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Abstract

We introduce certain modified Szasz—Mirakyan operators in exponen-
tial weighted spaces of functions of two variables and we study approxi-
mation properties of these operators.

The similar theorems for functions of one variable were given in [3].
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1 Introduction
1.1 Let as in [1], for ¢ > 0,

vg(z) :=e7%, z € Ry :=[0,+00). (1)
Now, for given p,q > 0, we define the weighted function

Vpa(%,y) = vp(2)v(y), (2,y) € R§ := Ro x Ry, (2)
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132 Zbigniew WALCZAK

and next the weighted space Cj 4 of all real-valued functions f continuous on
R? for which vp,qf is uniformly continuous and bounded on R3. The norm on
Cp,q is defined by the formula

I fllpg = 1F (o) llpgi= sup  vpq(z,y) [ f(z,y)|. (3)

(z »y)eRn

The modulus of continuity of f € Cp 4 we define as usual by the formula

(/J(f, Cp,q§t11t2) = sup ”Ah,tsf(‘v')“p,qv t11t2 2 01 (4)

=, V>0

where Ap 5f(z,y) := f(zx + h,y + ) — f(z,y) and (z + h,y + 6) € R3.
From (4) it follows that

im  w(f,Cpgiti,ta) =0 (5)

ty1,t2—0+

for every f € Cpq, p,g > 0.
Moreover let Cj , be the set of all functions f € Cp, which first partial
derivatives belong also to Cj 4.

1.2 In this paper we introduce the following class of operators in Cp 4.

Definition 1 Let r,s € N := {1,2,...} be fized numbers. For functions f €
Cpq, D,q > 0, we define the operators Amn(fip,q,7, 8;2,y) = Amn(f; 2,v)

Amn(fiz,y) =
B 1 o= o= (mz + 1) (ny+l)’°f j+r k+s
—-g(mz+l;r)g(ny-i-l;s)]= — G+ (k+s)! m+p n+tgq
(6)
for (z,y) € R2, m,n € N, where
N = 9 t 9
g(t;T) i}:‘o(”’”)’ fort € Rg (7)

i.€.

=0

. 1 1 . r—1 tj , o
g(O,T)z;!’, g(t,r):t—r e ——-Z? 1,ft> .

In [3] were examined the operators

nx + 1)k f<k+r

_ (
An(fipriz) 1= (nz+1 T‘)Z (k+7)! n+p>’ relN,p>0, (8)

for functions of one variable, belonging to exponential weighted spaces.
In this paper we shall give similar results for operators A, »(f)-
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From (6)—(8) we deduce that Am n(f) are well defined in every space Cj, g,
p,q > 0. Moreover for fixed 7,s € N and p,q > 0 we have

Amn(l;p,g,m,si2,y) =1 for (z,y) € R§, myn € N, ©)
and if f € Cpq and f(x,y) = f1(z)f2(y) for all (z,y) € RZ, then we have
Amn(f;0, 07,52, y) = Am(f1;0, 73 2) An(f2: 0, 53 Y) (10)
for all (z,y) € R2 and m,n € N.
In this paper by My(oa, ..., a;) we shall denote suitable positive constants
depending only on indicated parameters a4, ..., o;.

2 Lemmas and theorems

2.1 In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.

In the paper [3] were proved the following two lemmas for A,(f;p,7;-) de-
fined by (8).

Lemma 1 Let p > 0 and 7 € N be fized numbers. Then for all © € Ry and
n € N we have
An(l;pa T;.’L’) = 1y

1—px 1

A, (t—z;p,ry2) = +
n( p ) n+p  (n+p)(r—1Dlgnz+1;r)’

An (E-2)%p r-z)=<1—pz)2+ natl o, L —ne—2prtr
' DT T T e - Diglna 4 L)’

(nx + 1)ep/(ntp). T)
g(nz + 1;7)

An (ep"; D,T; :p) = g ( @P"/(n+1’)7

An ((t—z)%e";p,riz) =
nr +1 2 pz+1
= eP/(ntp) _ :1:> + — P/ L 4 (ePtip riz) +
{<”+p (n+p)* n(Fpria)
(nx +1)eP/(v+p) _ 2z(n + p) +
(n+p)2(r — 1) g(nz +1;7)

Lemma 2 For every fited p > 0 and r € N there exist positive constants
M; = M;(p,r), i = 1,2, such that for allz € Ry, n€ N

ePr/(ntp)

up(x) A (1/vp(t);p,757) < M, (11)
2
0p(2) An ((t = )2 /vy (8); p,737) < Mo {(jjj:;) + ﬁj;}. (12)
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Applying Lemma 2, we can prove the basic property of A »(f)-

Lemma 3 For fized p,q > 0 and r,s € N there exists a positive constant
M3 = Ms(p,gq,7,s) such that

[Amn (1/vpq(t, 2); 0, 0,7, 837, , < Mz for myn € N. (13)
Moreover for every f € Cp, 4 we have
IIAm,n (f;p7Q7Tv S;',')”p,q —<— M3 ”f”p,q fO’f' m,n < Na T8 € N. (14)

The formulas (6)-(7) and the inequality (14) show that A, n, m,n € N, defined
by (6) are linear positive operators from the space Cp 4 into Cp 4.

Proof The inequality (13) follows immediately from (2), (10) and (11).
If feCpqandr,se N, then from (6) and (3) we get

lAmn(£2,0 7)o < 1flpg | Amen(L/pi P 0,7, ),y mumE N,
which by (13) implies (14). This completes the proof of Lemma 3. m]

2.2 Now we shall give two theorems on the degree of approximation of
functions by A, defined by (6).

Let
z+1\* z+1
D,y p(x) := (m+p> + p———— € Ry, me N, p>0, (15)
y+1 2 y+1
Unq(y) = (m) + ntq’ y € Ry, n€ N, q¢g>0. (16)

Theorem 1 Suppose that f € C;,q with fized p,q > 0. Then there exists a
positive constant My = Ms(p,q,7,s) such that for all m,n € N, r,s € N and
(z,y) € R}

Up,g (2, ) [Amn(fiP, 0,7, 852, 9) — f(z,y)],, <

< M, {Ilféllp,q\/%,p(z) 18l Tmg ) } | a7

Proof Let (z,y) € R2 be a fixed point. Then for f € C;,q we have

562~ ey = [ R dus [ feod, 62)e R
z y

From this and by (9) we get

Amn(f(t,2);p,9,7, 82, y) — f(z,y) =
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t z
= Am,n (/ fu(u, 2)du; p, q,7, 55, y> + Amon (/ fo(z,v)dv;p, q,7, 83, y) .
x Yy

(18)
By (1)—(3) we have

< fzllpa

t t du
! d ke
A““” L%mn

1 1
smm( N ))wu

Upqg(t, 2)  Upq(T,2

which by (1), (2), (6) and (8)—(10) and Lemma 1 implies that

<

t
Up,q(T,Y) ‘Am,n (/ fo(u, z)du; p, qr, s; z, y)

t
S%A%mAmn(/wadm

;p1qu7 S;I7y)

|t — x|
< | fzllp.q Vp,q(,y) {A , (————;p,q,r,szw,y
wipa R "\ Upg(ts 2)

|t — x|
+ Am,n e SEY
vlh‘l(z’ Z)

< N fzllpa va(y)An (*1—);q,5;y) {vp(I)Am ('t — 4 Dy a:)

V(2 vp(t)
+ Am (It — zl;p,m52)}
Applying the Holder inequality, (7), (11)-(12) and Lemmas 1-2, we get

Am (It = 2;p,732) < {An((t — 2)%p,732) Am(L;p, 75 2) } 2

1/2
x+1)2+ z+1
m+p m+p ’

smmn“

p(z) Am <|iv§<—t:§—|;p,r;:c> <

: {UP(I)Am (g;)i::)x;p’rw) }1/2 {”p(””)Am (%;p, T x) }1/2

1/2
3r+1)2+ z+1
m+p m+p

s%mﬂK
for £ € Rp and m € N. From this and in view of Lemma 2 we deduce that

t
'Up,q(zvy) ’Am,n (/ f'l:(uv z)du;pa q,7, 83 17,?!)
x

<
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< M2(p, 9,7, ) f2llp.gy/ Pmp(z), m € N.

Analogously we obtain

Up,q(2,Y) ’Am,n (/ fo(z,v)dv;p,q,7, 5z, y)‘ <
Yy

< Ms(p, g, 7, S)”f{,”p,q\/ Une(y), neN.

Combining these estimations, we derive from (18):

Upo(2,9) [Amn(f3 P, 0,7, 852, y) — f(z,9)] <

<M, {uf;np,ﬂ/ém,p(x) 15 lpay/Tnaw) } ,

for all m,n € N, (z,y) € R2. This ends the proof of (17). m]

Theorem 2 Suppose that f € Cpq, p,q > 0. Then there exists a positive
constant My = Mo(p,q,7,s) such that

UP:‘I("Eﬂ y) lAm,n(f;p7 q, 7,8, %, y) - f(.’l?, y)l -<—

S Mgw <f» Cp,q; \/Qm,p(z")a \/\I’n,q(y)> (19)
for all (z,y) € R2, m,n€ N andr,s € N.

Proof We apply the Steklov function f, 5 for f € Cp 4

1 h )
fhs(z,y) = ;15/0 du/ fl@+u,y+v)dv, (z,y)€RZ h,6>0. (20)
0
From (20) it follows that

h 5
fh,ts('ray) - f(I, y) = h_lé'/ du/ Au,'uf(zy y) d'U,
0 0

/ L
(i@ = 5 [ (Bnof @) - Baus(an)) o

: 1ot
(fh,&)y(xv y) = ‘}B’A (Au,é.f(ma y) - Au,Of(mv y)) du.

This implies that fr,s € C, , for f € Cp 4 and h,§ > 0. Moreover

”fh,,é - f” <w (fa C'p,q; h, 6) ) (21)

Pg —

1) g < 207w (f, Cprgi h, ), (22)
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|(maty]| <267 (s, Craih0), (23)

for all h,6 > 0.
Observe that

Up,g(%, ) [Amn(fip g, 832,y) — f(2,9)| <
< Upg(@,Y) {|Amin (f(t, 2) = frs(t, 2);ip, a7, 857, Y))
+ |Amn (fa,8(t, 2);p, 4,7, 832, Y) — frs(z,y)]
+1fns(@,y) = f(@,y)} =T + To + T5.
By (3), (14) and (21) we obtain

Ty < ||Ampn (f = froipi oy si5)l o < Ms || f = fasll

pq —

< M3w(f7 Cp,q;h»(s)v

P.q —

T3 Sw(f,Cpqih,0).

Applying Theorem 1 and (22) and (23), we get

Ty < M {1l /2@ + )y V) }
< 2Myw (f, Cp.qi hy 9) {h_lw O, p(z) + 5_1\/ \Iln,q(y)} .

From the above we deduce that there exists a positive constant My =
Mio(p, g, 7, ) such that

Up,q(Z,Y) |Amn (f3 0, 0,7, 832, y) — f(z,9)] <

< Miow (f, Cpq; h, 6) {1 + h—l\/ P p(z) + 5_1\/ \I’n,q(y)} ) (24)

for (z,y) € R§, m,n € N and h,§ > 0. Now, for fixed z,y € Ry, m,n € N,

p,q > 0, setting h = /@, ,(z) and § = /U, 4(y) to (24), we obtain the
assertion of Theorem 2. 0

From Theorem 2 and the property (5) follows
Corollary If f € Cpq, p,q >0 andr,s € N, then

bm Amn(fip,q,m8:2,9) = f(2,9) - (25)

m,n—

for (z,y) € R§. Moreover (25) holds uniformly on every rectangle 0 < z < xo,
0 <y <y
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