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On the control net of certain multivariate spline
functions

HANS-JORG WENZ

Abstract. For univariate spline functions, control polygons are well-known. This paper
presents a similar concept for the multivariate setting in case that the spline functions are
linear combinations of the multivariate normalized B-splines due to Dahmen, Micchelli,
and Seidel [5]. In addition, we show that the sequence of control nets converges uniformly
to the function it represents as the underlying triangulation is uniformly refined.

1991 Mathematics Subject Classification: 41A15, 41A63, 65D07

1 Introduction and Notations

It has been a quite old desire of numerical mathematicians to generalize the concept
of splines and especially of the basis functions called B-splines to the multivariate
setting. In 1992, Dahmen, Micchelli, and Seidel [5] presented a multivariate B-
spline basis with all the desirable properties of the univariate one preserved, such
as affine invariance, convex hull property, locality, partition of unity, and positivity
(cf. [5, 10]) while it does not suffer from the regularity (and therefore inflexibility)
of tensor product B-splines.

For the rest of the present section we will shortly introduce simplex splines, the
fathers of the new B-splines, and the new B-splines themselves to the reader. In the
next section, we define the multivariate analogue t- univariate control polygons,
the so-called control nets. In Section 3, we will show that if we successively refine
the underlying triangulation in a uniform way, the respective control nets to a given
multivariate spline function converge uniformly to the function they represent.

Now, first of all we give an exact definition of the term “triangulation”:

Definition 1. (cf.[7]) A finite family T" of sets 7 C R’, #7 = s + 1, is called a
triangulation of a set D C R’ if

(i) vols[r] >0, T €T,
(i) Userlr] = D,
(i) [f]n[)=[rn7], 7, €T,
with [7] denoting the convex hull of the elements of r € T'.

For the rest of the paper we will assume D to be a compact, simply connected
subset of R*, and that n+1 := #T < oo holds. Moreover, we postulate that for D
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there exists at least one triangulation, otherwise we approximate D by a domain
for which a triangulation exists.

If we denote by M the boundary and by intM the interior of a set M C R’,
we can give the following

Definition 2. Let T be a triangulation of D C R’, 0 < vol, D < oo, with
T ={n={ti, ..t} [ie JCN*'}.

To every vertex t; of the triangulation we assign knots t;,...,%; x—1 (whereas &
corresponds to the order of the polynomial spline functions to be represented) in
the following way:

tio=..=tik_1=t , ift; €dD
so=tiund t;,, €D, v=1,... k=1 | ift;€int(D).

S

In addition, with

Aip = [tio,bo: . ~-,ti,,b,] , ieJ, be{0,....k— l}’+1 ,
Qi,k = int ﬂ Ai,b s
0<[b|<k-1
we require
volg(Qix) >0, i€J. (1)

(For vectors b € {0,...,k —1}**! we denote |b| :=||b|l := Y_;_, |bi|.) Then, the
set
K(T) :={t;,|ti is a vertex of T,v =0, ...,k — 1}

is called a knot set of order k of the triangulation T'.
Remark. A simple knot set of a triangulation T is obtained by
tio=...=tik-1=%

for all vertices t; of 7. In this case, A; p, = [n], i € J, 0 < |b| <k, is true which
implies Q; , = [n], 1 € J, and because of Definition 1 (i), equation (1) holds.

Over such a knot set we define the simplex spline via

Definition 3. (cf. [1, 8]) The s-variate simplex spline M (x|W) of order k over the
knot set W = {wy, ..., ws4k-1} C R’ is the particular continuous, nonnegative
function which satisfies

Fx)M (x|W)dx =
]Rs

(k - 1)!/5 flbowo + -+ dsth—1Wsyk—1)dbo - -ddsyi—1  (2)
stk—1
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for all f € L} .(R*), the space of all locally Lebesgue integrable functions on R’.
Here,

s+k—-1
Ss+k—l :{(¢0v"'>¢s+k—1)l¢”20v l/:O,.H,S+k—1, Z ¢, = 1)
v=0

is the standard (s + k — 1) simplex. In case vol,(W) = 0, the simplex spline is to

be understood in the distributional sense. (In this paper, all knot sets W satisfy
vol, (W) > 0 because of (1)).

tiati 2

tio ,0 til ,0

Fig.1. Q3 in R?

Remarks. a) The simplex spline M (x|W) is well-defined and unique.

b) For the classical univariate B-splines, a similar relation as (2) holds (cf. Curry
and Schoenberg [4]).

Now, for an arbitrary set W = {wo, .

..,ws} of s + 1 affinely independent points
of R* we denote

d(W)::det( Lo 1 >,
wo - w,

and with this notation, we can finally introduce multivariate, normalized B-splines:
Definition 4. (cf.[5]) Let 7 = {#i,,...,t;,} be an element of the triangulation T
and let K (T) be a knot set associated with T'. We define

Xi,b = {t,-j,b].lj:(),...,s} , ib‘:k—l,
Vip = {t,‘],l,lu:(),..“bj, j:O,...,s}, ‘b‘:k—l,
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(remember that (1) implies vol,[Xj ] > 0 for all b with |b] = k — 1). Then, the
normalized B-spline of order k is defined by

N; pi(x) = d(Xip)| - M(x|Vip) , [bl=k-1.

2 Definition of the control net

In this section, we present an anologue of the control polygon of univariate spline
functions in B-spline representation for the multivariate setting in case that the
spline functions are linear combinations of normalized B-splines as introduced in
Definition 4.

Assume we are given some spline function f on a compact, simply connected
domain D as well as a triangulation T' of D and a knot set K(7T'). Assume further
that f has the representation

=3 > dipNip, - ®)

1eJ |bj=k-1
As in [9], we define the Greville abscissae &; 3, by

s bj—1

1
fi,b = mz Z ti; v -

J=0 v=0

Now, as in the univariate case, the control net is a piecewise linear interpolant

of the control points (2”{) But, in contrast to the univariate case, such an
i

interpolant is not unique. It depends on the triangulation of the abscissae (which
are the Greville abscissae in the present situation).

Here, we give a triangulation of the Greville abscissae which is similar to
the canonical triangulation of the abscissae of the Bézier points in the case of
Bernstein-Bézier segments (cf. [2]). To this end, we define the set

T:= {{Ei,b—eﬁeo’ e ’5i,b—ej+e,} | 6;>0,i€J, |bl=Fk- 1}

and denote by T the set of different sets in T'. As it is easily verified, T is a
triangulation of D whenever (1) is true. In the special case

tij=t, j=0,..., k-1, (4)

for all vertices ¢; of T' (then, the normalized B-splines are exactly the Bernstein
polynomials over the respective simplices), T is exactly the canonical triangulation
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we mentioned above (cf. Fig. 3).

AN

]
N N\
b o=ty =t 2 N &
- § A\
AN
N\
N\,
\
N
I RN AN
| [N I

Fig. 2. Part of a triangulation T of D.

] | 1 '
N ] N ] A ] N : 1
At 0ti 158 v

Fig. 3. The same part of D as in Fig. 2, together with the triangulation for the
third order Bézier control net (thinner lines)

In addition, the Bernstein polynomial b; p = N; b over a particular simplex [r]
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of T reaches its maximum in &; p,.

In general, the topology of T for all knot sets satisfying (1) is the same as in
the special case of (4). An example for this is shown in Figures 3 and 4.

Over T we now define hat functions which are exactly the normalized second
order B-splines N‘i,b,Z' For these B-splines

N; b2 (&) = &; - dbg

is true. Here, the generalized Kronecker symbol 4;; for integer vectors i, j € Nyt
i= (iOy .- .,i,)T,j = (jOy . 'vjs)Tr is Siven by

6ij = H ‘Siuju .
v=0

] | 1 | ]
SN N N\ N 1
N N \ N H!
e N0 > Syt N A
-~ L
A " -=
ti.2
SN\ A AN
AN ti, N
N\
N
A
N
A
N
N
. -—
- N N _
4 - - -
N3
L] - N\
\\ N
N\
. — -———
N
N
N
\
. ——- N ——
“ﬂ:‘/:\\\ - |\\< -
N N SN 1 N [N
s AN 1 [T

1 1 ]
. .

Fig. 4. The same part of D as in Fig. 2, together with the triangulation T for the
control net of a space of third order spline functions (thinner lines)

Now, if some spline function f over T has the representation (3), then the operator
L,
Lf=3% > dipN;p,
ieJ |b|=k-1

maps f onto its control net with respect to the knot set K (7).

Remark. Inspecting Figures 5 and 6 in Fong and Seidel [6] indicates that there,
a similar operator to L must have been used by the authors in order to visualize
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a control net for multivariate spline functions. But neither the operator nor the
control net have been explicitely described there.

3 Convergence of the control net

In order to inquire the convergence properties of the multivariate control nets in-
troduced in the previous section we start with a sequence of triangulations {T;}{2,,

Ty={rf={ti,,... t& }|ie J CNJ'},

19

of the compact, simply connected subset D of R’, where each triangulation is a
refinement of its predecessor. Moreover, with the number n; + 1 of vertices in T}
as well as

h; = maxdiam[7{] and ¢, := min ||t} —t;-”z , lENg,
ieJ; 0<i,i<n

i#]
we postulate the following:
: _ ¢ .
limhy =0 and — >g¢ with 0<g<1. (5)
l—00 hl - -

(5) is sort of a equilibrium postulation: With this condition, it cannot happen that
the refinement of the triangulations proceeds at different speeds in different areas
of D.

Fig. 5. Illustration of equation (6).
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To every triangulation 7; we assign some knot set K(7;). The choice for the
knot sets K (7;) is arbitrary as far as Definition 2 is fulfilled and f is in the
respective spline space. In addition, we postulate

1
I, ~till <5 ¢, J=0 k=1, i=0,...,m, (6)
with ¢, as in (5). (NB: (6) does not imply (1) although Fig. 5 seems to propose
that). .

In preparation of Theorem 5 we define the operators L; for T; and K(T};) by

Lif =3 3 diplip, (7)
icJi |bl=k—1
for f with the B-spline representation
— I a7l
F=3% > dpNip, )
teJ; |bl=k-1

(cp. Section 2) as well as another class of (obviously linear) operators @, | € Ny,

by
Qf =3 >, JE Ny,

i€Ji [b]=k-1
The latter are the analogues of the classical variation diminishing quasiinterpolants
due to Schoenberg.

The composition L;Q); maps the spline function f onto the piecewise linear
function L;Q;f over T; which interpolates f at the Greville abscissae 52 b ie Jp,
bl =k —1. '

With these operators we can now state and prove our central theorem on the
convergence of control nets. It is similar to a result of Cohen and Schumaker 3]
for the control polygons of univariate spline functions.

Theorem 5. For f € C?(D) with the representations
I sl
f=22 30 dnNips
i€ [b|=k—1
over the triangulations T} with respect to the knot sets K(T}) the following is true:

f = Lifllop < C-hi- gllggllD*‘flloo,D : (9)

o o

Here, we have C = const. > 0, h; := max,er, diam[r] and D* := U dalde
S

5
a € Nj, the usual multiinder notation for partial derivatives in s variables.

Remark. Since we take T} to be a refined triangulation with respect to Tj_,
1=1,2,..,(9) is true for all functions f that can be represented in the following

form:
f= Z Z dngzp,b,k ,

i€Jo |b|=k—1
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l.e., (9) is true for all f that are linear combinations of normalized B-splines over
the original triangulation, together with the original knot set K (Tp).

PrROOF: We start with the same standard trick as in [3], here in the multivariate
setting:

f = Lifllo,p <Wf = LiQiflloo,p0 + |1 L1@Qi1f — Li f|loo,D - (10)

Now, from Lemma 6 below (all Lemmata that we use here will be given below),
we know that the operators L; are continuous and bounded by —k where v, x is
a constant that depends only on the number s of independent variables and the
order k of the spline spaces we use. So, equation (10) becomes

1
WS = Liflloo,p <|If = LiQiflleo,0 + 7—k|lQlf = flloo,D - (11)

3,

Since in [5], Section 4, the relation
I/ = Qufllco,p < Co-hi - max|[ D% flleo,p (12)
is shown (with h; := max;er, diam[r]), we only have to prove sort of an O(h?)
asymptotics for
If = LiQiflloo,p -

In order to do so, for an arbitrary x € D with x € [7], 7 € T;, we choose some
fixed & within the same simplex 7. By Taylor’s Theorem (cf.[11]) for the same
representation as here) we get

[(x) = f&) + /@) (x=8)+ 3 2D (B +0,5(x— ) (x—2)* (13)
la]=2

where f'(2) = grad f(z) and 0, z € (0,1).
Since linear functions get reproduced by the linear operators LiQ; (cf. Lemma 7),
(13) furnishes

1 ~ - ~\a

F6) = L@if(x) = (I - LiQ) (Z D (40, 5(e - 7)) - (o) ) (x)
lajl=2

where I is the identity on C?(D). Now, using Lemma 7 again, we get

(I-LiQ) (Z ‘Daf vi(e—%)) - ("‘"’))
0,[7]

lal=2

1

IIf = LiQi flloo,[71

IN

Cr (I = LiQ0)lloo,p - bf - max|ID* o,

IN

C - hf - max||D*floo,p -
|la]=2
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Here, we set il[ = maXzoqf, diam([7]. Note that neither C; nor C; depend on [ !

Since k and h have the same asymptotic behaviour as can be seen from Lemma 8,
we obtain

f = LiQifllco7) < Cs - b} ’IIBIZ’;HD“fHoo,D A (14)

And since the right hand side of (14) does not depend on our special choice for
x and therefore 7, we can take the supremum norm over D on the left hand side
and at the end, we have

If = LiQifllco,p < Cs-hi -max || D*flloo, -
Together with (11) and (12), this proves our theorem. D

Lemma 6. The operators L; are linear, continuous, and bounded. Moreover, the
following relation is true: :

1
lLtlloo,p < : (15)
Vs,
Here, the constant v, only depends on the number s of independent variables
and on the order k of the spline space under scope.

ProoOF: Each of the operators L; is an isomorphism between finite dimensional
vector spaces as can be seen from their definition (cf. (7) and (8)). Knowing this,
the linearity, continuity, and boundedness are obvious.

In [5], Theorem 4.2, the authors show that for any sequence ¢ = {Ci,b}iEJ,|b1=k—1
the inequation

Yokllelloo <UD Y- i pulloo,n < llelleo (16)

ieJ |bj=k-1

is true. Here, the maximum norm ||c||ec of a vector ¢ = {cib}ies,|bj=k~1 IS given
as usual by

cllo ;= max c:pl .
llell iEJ,[bI:k—lI ibl

By inequality (16) we see the following:

Iiflleop = 1D Y dinlip,lleon

i€J; |bj=k—1

as

< HdipYiea ibl=k-1lloo

(16) 1

< LAY Y duylen
Yok i€, bj=k-1
1

= NS lloo,p -
Vs, k

From this we easily conclude (15). m]
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Lemma 7. The operators LiQ are linear, continuous, and bounded. They satisfy
the relation

LiQif=f )

for every linear function f as well as

1LiQilloo,p =1 . (18)

PRrROOF: As in Lemma 6 above, each of the operators L;Q; is an isomorphism
between finite dimensional vector spaces and therefore the linearity, continuity,
and boundedness are obvious again.

In [5], the relation

Qf=f

for every linear function is shown, and since L; f is the (unique) piecewise linear
interpolant of f over T}, we have

LQf=Lf=f

for all linear functions f and for all [ € Ng.
Equation (18) can be realized as follows:

1LQifllon = 1D D (& p)N; p olloo,n
i€J; [bj=k—1
(16) ,
< IRAEG p) hieabl=k-1lloo
< flleo,n

e, ||LiQil|loo,p < 1 for alll € Ng. With the test function f, f =1 on D, we get
1L1Q1 flloo,n = |ifloo,D

because of (17), and so ||LiQi]leo,p = 1, ! € Ny, is true. ' 0O

Lemma 8. For the quantities h; and hy as in the proof of Theorem 5 and q from
(5) we have the following:

1 = 5
§~Q'h1Sh[S§~h[, leNy . (19)
PROOF: For any simplex 7 € T}, i1 = {d,b—ej-{-eov . "Eil,b—ej+e,}: we have
e ! !
diam[7] = OSIE%/XSs ll€ib-e;+e,. — fi,b—ej+e,}||2

i
= Gglzﬁ)és Htél"bﬂ - timbullz ) ‘bl = k -1 ) l S NO .
Sy
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Now, it is easily seen by (6) that

o

2 9
. ! ! . ~
min |16, & [l - 3¢ < diam{A) < max it~ o+ 34, €N,
n#EV BEYV

is true. This implies

1 . ~ 2
¢ < maxdiam(fi] = by <k + -4, [ENg,
3 feT - 3

and finally with (5) and ¢; < h; we obtain (19). 0
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