paper deals with the special applications of the Lindemann’s theorem and proves
criteria for the transcendency and algebraic independence of certain infinite series.

2 Main Theorems

" Theorem 1. Let n be a natural number, P(y) = ZZ:O asmy™ (s=1,2,...,7)

be polynomials with integer coefficients and a;, ..., a, be linear independent alge-
braic numbers such that oy (s = 1,2,...,7) isn’t the root of the polynomial
N J im
PO D 3 B 0
m=j 1=0 ] t
for every s = 1,...,r. Then the numbers
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are algebraically independent.

Examples. The numbers 3 ., %?—2”/5, S %;3”/8 and 5 o0, %;5”/3 are al-
gebraically independent.

Theorem 2. Let o be a non-zero algebraic number and P(z) = ZZ:O amz™ be
a polynomial with integer coefficients. Then the number

is rational iff a is the root of the polynomial
N N J
J -
_Zx Z_“mz ,]—i)!'
j=0 m=j =0

Othervise X 1is the transcendental number.

Theorem 2 1s an immediatelly consequence of Theorem 1 for r = 1.

/o, R Z—TG"/S and 07, %;5"/4 are tran-

n=1 n!

Examples. The numbers S
scendental.

Theorem 3. Let P(y) be a non-zero polynomial with algebraic coefficients,

deg P = N < q, q be a positive integer and a be a non-zero algebraic number.
Then the number

o0
P(gqn) aq”
x = 3 Plonker
n=1
is transcendental.

Examples. The numbers > >, WQ S lmﬁ and 30 WTAM/S are

transcendental.

To prove these theorems we need following three lemmas.

Lemma 1. Let n be a natural number. Then

—Z'Smkl—‘[ -T—‘.]
k=0

where Sp ks the so-called Stirling number and

1 & k—i (K .m
*m,k:m;(*l) (1)7 .
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Proof of this lemma we can find in [1] (page 110-121 of the russian edition).

Lemma 2. Let r be a positive integer and «, . .., «a, be linear independent alge-
braic numbers. Then the numbers e*' ... e* are algebraically independent.
bl b

Proof of this lemma we can find in [2] page 27.

Lemma 3. Let n and k be lwo natural numbers and M,, be the set of all complex
roots of the equation ™ = 1. Then

0 otherwise

Z ok — { n if k is divided by n

TeEM,

ProoOF oF LEMMA 3: The roots of the equation " = | we can write in the form

1, 02”'/" elim/n .,.,62(””])""/@ If k 1s divided by n, then we have
n—1
Z Z 27”/” = Z 1=n.
zEM, j=0

If k£ is not divided by n, then the roots create the geometric sequence and

n-1 pZinkm/n __
§ E 2L77r/n . E (,L’zjlmr/n . -0
- - e2itkm/n __ | -
TEM, j=0 ’

ProOF oF THEOREM 1: Using Lemma | we can write

N N m -1
P.q(n) = E as,mnm = E s m Z sm k H n— j) =
m=0 m=0 k=0 j=0
N k-1
= § H n— .7 § as,m‘-gm,ky
k=035=0

where [], g F(x) = 1. This, Lemma 1, (1) and (2) follows

00 N k-1

Pirjag -] ol
;'-Z H n "] Z “'s,mtsm,kas =

n=1 k=03=0 m=k

k-1 .
g > Hj:o(” - j)ay _
S 30 P
n=1

X, =

Ma
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N
= f +ZZa3mA

k=0m=k

= B+ Z Z as,mb"m,ka’:e“s =

k=0m=k

« z 1 k—1 k .
= ﬁs“'e sza Z smk_ _1) l<i>lm‘
. = m=k =0
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where f; is a suitable algebraic number. If o is the root of the polynomial (1),
then X, = B, is an algebraic number and the numbers X; (s = 1,...,7) are
algebraically dependent. If not, then we can write

Xs = Bs + vs€°°,

where v, is a suitable nonzero algebraic number too. This and lemmma 2 implies
that the numbers X, (s = 1,...,r) are algebraically independent. 0

PRrROOF oF THEOREM 3: Similary like in the proof of Theorem 1 we have

P(n) = Zamn ZammekH n -~ j)
m= m=0
N k-1

P | (CRE mz_:am s

k=0 j=0

where a,, (m = 0,...,N) are algebraic numbers, ay # 0. This, lemma 1 and
lemma 3 implies

N k-1 N

P(n)a™
X = Z_(n)!_:ZnIZHn_J Zamsm,kan:

q/n g/n  k=0j=0 m=k

=zz%m21hﬂ

k=0m=k q/n j=0

S35 3D DESTAR pRCt
q/n

k=0m=k

N N . ) a"q“k
= Z Z amSm,ka Z =
k=0m=k n=1 (ng —k)!
N N q—1
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k=0m=k
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Let us denote
~ 153" anssntees
k 0m=k

for every j =0,...,¢ — 1. Then we have

qg—1

X = Z&jeae2‘]"/q. (3)

i=0
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Now we prove that there is j € {0,...,¢ — 1} such that §; # 0. Because of
Sy.nN # 0, the polynomial

N N
5(-’[') = ‘;‘Z Z (lmAS'm.k'T'k

k=0m=k

has degree N. The number of elements of the set {ae?97/9 j = 0,...,q—1}isequal
¢ > N. Thus there is J € {0,..,¢ — 1} such that §; = §(ae?/™/9) £ 0. Finally

this, (3) and Lindemann’s Theorem implies, that the number X is transcendental.
[}
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