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Something about Lindeman's Theorem 

JAROSLAV H A N Č L 

A b s t r a c t . The paper deals with the transcendency and algebraic independence of a 
special infinite series. The proofs use Lindemann's theorem and a certain combinatorial 
identity. 

1991 M a t h e m a t i c s S u b j e c t Class i f icat ion: 11J81, 11J85 

1 Introduc t ion 
There is a lot of papers concerning the transcendency and algebraic independence 
of exponentia ls . In 1873 Hermite [4] proved the transcendency of the n u m b e r e 
a n d in 1882 L i n d e m a n n [5] proved the transcendency of the n u m b e r IT. U p to this 
day we know a b o u t hundred different proofs concerning the t ranscendency of these 
two n u m b e r s . One of t h e m we can find in [3]. In 1882 Lindemann [5] proved 

T h e o r e m A . Let n be a natural number and a i , . . . , a n ( a ; = a^ <£=> i = j ) , 
Si, •.., Sn (Si -^ 0 for every i = 1 , . . . , n) be algebraic numbers. Then 

X)í.e°"--0. 
1 = 1 

A lot of results concerning this theory we can find in the books [2] and [6]. Th i s 

paper deals with the special applicat ions of the Lindemann 's theorem and proves 

criteria for the t ranscendency and algebraic independence of certain infinite series. 

2 Main Theorems 

T h e o r e m 1. Let n be a natural number, Ps(y) = Ylm=o as,mym (s = 1 , 2 , . . . , r ) 

be polynomials with integer coefficients and a i , . . . , a r be linear independent alge­

braic numbers such that as (s = 1 , 2 , . . . , r) isn't the root of the polynomial 

N N j 

j-0 m-j i = 0 ^ ' 

for every s = 1 , . . . , r. Then the numbers 

X. = £™*S. (2) 
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are algebraically independent. 

Examples. The numbers £ ~ = 1 ^ 2 n / 5 , £ ~ = 1 ^
n / S a n d £ £ = i ?{T5n/3 are al­

gebraically independent. 

Theorem 2. Lel a be a non-zero algebraic number and P(x) = Em=o amXm be 
a polynomial with integer coefficients. Then the number 

P(n)an 

* = E n! 
n = l 

is rational iff a is the root of the polynomial 

N N j 

j = 0 m-j i=0 w ' 

Othervise X is the transcendental number. 

Theorem 2 is an immediatelly consequence of Theorem 1 for r = 1. 

Examples. The numbers £ " = , ^ 7 " l 9 , £ ~ = ] ^ 6 " l 5 and £ ~ = 1 al5" l 4 are tran-
scendental. 

Theorem 3. Lel P(y) be a non-zero polynomial with algebraic coefficients, 
deg P — N < q, q be a positive integer and a be a non-zero algebraic number. 
Then the number 

P(qn)a^n 

* = £ 
is transcendental. 

Examples. The numbers £ ~ = 1 7 ^ 2 " , £ ~ = 1 7 ^ 3 " and £ £ _ . . ^ 4 7 " l 8 are 
transcendental. 

To prove these theorems we need following three lemmas. 

Lemma 1. Let n be a natural number. Then 

m k — l 

* m = 5 > T O > f c n (*-.>)> 
/c=o j=o 

where Sm>k is the so-called Stirling number and 

-W = SFD-I)*-'(*V" 
»=o 
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Proof of this lemma we can find in [1] (page 110-121 of the russian edition). 

Lemma 2. Let r be a positive integer and c__, . . . , ar be linear independent alge­
braic numbers. Then the numbers e a i , . . . , ear are algebraically independent. 

Proof of this lemma we can find in [2] page 27. 

Lemma 3. Let n and k be two natural numbers and Mn be the set of all complex 
roots of the equation xn = 1. Then 

E k __ J n if k is divided by n 
I 0 otherwise 

xeMn
 K 

PROOF OF LEMMA 3: The roots of the equation xn = 1 we can write in the form 
1, e

2 i 7 r /n , e
4?-7r/n, . . ., e

2 ( n - 1 ) i 7 r / n . If k is divided by n, then we have 

n — 1 n — 1 

E *fc _ E ( e 2 ^ l n ) f c = v_ i = n. 
x£Mn j = 0 j = 0 

If k is not divided by n, then the roots create the geometric sequence and 
n~[ n~[ ^inkn/n i 

E *k = X> 2 - ' - ) f c = E«.*-*-/- = ;_,.•,,„,;_ = o. 
i E M n j=0 j=0 

D 

P R O O F OF THEOREM 1: Using Lemma 1 we can write 

jV N m k-1 

Ps{n) = _>_] aSymnm = _>___ as>m ] P Sm,k J\(n ~ J) = 
?n = 0 m = 0 /c = 0 j = 0 

TV fc-1 AT 

= _>_] J J ( ™ - j) _>___ a ^ m ^ m . f c , 

fc =_ 0 j = 0 m = /c 

where _~__-G0 -r?(-c) = V This, Lemma V (1) and (2) follows 

oo D / s n oo 1 jV / c — 1 TV 

Xj = E ^ K = E i i E n(»-i)E-..^^= 
n = l n = l fc_=0j=0 m = fc 

3 n?_o(»-j>? 
— _____ / _ astm^m,k / 

k = 0 m = k n = ì 

N N oo_ ^ n + k 

= Ä + X. _C a*.m̂ m,fc _C =~ 
k=0 m=k 

N N 

= A + X . _ C a « , m S , m ł * a î e a ' = 

k = 0 m=k 

N N . m 

= Ä + є-_> f c

Ea s,m-]Г(-i ..~Г',, 
fc = 0 m=fc i = 0 



26 J.Hančl 

where /3S is a suitable algebraic number. If as is the root of the polynomial (1), 
then Xs = f3s is an algebraic number and the numbers Xs (s = V ..., r) are 
algebraically dependent. If not, then we can write 

Xs=f3s+lse«') 

where j s is a suitable nonzero algebraic number too. This and lemmma 2 implies 
that the numbers Xs (s = 1, . . . , r) are algebraically independent. O 

P R O O F OF T H E O R E M 3: Similary like in the proof of Theorem 1 we have 

jV N m k-l 
pin) = Ylam7im - 11, a ^ E 5 m ' f e n ( n ~ ^ ~ 

m = 0 m = 0 k=0 j=0 
N k-l N 

= X ] n ( n ~ ^ Y2 amSm1k, 
k=0j=0 m=k 

where a m (m = 0, . . . ,N) are algebraic numbers, ajv / 0. This, lemma 1 and 
lemma 3 implies 

q/n q/n k=0j=0 m=k 

N N , k-l 

= ££-»~w£ÍII(B-->B = 
k=0 m=k qfri j=0 

N N 

E E ^ - W ^ E T ^ T 
rг — k 

(n-k)\ 
fc=0m=fc q/n K ' 

" N °° anq-k 

= EE^ 5 ^« f c E(^ri) ! = 

k=0m=k n = l v H J 

^ k=0m=k j=0 

q-1 , IV jV 

= E ^ E E a r o 5 m . f c Q ! ' 

Let us denote 

я 
j=0 * k=0m=k 

к 2ijkw/q ae2tjn/q 

^ = 1 E E a - 5 ^ a & e 2 i j W 9 

^ k=0m=k 

for every j = 0, . . . , q — 1. Then we have 

X = ^ J j e * e 2 , w \ (3) 

j = o 
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Now we prove tha t there is j E { 0 , . . . , g — 1} such tha t Sj ^ 0. Because of 

SN,N 7̂  0, the polynomial 

N N 

Hx) - ~ Yl Yl a^Srn,kXk 

V /c = 0 m-k 

has degree N. T h e number of elements of the set {cve2?J7r//g, j = 0, . . . , q — 1} is equal 

g > N. Thus there is J E {0, .. ,o - 1} such tha t Sj = £(ae2i j7r/<?) ^ 0. Finally 

this, (3) and Lindemann ' s Theorem implies, tha t the number X is t ranscendenta l . 

• 
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