Acta Mathematica et Informatica Universitatis Ostraviensis

Danilo Rastovié
A note on stability properties of integrated semigroups

Acta Mathematica et Informatica Universitatis Ostraviensis, Vol. 3 (1995), No. 1, 61--(65)

Persistent URL: http://dml.cz/dmlcz/120495

Terms of use:

© University of Ostrava, 1995

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/120495
http://project.dml.cz

Acta Mathematica et Informatica Universitatis Ostraviensis 3(1995) 61-65 61

A note on stability properties of integrated
semigroups

DANILO RasTOVIC

Abstract. Asymptotic stability of a certain class of integrated semigroups is discussed
by means of Lyapunov functionals.

1991 Mathematics Subject Classification:

1 Introduction
We consider the abstract Cauchy problem, (ACP):
W= Au(t), t>0; u(0) ==z

in a Hilbert space H and discuss the asymptotic stability of the integrated semi-
group S(t) associated with (ACP).

Definition 1. Let S(t) be a nondegenerate N-times integrated semigroup on H
such that [S(t)] < M exp(wt) for t > 0, some w € R and some M > 1. If a closed
linear operator A has the resolvent R(u; A) and satisfies

R(u; A) = ,uN/ exp (—ut)S(t)zdt for p>w and z € H,
0

then A is called the generator of S(t).

We need the following propositions.

Proposition 1. (F. Neubrander) By a solution of (ACP) is meant an H -valued,
strongly continuous function u(-) : [0, +00) — H which satisfies the evolution
equation (DE) for t > 0 and the initial condition (IC). If A is the generator
of a nondegenerate, exponentially bounded N -times integrated semigroup ‘;(t) on
H, then (ACP) is well-posed in the sense that there erxist constants M and w
such that for each z € D(AN“) there exists a unique solution u(-) such that
lu(t)] < M exp (wt)|z|n, where |z|n denotes the graph norm of the space D(AN)
defined by
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Proposition 2. (S. Oharu) (a) The space D(AN) is a Banach space under the
graph norm |- |n. We write Y for the Banach space, namely,

vy =[p(av)].

(b) Since A is the generator of a nondegenerate, exponentially bounded N -times
integrated semigroup S(t) on H, A has a nonemty resolvent set p(A).

(¢) If D(A) is dense in H, D(AF) is dense in D(AY) for every pair of nonnegative
wntegers j and k with j < k. In particular, Y s dense in H.

2 On stability properties of integrated
semigroups

Given a (Cyp) semigroup T'(t) on a Banach space X, a continuous functional V :
X — R is called a Lyapunov functional for T'(t), if V(0) = 0 and

V(z) = limsupt ™Y (V(T(t)z) — V(z)) <0 forx € X.
£10
Moreover, a continuous functional V' : X — R is said to be quadratic if there
exists a bounded linear operator B from X into its dual space X™ such that

(Bz)(y) = (By)(z)  forz,ye X

and V(z) = (Bz)(z) for 2 € X. If a Lyapunov functional V for T(t) is quadratic,
we say that V' is a quadratic Lyapunov functional for T'(t).

It is the main feature of the argument of this paper to use quadratic Lyapunov
functionals to discuss asymptotic stability of integrated semigroups.

Definition 2. We say that a (C)-semigroup 7'(¢) on a Banach space X is asymp-
totically stable, if T'(t)z — 0 in X as t = oo for each x € X, and that an N-times
integrated semigroup S(t) on H is asymptotically stable, if (N!/tN)S(t)z — 0 in
H ast — oo foreach z € H.

In what follows, we put the following conditions on the operator A:
(A) The operator A has a dense domain D(A) in H and is the generator of a
nondegenerate, exponentially bounded N-times integrated semigroup S(t) on H.
(B) There exists a bounded linear operator B from the Banach space Y into H
with the three properties below:

(Byi, y2)m = (Byz, vi)gy = (w1, Bya)m fory1, y2 €Y, (B1)

(By, )& > v|y|? for y € Y and some v > 0, (B2)
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Re(By, (A—wl)y)y <0 for y € Y and some w € R. (B3)

An inner product (-, -)x is defined on the subspace D(AN) by
(v, w2)x = (Byi, y2)n for yi, yo» € D(AN).

In fact, (y, y)x = (By, y) > 0 for y € D(AV) and (y, y)x = 0 implies |y| = 0
and y = 0 by (B2). For y1, yo € D(AN, (yo, y1)x = (Byo, y1)u = (Byr, y2)y =
(Y1, ya)x by (B1). Also, {ary1 + asys, 2)x = a1y, 2)x + aa(ye, 2)x for yi,
Yo € D(/iN) and oy, ay € ' by the linearity of B.

One can then define a norm |- |x on D(AN) by |y|lx = (v, y);(ﬂ. Let X be
a completion of D(AN) with respect to the norm |- |x. Then the inner product
(-, -yx is naturally induced on X and X becomes a Hilbert space. From (B2)
it follows that X can be regarded as a dense subspace of H and is continuously
embedded in H. On the other hand, B is a bounded linear operator from ¥ into
H, and so the Banach space Y is continuously embedded in X. Therefore X is an
intermediate Hilbert space in the sense that

Yo X H.
The part A of A in X is defined by
D(A)={re DA)NX; Av € X}, Az = Az forz e D(A)
and has the following properties:

Proposition 3. (a) The operator A is a densely defined, closed linear operator
in the Hilbert space X.

(b) The subspace D(ANTY) is a core of the operator A in X .

(¢) Let w be the constant appearing in (B3). Then A — w is dissipative in X .

(d) The range condition holds in the sense that R(i — AA) = X for A > 0.

From Proposition 3 and the Lumer—Phillips theorem it follows that A generates
a (Cp)-semigroup T'(t) on X such that |T'(t)| < exp (wt) for £ > 0 and the constant
w € R appearing in condition (B3). 1f w > 0, the semigroup T'(¢) 1s said to be
quasi-contractive; if w < 0, it is said to be a contradiction semigroup. Now the
relationship between the (Cy)-semigroup T'(t) on X and the original integrated
semigroup S(t) on H may be stated as follows:

Proposition 4. Let T'(t) be a (Co)-semigroup on X generated by A.
(a) For x € X and t >0, S(t) maps X nto itself and

- t rtN—1 rth
St)e = / dtn—y / cedly T(s)zds fort >0 and x € X,
0 Jo 0

where the integral is taken in the sense of Bochner and in the Hilbert space X.
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(b) For each t > 0, let S(t) be the restriction of S(t) to the Hilbert space X. Then
S(t), t > 0, form a nodegenerate, N-times integrated semigroup on X and A 1is its
generator. Moreover, S(t) is ezponentially bounded in the sense that

IStz x < (N) "N exp (wt)|z]x fort >0 and z € X.

Applying Propositions 3 and 4, we obtain the following result concerning asymp-
totic stability of S(¢).

Proposition 5. Let w be the constant appearing in (B3) and assume that w < 0.
(a) The Cy-semugroup T'(t) on the Hilbert space X s exponantially stable.

(b) Suppose that sup{t=N NUS(t)z|y : t > 0} < +oo for x € H. Then S(t) is
asymptotically stable on the Hilbert space H.

ProoF: (a) The result of Walker [3] implies that the search for a quadratic Lya-
punov functional reduces to a search for a bounded linear operator B : X — X~
such that (Bz)(y) = (By)(z) for all ©, y € X and Re(Bz)(Axz) < 0 for all
z € D(A), where A is the infitesimal generator. Now, the result follows from
Walker’s theorem T.4.1. [3].

(b) We consider the integral (c — A)N f[: din_y Ut'\'_‘ cedty Ot' T(s)R(c, A)Nzds,
for some ¢ > w, t > 0. According to the results of Thieme for N = 1 and
Nicaise (6] for generally N, S(t) will be N-times integrated semigroup on X,
and S(¢) will be N-times integrated semigroup on H. These results follow if we
apply the transformations between integrated semigroups and C'-semigroups with
("= R(e, A)V as it is done in Tanaka, Miyadera [1] and Miyadera [7]. Under the
condition sup{t=NN!S(t)z|g : t > 0} < 400 for # € H, from the Proposition 4
follows that S(t) is asymptotically stable on the Hilbert space H. m]
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