Acta Mathematica et Informatica Universitatis Ostraviensis

Krzysztof Ostaszewski
Division space axiomatics

Acta Mathematica et Informatica Universitatis Ostraviensis, Vol. 1 (1993), No. 1, 47--58

Persistent URL: http://dml.cz/dmlcz/120473

Terms of use:

© University of Ostrava, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/120473
http://project.dml.cz

Acta Mathematica et Informatica Universitatis Ostraviensis 1(1993)47-58 47

Division Space Axiomatics

KRZYSZTOF OSTASZEWSKI

Abstract. The abstract Henstock integral is defined for real functions on a division
space (Henstock [2], Muldowney [5], Ostaszewski [6]). We consider two sets of axioms
for a division space, one due to Henstock, and another due to Thomson [7], [8]. We show
and discuss their equivalence.
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Introduction. Kurzweil [4], and independently Henstock [1], introduced a gen-
eralization of the classical Riemann integral which is more powerful than the
Lebesque integral, yet has all of its desired properties, especially with respect
to limit theorems.

Their idea has been extended to an abstract setting — to what we will refer
to as the Henstock integral of a real-valued function defined on a division space .
We concentrate on the definition of that concept here.

1. Definition. Let X be a nonempty set, and ¥ a nonempty class of its subsets
such that if I, J € ¥ then INJ € ¥ , and I\ J can be written as a finite union
of elements of ¥ (this means that ¥ is a set-theoretic semiring in the sense of
Kolmogoroff [3]). We will call the elements of ¥ cells (alternatively, they can be
called intervals, as in Henstock [2], Muldowney [5], Ostaszewski [6], or Thomson
[7], [8]). We also assume that X = J;¢y 1.

Let ¥s denote the class of finite unions of elements of ¥. Elements of ¥'g are

called elementary sets. If E € YVsand E=L UL U...I,, where I, I, ..., I,
are pairwise disjoint, n € N, then {I1, I, ..., I} is called a partition of E. Let
{(zi, I), (z2, I2), ..., (zn, In)}, n € N, be a finite collection of pairs (z;, I;) €
XxW¥,1=1,2,...,n,suchthat {I1, I3, ..., I,} is a partition of E = I; UL, U

...UI,. Then {(z1, I), (a2, I2),..., (%n, In)} is called a division of E. If S is
a subset of X x ¥ which contains a divison of an E € Ug, we say that S divides

E.
IfSCXxV¥,and E C X, we write

S(E)={(z,I)e S:ICE}

and

S(E)y={(z,I)eS:z€E}.

2. Definition. (Henstock [2]) A nonempty class Ay of subset of X x ¥, Ay #
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{0}, is called a derivation base in the sence of Henstock if it satisfies the following
conditions:

(i) For every E G $5 there exists an S G A// such that S divides E;

(i) If Si, S2 € A//, Si and S2 divide an E G *5, then there exists an S3 such
that S3 C S fl S2 and S3 divides E;

(iii) If Ei, E; G $s are disjoint, and an S G A// divides EiUE; then S(f?i) € A//
and SE\) divides E\

(iv) If En, E2 € \fs are disjoint, Si divides JE7, Si divides "2? then there exists
an S € A// dividing £1 U E; with SC Si H S,.

A base which satisfies (i),(ii), and (iii), but not (iv), is called a nonadditive deriva-
tion base in the sense of Henstock.

The definitions and notation follow generally, but not exactly, those of Henstock
[2], and Muldowney [5]. DifFerences are an attemp to reconcile the above works
with Thomson [7], [8], and Ostaszewski [6].

3. Definition. (Thomson [7], [8]) A nonempty class AT of subset of X x \f, AT *
{0}, is called a derivation base in the sense of Thomson if it satisfies the following
two conditions:

(i) Forevery EG #sand S G A,, S divides E;

(ii) If Si, S* G Ar then there exists an S3 G AT such that S3 C Si fl S2.

If in addition to (i) and (ii) Ar satisfies the condition:
(iii) IfJSi, E, G \fs are disjoint, Si, S2 G Ar such that
S,(IE;1U,E;3)CSI(J5;,)US,(E2);
then Ar is called an additive derivation base in the sense of Thomson.
4. Definition. If A# is a derivation base in the sense of Henstock, the triple
(X, *, A//) is called a division space. 1f A// is the derivation base in the sense

of Thomson, we will call the triple (X, \f, AT) a division space in the sense of
Thomson.

5. Definition. If F: X x $ —« R then its lower, and upper limits (respectively)
at a point xo G X are defined as

(A) liminf F(x, ) = sup inf Fx, 1),
[-**g SEA(* o, 1)€9{ZO}]
(A)limsupF(:r, 1) = inf sup F(xo 1.

/-*0 SR (x0, i)es{x)]
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The above definition does not extend to the degenerate case of S € A for which
S[{zo}] = 0, but that case is, generally speaking, not considered. A denotes a base
in the sense of Henstock or in the sense of Thomson.

If both the upper and lower limits are equal, their commo value is reffered to
as the limit of F at z, and denoted by (A)lim;—.., F(z, I),

6. Definition. (Henstock [2], Muldowney[5],Thomson [7], [8])

fFF:X x ¥ —- RandG: X x ¥ — R, then the upper, lower, and
ordinary (respectively) derivates of F' with respect to G at zo € X, with respect
to the base A, are defined as:

o ma
DaFa(zo) = (A)lim sup 70,
v F, D)
DaFe(zo) = (A)limint o,
_ . F(z, 1)
DaFg(z0) = (8) Ili.r?., G(z, I)

7. Definition. (Henstock [2], Muldowney (5], Thomson [7], (8])

Let F: X x ¥ — Rand E € ¥s. The upper and lower (respectively)
integrals of F over E, with respect to A, are defined as:

(A)/EFzgrexg sup Z F(z, I),

rCcs (z, I)EX

where m C S are divisions of E, for a base in the sense of Henstock we consider

only those S which divide E, and

(A)/ F = sup infs Z F(z, I),
L E

®C
sea (z, I)E™

and again 7 C S are divisions of E, only S dividing E are considered if the
Henstock’s concept applies.

If the upper integral equals the lower one, their common value is referred to as
the Henstock integral of F over E, written as

(A) /E F.
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8. Definition. If Ay is a base in the sense of Henstock, we define (this definition
is being introduced here) its Thomson analogue as the class Ar

Ar = {UEEWS ag : ag is the coordinate of a € [[ ey, AH, E

corresponding to E € \I’s}»

where
Ay, g={S(E):S5 € Ay, S divides E}
for E € ¥g, and the products in (1) is the standard Cartesian product.
If A is a base in the sense of Thomson then we define its Henstock analogue as

Ay ={S(E):S € Ar, E € ¥s}.

9. Theorem. (a) If Ay is a class of subsets of X x ¥ which satisfies the azioms
2(i), 2(i1), and 2(iii) then its Thomson analogue is a derivation base in the sense
of Thomson.

(b) If Ay is a derivation base in the sense of Henstock then its Thomson
analogue i3 an additive derivation base in the sense of Thomson.

(¢) If At s a derivation base in the sense of Thomson then its Henstock
analogue satisfies the azioms 2(i), 2(ii) and 2(iii).

(d) If At is an additive derivation base in the sense of Thomson then its
Henstock analogue 1s a derivation base in the sense of Henstock.

PROOF: (a) We will show that the axioms 2(i), 2(ii) and 2(iii) imply the axioms
3(i) and 3(ii). To show 3(i) note that if S € Ar, Ey € ¥s then

S=Ea5
EeVs

for some

a€ H Ay, g,
Eevs

and ag, divides Ey because ag, € An, E,; i.e., ag, = S(E,) for some S € Ay
which divides Ej.
Now consider 3(ii). Let

Sl== 2: OJE,52== E: a"E.
Eevg Eevg
Then for each E € ¥
o'g =S'(E), d"p = §"(E),

where S'g, S"p € Ay and both S'g, §"p divide E. By 1.2(ii) there exists an
SE € Ay which divides E and such that S C S’ N S"E. Let

ag = S(E).
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Define

Ss= U aFE.

Eevs

Then S3 € A1 and S3 C S'g N S"E, as desired.

(b) We will show that Ar, the Thomson analogue of Ay, satisfies the axiom
1.3(iii). Let Ey,E, € ¥g be disjoint, 51,52 € Ar. Let E C E; U E; be an
arbitrary elementary set. Define E' = ENE;,E" = ENE,. Using the definition of
51 =Ugey, @ S2 = UE‘G‘Ps o', choose a'gr, a" gn. Note that o' g/, o' g € Ay
by 1.2(iii). Define S’ = o'p,S" = a"gr. By 1.2(iv) there is an S € Ay such
that S divides E'UE" and S C S'US". Let fg = S and for E not contained in
Ey U E, define B arbitrarily. Set S3 = Jgcy, Be. Then S3 € Ar and

Ss(El V] E3) C S](E[) U 52(E2),

as desired.

(c) To prove that Ay satisfies 2(i) it suffices to note that every S € Ar divides
every E € Us. Therefore, if E € U then for S € Ar,S(E) € Ay (the Henstock
analogue),and S(E) divides E.

To prove 2(ii) consider S1,5; € An, both dividing an E € ¥s. Then S; =
S'(Ey) for some S' € Ar and E; € ¥s. But since Sy divides E, E must be a
subset of Fy. Similarly, S; = S"(E;) with S" € Ar, E; € ¥s, E C E;. By
3(ii) there exists an. S" € Ar such that $" C S'NS". Let S3 = S"(E). Then
53 C 51 N Sg and 53 diVideS E.

Now let us turn to 2(iii). This one is obvious. Ej, E; € ¥g are disjoint
and S € 6y divides E; U E; then S = S’ (E) for some S’ € Ar, E € Vg,
E D> E; U E;. Then S(E) = S'(E)(E1) = S'(E1) € Ay and S(E;) divides E,
because S’ does.

(d) We only need to show that the Henstock analogue Ay of an additive base
Ar satisfies 2(iv). Let Ey, E; € ¥ be disjoint, and let S; = S1(F) € Ay, where
S1 divides Eq, S2 = S2(E;) € Ay, where S; divides E;. By the definition of a
Henstock analogue, we have S; = S'(E;), S; = S"(E.), with §', S" € Ar. By
3(iii) there exists an S € A7 such that

S"(E1 U E,) C S'(Ey) U S"(E).
Let S = S"'(E, U E;). Then S € Ay, S divides E; U E;, and
S C S'(E1)U S"(E,).

This completes the proof of part (d), and the entire Theorem 9. a

10. Definition. If Ay is a derivation base in the sense of Henstock such that
(v)(a) f E € ¥s, Su € Ay and divides E for every n € N, andif X, C X,
Xn N Xm = Oformn € N, m # n, then there exists an § € Ap dividing
E such that
S[X,] C S,, foreachneN,
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then (X , ¥, Ay) is called a decomposable division space in the sense of Henstock.
If instead of (v)(a) we have
(v)(b) If E € U5, S, € Ay, where z € X, and each S, divides E, then there
exists an S € Ay dividing F such that

S{z}] € S;, forze X,

then (X, ¥, Apy) is called a fully decomposable division space in the sense of
Henstock.

11. Definition. If At is a derivation base in the sense of Thomson, and
(V)a) f S, € Arforn eN, X, C X with X, N X, =B form # n,m,
n € N, then there exists an S € A such that

S[Xn] C Sy, forrneN,

then (X, ¥, Ar) is called a decomposable division space in the sense of Thomson,
and A7t is said to be of o-local character.

If instead of (v')(a) Ar satisfied:

(v')(b) If S; € Ar for z € X then there exists an S € A such that

S[{z}] C Sz, forz e X,

then (X, ¥, A7) is called a fully decomposable division space in the sense of
Thomson, and Ar is said to be of local character.

12. Theorem. (a) If (X, ¥, Ay) is a decomposable division space in the sense
of Henstock, and At 1s the Thomson analogue of Ay, then (X, ¥, Ar) is a
decomposable civision space in the sense of Thomson.

(b) If (X, ¥, Ag) is a fully decomposable division space in the sense of Hen-
stock, and At 1s the Thomson analogue of Ay, then (X, ¥, Ar) is a fully de-
composable division space in the sense of Thomson.

(c) If (X, ¥, Ar) is a decomposable division space in the sense of Thomson,
and Ay in the Henstock analogue of Ar, then (X, ¥, Ay) is a decomposable
division space in the sense of Henstock.

(d) If (X, ¥, AT) is a fully decomposable division space in the sense of Thom-
son, and Ay 1is the Henstock analogue of Ar, then (X, U, Ay) is a fully decom-
posable division space in the sense of Henstock.

PROOF: (a) Assume that S, € A7, X, C X, with X,, ’s pairwise disjoint, for
n € N.Let E € VUs. Let
Sn=: LJ QE, n,

EeV¥s

(choose ag, n corresponding to that E € s for each n € N). Because
(X, ¥, Ay) is decomposable, there exists an ag € Apy, dividing E, and such
that

ag[Xa] C ag, n, for alln € N.
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Let S = Ugewsag. Then for each n € N

S[X,] = U ag[Xa] C U ag, n = Sn,
Eevs Eevg

and this proves (a).
(b) Let Sz € Arforz € X. For any E € ¥s, since S; = UgewsaE, 5, We
can choose an ag, , € Ay corresponding to that E, for every z € X. Because

(X, ¥, Ag) is fully decomposable, there exists an ag € Ay, dividing E, and such
that

ag[{r}] C ag, . for every z € X.
Define S = Ugey,ag € Ar. Then, for each z € X,

Sl = U eslizlic | ag,.=5.,

Eevs Eev¥s

which proves (b).

(c) Let E € ¥s, S, € Ay, for n € N, and S, divides E. Let {X,} be a
sequence of disjoint subsets of X. Each S, equals St » (E,) for some S7, » € A7
and E,, € ¥s. Since S, = St, n (Ey) divides E, E must be contained in E,,.
Because (X, ¥, Ar) is decomposable there exists an S; € Ap such that

ST [Xn] C ST, n for each n € N.
Define § = St (F). Then S divides E, S € Ap, and

S[Xa] = ST (E)[Xa] C ST (En)[X.]) =
= ST [Xn] (En) C ST, n(En) = Sna

as desired.

(d) Let E € ¥s, S, € Ay for z € X with each S; dividing E. Every S, equals
some ST, ; (E;) where St, ; € Ar and E, € ¥s. Since St, ; (E;) divides E, E
must be contained in each E,. Because (X, ¥, Ar) is fully decomposable, there
exists ST € At such that

Sr [{1:}] C ST, z
for every z € X. Define S = ST(E). Then S € Ay, and for each z € X
S[{z}] = Sr(E)[{z}] C ST (E:)[{=}] =
= St [{z}](E:) C ST, : (E:) = S..
This ends the proof of Theorem 12. m]

13. Remark. The main purpose of this work is to investigate whether the
Henstock and the Thomson axiomatics of a division space are merely two different
perspectives on basically the same concept. We have been quite successful until
now in showing just that. But the goal as stated above may be overly optimistic, as
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we will show starting with the following proposition (which requires an additional
assumption for the perfect correspondence to be preserved).

14. Proposition . Let At be a derivation base in the sense of Thomson, Aty
be its Thomson analogue, and ATyt be the Thomson analogue of the Henstock
analogue. Assume that A1 has the property that if for every E € ¥gs, Sp € Ar
18 chosen, then

U Se(B)ea.
Ee¥s

Then Aryt = AT.
PROOF: Recall that

Aty ={S(E) S€ Ar, E € ¥s}.
If E' € ¥s then

ATH, E = {S(E') S € Arp, S divides E'} =
={S(E)(E') S € Ar, S(E) divides E', E € ¥5} =
={S(E)(E') SeAr,E'CE,E€ ¥s} =
= {S(E') S € Ar}.
If apr € Aty pr for each E' then ap = Spr (E'), E' € ¥s, Spr € Ar. Every
S € Arnr is of the form
S= U agr,
E'€V¥s
and by the above assumption, S € Ap. Thus Argr C Ay. It is obvious that
At C ArHr,asany S € Ar equals Ugews S ( E ). This ends the proof. O

15. Example. The additional condition required in Proposition 14 is necessary.
To illustrate that, consider the Thomson base generating the classical Riemann
integral on closed subintervals of R (see Thomson [7]):

Ss={(z, [a, b)) :z € [a, 8] C (2 =6, 2+ 6)},
where § is a positive real number, and »
Ar ={S5:6€(0,+0)}.
It is easy to see that A7 is a derivation base in the sense of Thomson. For
E =aj, b)) Ulag, by)U...U[an, bn) € ¥g

let
bg = max(’“l'v lb1|v |a2|a |b2|1 vevy !aﬂ|’ ‘an’
and Sg = Ss;. Then
U Se(E)

Eev¥sg



Division Space Axiomatics 55

belongs to AruT but cannot be expressed as an S € Ar.

16. Proposition. Let Ay be a derivation base in the sense of Henstock which has
the following property: if E € U, and for each E' C E, E' € Ug, we have some
Sgr = Sg (E') € Ay such that Sp divides E', then Up/ceSE: C Ap. Let Ayt
be its Thomson analogue nad AgTy be the Henstock analogue of the Thomson
analogue. We have then the equality AyTn = Ap.

PROOF: By definition, S € Ayt if
S = U ag,
EeV¥s
where ap = ap(F) € Ay, and ag divides E. Let S' € AgTh be arbitrary. Then
S' = S(E') for some E' € ¥g and S € Ayr. But then
S'=J ex(BY= |J ap(E'NnE).
Eevg EeV¥s

By the assumption, S’ € Ay. Thus Agry C Apg. Since the inclusion Ay C
Apry is clear, we have the desired equality. 0

17. Example. The additional assumption given in Proposition 16 is necessary.
To show that, consider again the class

U={[a,b):acR,bER, a<b}
on R (same as in Example 15). For an E € ¥ let
Ss = {(z, [a, b)) :z € [a, b)) C (z — 6,z + 6) C E}
for § > 0. If for Ey = [—1, 1), E' C Ey we define
6p = sup |z],
z€E’

then

U S6E/ 71: Sﬁa

E'CE,

for any § > 0, where Ss is defined on Ey. For this base, Deltay is a proper subset
of Ayrh.

Theorem. (i) Let Ay be a derivation base in the sense of Henstock, Ip € ¥, and
F:X xV¥ — R. Let Ayt be the Thomson analogue of Ay. Then then Henstock
integrals of F obtained via Ay and Ayt are identical; i.e.,

(Aw) [, F = (Awt) [, F,
(An) [;, F = (AnT) [}, F (i the integral exists).
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(i) Let At be a derivation base in the sense of Henstock, Iy € ¥, and F :
X x ¥ — R. Let Aty be the Henstock analogue of Ay. Then the Henstock
integrals of F' obtained via A7 and Arpy are identical; i.e.,

(&r) [, F=(Arw) [, F,

(AT) T]oF = (ATH)T,OF,
(A1) f,o F= (A'I'H)f]0 F  (if the integral ezists).

PROOF: Note that in the Definition 7 (of the Henstock integral), both in the case
of using a base in the sense of Henstock and in the sense of Thomson, only divisions
of Iy are used, and only S C A dividing the entire Iy (in the Henstock case), or
S (Ip), where S € Ar (in the Thomson case), are used. This observation gives the
desired equivalences of definitions immediately. O

19. Theorem. (i) Let Ay be a derivation base in the sense of Henstock, and let
zo € X. Assume that Ay has the following property: if (z, I) € S € Ay then for
every E € W such that INE # Q there is an S € Ay dividing E such that for
(2, J)€ S, z# x. Then for any F, G : X x ¥ — R the definitions of a limit of
F at xq, and of the derivative of F' with respect to G with respect to Ay and its
Thomson analogue AT are equivalent; i.e.,

(Ap)liminfr_z, F(z, I) = (Apr)liminf; .,y F(, I);
(Ay)limsup;_,,, F(z, I) = (Apr)limsup;_, F(z, I);
(Ap)lims—yy F(z, I) = (Agr)limr.z, F(z, I)  (if the limit exists);
Dy, Fo(20) = DpypFo(2o);

DayFo(20) = DayrFo (20);

Da, Fg (20) = DayrFe (z0)  (if the derivative ezists).

(1i) Let At be a deriwation base in the sense of Thomson, and let xo € X.
Assume that A7 has the following property: if (zo, I) € S € Ay, I C E € ¥5 then
there is an S; € Ap such that for Sy C S, (zo, I) € S1, and every (zo, J) € Sy
has J C E. Then for any F, G : X x ¥ — R the definitions of a limit of F at z,,
and of the derivative of F with respect to G, with respect to A and its Henstock
analogue Ay are equivalent; i.e.,

(Ar)liminf;z, F(z, I) = (Arg)liminf; .., F (z, I);
(Ar)limsup;_,, F(z, I) = (Arn)limsup,_,, F(z, I);
(Ar)limy .,y F(z, I) = (Arn)limj—zo F (z, I)  (if the limit exists);
Dp, Fg(20) = Dary Fa (20)5

DarFg (z0) = Dary Fo (20);
DarFg (z0) = Dy, Fa(zo) (if the derivative exists).
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Proor: If sufficies to prove the parts concerning limits, as derivatives are defined
as limits. It is perfectly clear that the lower and upper limits with respect to the
Thomson analogue (in the case (1)), or with respect to the base in the sense of
Thomson (in the case (i1)) bound the upper and lower limits with respect to the
base in the sense of Henstock (case (i)), or the Henstock analogue (case (ii)).

To finish the proof of (i) we will show that

(A)limint F (2, I) < (Apr) liminf F(z, 1),

Let € be an arbitrary positive number. Let s € Ay be such that for every (zq, I) €
S
F(zo, I) 2 (Ay)lilmian(z, I)—e.

—z0

Choose an (zg, I) € S. Let E € ¥ be arbitrary. Define E' = ENI, E" = E\ I
(note that E', E" € Wg). Let S' = S(E'), and let S" be an element of Ay
dividing E" such that for (z, J) € §", z # z. By 2(iv) there exists an S € Ay,
dividing E, such that $" C §'U S”. We can assume that S” = S" (E). Let
BE =S", and

Sr= J Bee€Aur
Ee€¥s

Then for every (zo, I) € Sp
F(zo, I) > (AH)liImian(x, I—c¢.

—Ig

Thus
(Anr) liminf F (2, I)) 2 (Ap) liminf F (2, I).
—Zo —ZTo

This proves that

(AnT) lijmian(:c, I = (AH)liImim" F(z, I).
The equality of upper limits is proved similarly, and the rest of (i) follows easily.

To prove (ii) we only need to show that
(Arn) liImian($, I <(Ar) Iilmian(a:, I).
— T —*Zo
Again, let € be an arbitrary positive number. Let S € Ary, S = St (E), where
E € ¥5, St € At be such that for every (z¢, I) € S we have
F(zo,I) 2 (ATH)liImian(z, I)—e.
— 20

Let (29, I) € S = ST(E). Note that I C E. There is an S; € Ar such that

Sy C St, (w0, I) € S1, and every (o, J) € Sy has J C E. If (z9, J) € S, then
(20, J) € St (E), so that

F(xo, J) > (ATH)li[Inian(I, I)—e.
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Consequently
(AT) lilmian(z, n> (AH)li]mian(z, I).

This proves that

(AT) lilmian(:c, = (AH)liImian(z, I).
—Zo —zg

The inequality concerning the upper limits can be proved similarly, and the rest
of (ii) follows. This ends the proof of Theorem 19. o

20. Remark. The additional assumptions of Theorem 19 are not as extraordinary
as they might appear. They are, in fact, satisfied by additive derivation bases used
for the development of the generalized Riemann integral on R and in the plane
(see Ostaszewski [6] and Thomson [7]).
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