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Transformation of Spaces of Vector Functions of
Scalar Argument

ZDENEK BOHAC

Abstract. The present paper studies the generalized Kummer’s transformation of regu-
lar spaces of real vector functions of scalar argument and connection to the transformation
of the spaces of the solutions of the systems of linear differential equations of the first
order.

1991 Mathematics Subject Classification: 15A03, 34A30

Introduction

In paper [4] the properties of the transformation of solutions of the system of n
linear differential first-order equations in the real domain are studied

(an) dy/dt = M(t)y dY /dT = N(T)Y. (An)

where

(1 (1), v2(t), .-, v ()T,
(Yl(T)» YZ(T)v ) YH(T))Tx

y(t)
Y(T)

M(t), N(T) are square matrices of the n-th order defined on the intervals j, J.
The transformation studied is of the following form:

u(t) = K()U[Z(¢)), - (0.1)

where u resp. U is the solution of (a,) resp. (An) defined on j resp.J; K is a
square matrix of the n-th order defined on j, and Z is some function mapping the
interval 7 C j into the interval I C J.

The present paper studies the transformation (0.1) of regular spaces of real
vector functions of the scalar argument. The spaces of solutions of (a,), (A,) are
the special cases of these spaces. The considered transformation is, in the main,
the generalized Kummer’s transformation the properties of which are studied in
the papers [1] and [3].

1 Basic considerations

Convention 1.1. In this paper, ¢, j, I, J will represent open intervals which may
be bounded as well as unbounded. Only the column vectors will be considered
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here, and o will represent the zero vector.

Definition 1.1. Let u, u,, ..., u; be real vector functions of scalar argument
(here after refered to as vector functions or vectors) defined on the interval j C E;.
If [ real numbers ¢y, ¢, ..., ¢ exist, such that

on the whole interval j, then we say that the functions u, (k = 1,2,...,l) are
linearly independent on j. If { numbers ¢y, ¢z, ..., ¢ do not exist, such that
ZL:] cZ # 0 and the interval ¢ ~ j, on which Y, _, exu, = o, then we say that
the vector functions u, (k= 1, 2, ..., 1) are linearly independent on j.

Definition 1.2, Let j C E;. Let the vector functions u, (k =1, 2, ..., n) be
continuous and linearly independent on the interval j. The set R of all the vector
functions of the form y = 37 cxuy, whera ¢x (k =1, 2, ..., n) are arbitrary
real numbers will be called the linear space of continuous vector functions of the
dimension n (in brief, the vector space R).

Theorem 1.1. Let R be a vector space defined in the definition 1.2. Let ¥, €ER

(k=1,2 ...,n). Then Yo Yyr -0 Y, are either linearly independent or linearly
dependent.

PROOF: According to the definition 1.2, there exist numbers cx; (k, I =1, 2, ...,
n) such that

Y, = Caly +ckaty + o F o, (K =1,2,...,n). (1.1)
If 1t 1s assumed that, for example, Y Yy ---» Y, are independent, then there exist
numbers ax (k =1, 2, ..., n) and the interval 2 C j such that
n n
Zak # 0 and Zaky =0
k=1 k=1

on the interval i. If we substitute y, into the last equality according to (1.1), we

get
n n
‘ i=1 k=1
As the vectors u,, u,, ..., u, are linearly independent, the following must be true:

n n

Zakckl:() (Il=1,2,...,n), where Zaf;ﬁo

k=1 k=1
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Should then the system (1.2) with the unknowns ai have an untrivial solution, its
determinant must be equal to zero, 1.e.

€11 €21 oo Cni
Ci2 C22 ... Cp2
Cin C2n ... Cpp

One column of the determinant is the linear combination of the other columns. If,
for example, the m-th column is the linear combination of the other columns, then

according to (1.1), Y. is the linear combination of the vectors Y Yo o Yoo
Yirr 0 Yo that is Yy Yoo -1 Y, aTE linearly dependent on j. ]
Theorem 1.2. Let Y Yy -0 Y, be linearly independent vectors of the space

R. Each vector y € R may be erpressed n the form

k=1
where ai (k =1, 2, ..., n) are suitable real numbers.
Proor: Since Yy Yy ---» Y, are linearly independent, we can write
Y = Ckity + Ck2lp + - F Crntt,  (K=1,2,...,n), (1.3)
where
11 €12 ... Cin
C21 C22 ... Co2n
#0
Cn1 Cpn2 ... Cnpn
Let
Y= C1ly + Colly + ...+ Cnlly,. (1.4)
Having solved the system (1.3) with respect to u,, u, ..., 4, and substituting
into (1.4), we get the required expression. u]
Definition 1.3. Let each ordered n-tuple (u;, us, ..., u,) of linearly independent

vectors of the space R be called the basis of the space R .

Definition 1.4. The vectors u;, u,, ..., u, defined in definition 1.3 are called
the basis vectors.

Definition 1.5. The numbers ax (k = 1, 2, ..., n) from the theorem 1.2 are
called the coordinates of the vector y in the basis y , y,, ..., y, .
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Definition 1.6. The matrix arranged from the basis vectors of R so that its k-th
column is formed by the components of the k-th basis vector is called the basis
matrix of the space R.

Theorem 1.3. Let by(t) be a basis matriz of the space R. The matriz by(t) s
the basis matriz of space R if and only if a regqular constant matriz C of the n-th
order exists, such that

by(t) = by(t) - C (1.5)

PRroOF: Let by(t) be the basis matrix formed from the vectors z,(t) (k = 1, 2,
..., n) and by(t) be the basis matrix formed from the vectors y, () (k=1,2, ...,

n). There exist numbers cgr (k, [ =1, 2, ..., n), such that B
y,(t) = cizy(t) +erzs(t) + -+ cinz, (t)
Y, (1) = corzy(t) + conzy(t) + -+ conzy (1)
: (1.6)
Y (1) = cmzy(t) +eraza(t) + -+ chnzy (2)
Q,l(t) = ez (1) +en2zy(t) + o+ cny ()
The system (1.6) may be written in the following form:
Ye1(t) z11(1) z21(t) Tn1(t)
Yra(t) z12(t) z22(t) Zno(t)
. = Ck1 . + Ck2 . + -+ ckn
Ykn (t) "vln(t) 172n(t) xnn(t)
(k=1,2,...,n)as well as y, = b1 () - (ck1, ck2, .- -, an)t, (k=1,2,..., n).

This is in fact the same relation as that of (1.5), but recorded in another way, such
that C is a constant matrix, the k-th column of which is formed by the elements
Ck1, Ck2, --., Ckn. Obviously, the matrix C is regular, in the opposite case the
vectors y, (t) (k=1,2,..., n) would be linearly dependent.

Let by (t) be the basis matrix, C' a regular constant matrix of the n-th order and
(1.5) holds true. If we designate z,(t), z5(t), ..., ,(t) the columns of the matrix
bi(t) and y, (t), y,(¢), ..., y,(t) the columns of the matrix b5(t), then (1.5) may
be written 1 the form (1.6). Obviously, Y, (t) (k=1, 2, ..., n) are independent
vectors of the space R. In the opposite case, the matrix C' would have to be
singular. ]

Corollary 1.1. Let R be the vector space defined on the interval j, b(t) a basis
matriz. If the matriz b(t) is regular (singular) at the point t = to, to € j, then all
the basis matrices are regqular (singular) at the point t = to.
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Definition 1.7. The point ¢, € j is called the regular (singular) point of the
domain of definition of the space R if all the basis matrices of the space R are
regular (singular) at the point ¢ = to.

Definition 1.8. Space R, the domain of definition of which contains regular
points only, is called regular. A space, the domain of definition of which contains
at least one singular point, is called singular.

Convention 1.2. In the following discussion only the regular spaces will be
considered.

Theorem 1.4. Let P, () be two matrices of the same type and for each z € R
holds Pz = Qz. Then P = @ holds.

Proor: Let z; (k= 1,2, ..., n) be basis vectors of the space R . According to
this assumption the following then holds,

Pz =Qz, (k=1,2...,n)

and therefore also

Pb(t) = Qb(t)

holds, where b(t) is basis matrix formed from the vectors z, (k = 1, 2, ..., n).
Multiplying the last equality from the right hand side by the inversion matrix to
b(t) we obtain the statement already proved. 0

2 Transformation of regular spaces

Definition 2.1. Let two vector spaces R and S of the dimension n be given and
defined on the intervals j, J. Let there exist the function Z(t) and the matrix
K (t) possessing the following properties:

(i) K(t) is the square matrix of the n-th order defined on some interval 7 C j,
(i1) Z(t) is defined, continuous and strictly monotonic on the interval ¢,
(ii1) the domain of functional values of the function Z(t) is some interval I C J,
(iv) for every U € S there exists u € R, such that
u(t) = K(O)U[Z(?)] (2.1)
for every t € 1,

(v) for every u € R there exists U € S, such that (2.1) holds on the interval <.
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Then we say that the space S may be transformed on the interval I onto
the space R on the interval 7. The relation (2.1) is called the transformation
T(K, Z, I, ) of the vector U onto the vector u. We write u = T(U).

Theorem 2.1. Let T(K, Z, I, i) be the transformation from the definition 2.1.
Let uy, uy € R and u;, € 'I(Qk} (k=1, 2). Then T(c1U; + coUs,) = c1uy + cauy.

PROOF:
T(eUy +el,) = K)al, [Z(0)] + el [2()] =
= cll’() 1 [Z(0)]+ 2 K (1)U, [2(8)] =
cruy () + cauy(t)

0

Theorem 2.2. Let R, S be the spaces of the dimension n, T(K, Z, I, i) the
transformation from the definition 2.1. If U, (k=1, 2, ..., n) is a basis of S,
then u, = T(Uy) (k=1, 2, ..., n)is a basis of R.

PrROOF: Assume that u, (k =1, 2, ..., n) is not a basis of R. We choose u € R
so that it cannot be expressed as a linear combination of the vectors u; (k =1, 2,

n). According to property (v) of the definition 2.1, there exists U € S such
that u = T(U). If we consider that U can be expressed as a linear combination of
the vectors of the basis of the space S | the following may be written:

n

ut) = K@UEZE®)=K@O)Y el [2(1)] =

k=1
= ch]\ Wi 2 ]_chuk
Hence u is the linear combination of u, (k =1, 2, ..., n). This is a contradiction,
and the proof is thus completed. 0

Theorem 2.3. Let R, S be the spaces of the dimension n, T(K, Z, I, i) the

transformation from the definition 2.1. If the vectors U, € S (k=1, 2, ..., 1)
are linearly independent, then u, = T(Uy) € R (k =1, 2, ..., 1) are linearly
independent as well.

ProoF: Let u;, u,, ..., u; be linearly dependent. Let us complete the set of the
vectors U;, Uy, ..., U; by the vectors Uy, ..., U, such that U, (k=1,2,...,
n) would be a basis. Let u, = T(U,) (k=1,2, ..., n). According to the theorem
22w, (k=1,2,...,n)is a basis of R, which contradicts the statement that u,,
Uy, ...,y are linearly dependent. (]

Theorem 2.4. The space S of the dimension n on the interval I may be trans-
formed onto the space R of the dimension n on the interval i if there exist the
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matriz K (t), the function Z(t) with the properties (i), (i), (i11) of the definition

2.1, and the linearly independent vectors U, U,, ..., U, € S and the linearly
independent vectors uy, Uy, ..., u, € R, such that for every t € ¢ the following
holds:

w(t) = KOU [Z2(t)] (k=1,2, ..., n).

ProoF: Since the matrix K (t) and the function Z(t) already possess the properties
(1), (i), (iii) of the definition 2.1, properties (iv) and (v) remain to be proved as
follows:

I.Let U € S. Since Uy, U,, ..., U, is basis of S, there exist numbers ¢, (k = 1,
2, ..., n) such that

U= el
k=1
The following holds:

KOU[Z(t)] = K(t) Y=y kU [Z2(8)] =
=Y ko KU, [Z()] = 3 pe cru (2).

Obviously u = S"p_, cku; € R. The property (v) of the definition 2.1 is proved
analogously.
II. Validity of the inverse theorem is evident. ]

Definition 2.2. Two transformations Ty, Ty from the definition 2.1 are called
identical if for every U € S the following holds: T1(U) = T2(U).

Theorem 2.5. Let T1(K1, Z, I, 1), To(K2, Z, I, 7) be two identical transforma-
tions of the space S on the interval I onto the space R on the interval i. Then
Ki(t) = Ks(t) for everyt € .

ProoF: For every U € S T1(U) = T2(U) (= u € R) holds, i.e. K1(t)U[Z(t)] =
Ky (t)U[Z(t)] for every t € i. According to.the theorem 1.4, K;(t) = K»(t) holds
as was proved. 0

Theorem 2.6. Let T(K, Z, I, i) be a transformation of the space S onto the
space R. Then the matriz K(t) is continuous on the interval i and its rank is
h=n.

PROOF: According to the theorem 2.4 there exist basis vectors u, € R (k =1, 2,
,n)Ug €S (k=1,2,...,n)such that

w(t) = KOULZ@M)]  (k =1,2,...n).

If we designate the basis matrix created from the vectors w;, (Uy) (k=1,2, ...,
n) as b (B), the following may be written:

b(t) = K (¢)B[Z(t)].
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Since the matrices b, B are continuous and possess the rank n (the spaces R, S are
regular) the matrix K (t) (= b(t)B~1[Z(t)]) must be continuous and of the rank n
as well. ]

Theorem 2.7. Let S, R be spaces defined on J, j and Z(t) is a continuous and
strictly monotonic function mapping j onto J. Then there exists the transforma-
tion T(K, Z, J, j) mapping the space S on the interval J onto the space R on
the interval j where K(t) = b(t)B~'[Z(t)] and B(T), b(t) are the basis matrices
of the spaces S, R.

Proor: Let B(T), b(t) be basis matrices of the spaces S, R. Let
K(t) = b(t)B~1[Z(t)]. (2.2)
Multiplying (2.2) from the right hand side by the matrix B[Z(t)], we have
b(t) = K(t)B[Z(t)]. (2.3)

Designating the k-th column of the matrix b (B) as u; (Uy), then according to

(2.3) we have
w(t) = K(O)U[2(1)]-

According to the theorem 2.4 the transformation T(K, Z, J, j) maps the S on J
onto R on j. ]

Theorem 2.8. If T(K, Z, I, i) maps S on I onto R on i, then T(cK, Z, I, 1)
where ¢ is a constant, maps S on I onto R on i as well.

ProoF: Let T(K, Z, I, i) maps S on I onto R on i. Then according to the
theorem 2.4, b(t) = K (t)B[Z(t)] where b, B are basis matrices of the spaces R, S.
Multiplying the last equality by the constant ¢ we obtain:

b(t).(cE) = cK (t)B[Z(¢)], (2.4)

where F is the unit matrix. On the left hand side of (2.4) there is — according to
the theorem 1.3 — a basis matrix of the space R . This completes the proof. 0O

3 Inverse transformation

Definition 3.1. Let U € S be mapped onto u € R by means of the transformation
T(K, Z, I, 7). Every transformation T(K, Z, i, I) which mapsu € Ronto U € S
is called the inverse transformation to T with respect to the vector U.

Definition 3.2. Let U, € S (k = .,1) be transformed onto u; € R
(k = 1,2,...,1) using the transformatxon T(I Z,I,4). The transformation
T(K, Z, 4, I) which mapsu, € R (k=1,2,...,)onto U, €S (k=1,2,...,1) is
called the inverse transformation to T with respect to the vectors U,, U,, ..., U;.
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Theorem 3.1. The transformation T(K, Z, i, I) which is inverse to
T(K, Z, 1, i) with respect to the vectors Uy, U,, ..., U, is inverse with respect to
each non-trivial linear combination of these vectors.

PRrOOF: Let ¢, (k= 1,2,...,l) be the constants. Let us designate:
KOUOEZOL  (k=1,2,...,1)

!
UT) = Y ali(T)
k=1

!
’ Z cr g (t)
k=1

I

=
o~

=
|

I/i
I

It holds: . .
Ui(T) = K(T)w,[Z(T)] (k=1,2,...,1) (3.1)

According to (3.1) as well as to the designation indicated, the following may be
written:

4 l
UT) = Y ali(T) =) aK@wl[Z(T) =

[Z(T)].

[
=
3
=
ke
3
I
~
3
e

(m]

Definition 3.3. Let T(K, Z, I, ©) be the transformation of the space S on I onto
the space R on ¢. The inverse transformation to all vectors of the space S is called
the inverse transformation to T and is designated as T~}(K, Z, i, I).

Theorem 3.2. The transformation ’i‘(?, Z, 4, I) is inverse to T(K, Z, I, 4) iff
T s inverse with respect to a basis of the space.

PRroOF: The statement follows directly from theorem 3.1. (]

Note 3.1. It is possible to put Z(T) = Z~'(T) throughout part 3 of this paper,
where Z~1 is the inverse function to Z.

Theorem 3.3. Let T(K, Z, I, i) be the transformation from the definition 2.1,
T~ (K, Z7', i, I) be the inverse transformation to it and Z~' be the inverse
function to Z. Then the matriz K(T) is inverse to the matriz K[Z~1(T)).

PROOF: Let b, B be basis matrices of the spaces R, S, such that
b(t) = K(t)B[Z(t)]. Then B(T) = KTz~ YT)] = K(T)K[Z~Y(T)]B(T),
hence K(T)K[Z~Y(T)]=E. o
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4 Transformation of solutions of systems of
linear differential equations

Convention 4.1. The following systems of linear differential equations of the
first order in the real domain are considered here

(an) y=M(t)y Y=N@tY (An)

where y(t) = (11(t), v2(t), ..., v (£))T, Y(t) = (Ya(2), Ya(t), ..., Ya(t))T and the
prime designates the derivation of ¢, and the point derivation of 7' . The matrices
M (t), N(T) are assumed to be continuous on the intervals j, J. Let the numbers
to € j, To € J be given. The solutions u(t), U(T) of the systems (a,), (A,) are

uniquely defined on j, J by the initial conditions

(a7) u(to) =uy  U(To) =U, (A%)
where uy = (u10, U0, - -, Un0)T, Uy = (Uro, Uso, - - -, Uno)T and ukg, Uko (k =1,
2, ..., n) are arbitrary numbers.

Note 4.1. The spaces of the solutions of the systems (an), (An) are regular (see
e. g. [2]) therefore everything what was said about the regular vector spaces holds
for the spaces of the solutions of the systems (an), (An) as well.

Theorem 4.1. Let

a) S be the space of the solutions of the system (An), R be the space of the
solutions of the system (an);

b) Z(t) € CY)(j) mapping j onto J and Z'(t) # 0 fort € j;
¢) T(K, Z, J, j) maps S on J onto R on j;
Then the matriz K (t) is the solution of the matriz differential equation
K'(t) = M(t)K(t) — K(t)N[Z(t)]Z'(t) (4.1)
PRrOOF: Let ®p/(t), ®n(t) be fundamental matrices of the systems (an), (An)-
According to the theorem 2.7 it follows that
K(t) = om(t)25' [Z(1)].
Derivating the last equality and applying the formula
do~(t)/dt = —@~1(t)®' (t)®(t)
we obtain the statement being proved.
K'(t) = @yt)0y'[Z0)]+em(t) (@' [Z(1) =
M(t)0u (1) 25 [Z(1)] - @m ()@ [Z()]@N[Z(D]®F [Z(1))2 (1) =
= M(t)®m(t)@5'[Z(1)] -
~Oum ()5 [Z(OIN[Z () @n[Z(1)]05} [(2()12'(t) =
= M@)K(t) — Kt)N[Z(t)]Z'(t).
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Note 4.2. Lettg € j, To € J and Z(to) = Tp. Obviously

@M(to) = I((to)@NZ(to).

Theorem 4.2. Let for every solution U(T) of the sys- tem (An) defined by the
initial conditions (A*) there exists a solution u(t) of the system (@), such that

u(t) = K(OUIZ(1). (4.2)

If the initial values of the solution u(t) are of the form (a*) then the matriz K (to) =
Ky satisfies the relation uy = Ko U,.

PROOF: Since u(t) satisfies the equation (4.2) and the system (ay), the following
must hold:
w/(t) = {K'(t) - K@)N[Z(1))2' (1)} U[Z(2)]

and

w'(t) = M()K@)U[Z(2)).

Comparing the righ sides of both equalities and applying the theorem 1.4 we obtain
(4.1). 0

Note 4.3. Let Oy be a fundamental matriz of the system (An). Obviously the
matriz

w(t) = I{(i)(I)N[Z(t)]

satisfies the system (a, ), however, it need not be its fundamental matriz.

Theorem 4.3. Let A(t), B(t) be square matrices of the n-th order and continuous
on j . Then the matriz differential equation

X' = A(t)X - XB(t) (4.3)

has a solution on j , given uniquely by the initial conditions X (to) = Xo. The
solution X of the equation (4.8) may be expressed in the form X (t) = w(t)®5' (t)
where w(t) is a square matriz satisfying the system y' = A(t)y, and ®p(t) is a
fundamental matriz of the system Y' = B(t)Y

ProoF: I. Let
(4) y=Altly Y =B@tY (B)

be the systems defined on the interval j, w(t) be a square matrix satisfying
the system (A), ®p(t) be a fundamental matrix of the system (B), and Xy =
w(to)®5' (to). (Evidently the matrices w(t), ®p(t) of the required properties do
exist). Analogously, as in the proof of the theorem 4.1, it is possible to show that
the matrix X (t) = w(t)®p' (¢) is the solution of (4.3).
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IL. Let there exist matrices X;(t), X2(t), these being the solution of (4.3), such
that X, (to) = Xa(to) = Xo, X1(t1) # Xo(t1) where 2o, t1 € j. Let us designate
@t = X1 (t)(I)B(t)

(t) X(1)®5(t).

wi(t

Il

wa(t

According to the note 4.3 the matrices wi(t), wa(t) satisfy the system (A). As
wi(to) = wa(to) holds, and the solutions of the system (A) are given uniquely by
the initial conditions, the following must hold: w;(¢;) = wy(t1). Hence we have
X1(t1) = wi(t1)®5' (1) = wz(tl)q);gl(tl) = X3(t;) and thus we have reached a
contradiction with the assumption X (t1) # X2(t1) and the proof is completed. O

Theorem 4.4. Let X(t) be the solution of (4.8) on j. If X(to) is regular for
some tg € j , then X (t) is regular on the whole interval j.

PROOF: See [4]. D
Theorem 4.5. Let

a) S be the space of the solutions of the system (A,), R be the space of the
solutions of the system (an);

b) Z(t) € CY(j) maps j onto J and Z'(t) # 0 fort € j;

c¢) the matriz K(t) be the solution of (4.1) defined by the initial conditions
K(to) = Ko, and let Ko be regular.

Then T(K, Z, J, j) maps S on J onto R on j.

PROOF: Let &y be a fundamental matrix of the system (An). According to the
theorem 2.6 K (t) is regular on the whole interval j , and therefore also the matrix
®(t) = K(t)®n[Z(t)] is regular on j . According to note 4.3, ®(t) satisfies the
system (an). With regard to regularity, ®(t) is the fundamental matrix of the
system (an) and this — with respect to the theorem 2.4 - proves our statement.
]
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