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Fast growing sequences of partial denominators

CHRISTOPH BAXxA

Abstract. It is common knowledge that numbers with a fast growing sequence of partial
denominators are transcendental. Several versions of this fact have been used repeatedly
in the past. We give a rather general one which can serve as a convenient technical tool.

1991 Mathematics Subject Classification: 11J70, 11J82

1 Preliminaries and a Theorem
We will use the following notations: If ay € Z and a,, a3, ag, ... € N, then
o = [ao; ay, az, as, .. ]

serves as a short notation for

1
a = ap+ T .
a + oy
ag+-L
As usual, we set sl = [ao; a1, ..., ap] for n > 0, where (pn,, gn) = 1. Then the

recurrence relations P+l = n41Pn + Pn—1 and gn41 = @n41¢n + gn-1 are valid
for n > 1. Our proofs will heavily depend on the following theorem.

Theorem 1 (A. Baker[l]). Let « € €, k > 2 and let K be an algebraic number
field. Suppose there exists a sequence (€;);>1 of pairwise different elements in K
such that

loe — &5 < H(&)™"

Jor all j > 1, where H(§;) denotes the height of £;. Then «a is transcendental. If
further

: log H (£;+1)

limsup ———=—~ < o0,

e Tog H ()

then a is a S- or T-number according to Mahler’s classification.
This is a generalization of the celebrated Thue-Siegel-Roth Theorem. The

following Lemma is a basic fact from the theory of continued fractions. We include
it for convinience.
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Lemma 2. Letl, n € N. Then
An41Qn42 ... Gppg > _‘Z_g% > (an+1 + 1)(an+2 + 1) .. (an+1 + 1)

> 2lan+1an+2 s Oyl

ProoOF: Use induction on [ and the above mentioned recursion formulae. 0

We now proceed to our main technical lemma.

Lemma 3. Let K > 1. Assume that g, < ak,, and 2(=1/2 < ok, Then at
least one of the following inequalities holds:

K(I+1 K(1+1 K(1+1
an-{(-l ) Z qn, an.f.z ) Z In+1; ---, an.f_l ) 2 In4l-1-
ProOOF: Lemma 2 implies
ndn+1 - -qnti-1 S qn - (2an+1Qn) : (22an+2an+1qn) et (21_1an+l—1 co o Ong1qn

— 9l424. 4(-1) 1 -1 -2
=2 ( )qnan+lan+2 cee Ayl

I(1-1)/2 -1 1-2 Kl
<2 =1/ Apg1Cpga - Andl-10, 4y

< af;ll aln_fz .. .an+1_1anK_'(_ll+1)
< (@ns1an42 - ‘an-H—lan-H)K(H'l)-
Assuming
afﬂﬂ) < gn, afil;l) <fnt1, ---, anKﬁH) < qn4i-1
leads to
(an+1an+2 .. '“n+l)K(l+1) < Inqn41---Qnii-1,
a contradiction. m}

The announced theorem is now proved by appealing to Roth’s theorem.

Thorem 4. Let « = [0; a1, as, as, ...]. Suppose there ezists | € N, K >0
and a strictly increasing sequence (nj);j>1 of positive integers with the property
In; < anKjJr,‘ Then a 1s transcendental.

PROOF: As qn; < a,’fj+, < an ;41 whenever 0 < K < 1 we may restrict ourselves to

K > 1. From limj_c0 gn; = 00 we see that 2/(=1/2 < qn; < afﬁ_, for sufficiently

large j. Thus, we may assume 2!(1)/2 < anKj_H for all j € N without loss of

generality. By virtue of Lemma 3 there exist infinitely many m; € N (1=1,2,3,

..) such that af:y_tll) > qm;- The assertion is a consequence of

< q—?—l/(Kl+K)
amj+1qr2nj ™

and Theorem 1. a
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Remarks and Further Results

. The condition ¢,; < a,’fj+, for a K > 0 and all j > 1 is just another way of
expressing
. 1
lim sup OB antt > 0.
n—00 0g qn

If « 1s an algebraic irrational then

lo . 1

08It _ jim sup 2B 0ntl

n—oo loggn n—oo  l0g¢n

for all l € N.

. Let a be an algebraic irrational. Then for any positive integer ! and any
positive real number K there exist just finitely many indices n such that
aX,, > gn. Using results of [3] or their sharpenings in [2] and [5] a bound
for the number of n can be given.

Theorem 5. Let a be an algebraic irrational of degree < d and K > 1. Let
h(a) denote the absolute height of a.. The number of n, for which anK+1 > qn
is satisfied, is bounded by

1 N . ) 2
log(1 + 1/K) 2-10% - K%(log d)? log(200K % logd
fog(1 + 1/K) log™ log h(a) + 0 (log d)? log(200K % log d),

where log™ z = max{log z, 0} for z > 0.

PROOF: Each such n renders a solution (p, ¢) of the inequality |ga — p| <
q~ '~/ The bound follows from Theorem 3 in [5]. m)

Note that this is not the same height function as above. Whereas H is the
field height as defined in [1], h denotes the absolute height as used in [2] and
[5]. The bound &y which is employed in Theorem 3 in [5] may be replaced by
min{1, 6/1/28} = 1 by virtue of Theorem 2 in [2] and a remark to be found
a few lines above.

Corollary 6. Let o be an algebraic irrational of degree < d and K(I+1) >
1. Let h(a) denote the absolute height of a. The number of n, for which
anK+, > qn s salisfied, is bounded by

Wl 10g+ lOg h(a)
+2-10% - 1(I + 1)° K®(log d)? log(200K 2 (I + 1)%log d).

Proor: Each index n, for which afH > gy is satisfied, gives a solution of
the inequality |gor — p| < ¢~ 1=/ (KI+K) by virtue of Lemma 3. As above,
a bound for this number follows from Theorem 3 in [5]. The number of n
which are related to a pair (p, ¢) is bounded by . (]
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3. Let pm;, 9m; be as in the proof of Theorem 4. The second part of Theorem
1 yields that

. 1
lim sup ——— < o0
implies that « is a S- or T-number.

4. Among the numbers to which Theorem 4 applies are also Liouville-numbers
and therefore U-numbers (choose e.g. anyy > g7 for n > 1).

5. Recently J. L. Davison and J. O. Shallit [4] proved the transcendency of Ca-
hen’s constant C' by exploring its continued fraction expansion. Cahen’s
constant can be defined as follows. Let Sp =2 and S, 43 = S2 — S, + 1 for

n > 0 then
= (1)
C= .
Z S;—1
Jj=0

Let ag =0, a; = 1 and ap42 = ¢2 for n > 0, then C = [0; ay, agas, .. ] as
was shown in [4]. Obviously ¢n < @n4+2 and the transcendency of C is an
immendiate consequence of Theorem 4. According to Lemma 3 at least one
of the inequalities a3, > ¢, and a3, > g, 41 holds for all n. As

lOg Qm,-.q.; _<._ lOg qm]'.q.: S 10g4 + 5 log qm_,'

the number C is a S- or T-number.
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