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Abstract

‘We introduce certain linear positive operators in exponential weighted
spaces of functions of one variable and we study approximation properties
of these operators.
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1 Introduction

1.1 Approximation properties of Szasz—Mirakyan operators

o= (n2)* [k
Sp(fiz)i=e™™) ——fl—), € Ry:=[0,+0), ne N:={1,2,...},
) kz=:0 k! (TL) ’ o=l ) { 1)

in exponential weighted spaces Cy were examined in [1]. The space Cy, ¢ > 0,
considered in [1] is associated with the weighted function

vg(z) :==e7%, =z € Ry, (2)
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124 Zbigniew WALCZAK

and consists of all real-valued functions f continuous on Ry for which vgf is
uniformly continuous and bounded on Ry. The norm on Cy is defined by

fllg = 1f () llq := sup vg(z)|f(2)]- ®3)
zE€Ro

In [1] was proved that Sy, is a positive linear operator from the space Cy into
C, provided that p > ¢ > 0 and n > ng > ¢q/In(p/q). For f € C; was proved
that

(@)I$5(£:3) = (@) < Ma(a)on (£:Cy Ve ). zeRun>m,

where M (g) = const. > 0 and ws (f; Cy;-) is the modulus of smoothness of the
order 2 defined by the formula

wa(f;Cq;t) :== sup ||Aﬁf()llq, t € Ro,
0<h<t

where A2 f(z) := f(z) — 2f(z + h) + f(z + 2h) for z,h € Ry.

In this paper by Mj(a,3) we shall denote suitable positive constants de-
pending only on indicated parameters o, (3.

1.2 In this paper we modify the formula (1), i.e. we introduce operators
An(f;gq,7;-) in the space Cyq by the following definition.

Definition 1 Let r € N and g > 0 be fixed numbers. For f € C; we introduce
operators An(f;-) = An(f;q,7;+) by the formula

1 o (nz+1)* _ (k+r
) ) = 9 R 9 ) 4
Anlfig.r3) g(mr—kl;r);_o (k+r)! f(n—l—q) z€Ro, neN, (4)
where
>t R )
g(t;T’) = 1 te 0>
paart (k+r)!" -
ie. 1
1 1 —t\
g(O;r)=ﬁ, g(t,r)=t—,(et—2)j—!) if ¢ > 0.
=

In Section 2 we shall prove that A,(f;q,7), n € N, is a positive linear
operator from the space Cy into C;. Moreover we shall give approximation
theorems for these operators.

We shall apply the modulus of continuity of f € Cy defined by

wi(f; Cg;t) := sup [[Anf()llg: ¢ € Rao, (6)
0<h<t »
where Ay f(z) := f(x + h) — f(z) for z,h € Rp. From (6) it follows that
Jim wy (f;Cgt) =0 (7)
for every f € C,, ¢ > 0. Moreover if f € Cj = {f € Cy: f' € Cg}, then
wi(f;Cq;t) < Mat, t € Ro (Mz = const. > 0). (8)
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2 Main results

2.1 In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
By elementary calculations we obtain

Lemma 1 Let 7 € N and q > 0 be fized numbers. Then for all z € Ry and
n € N we have

An(lﬂl»T? J:) = 1) (9)
nr+1 1
An (tig,mi2) = + ,
n(tiq ) n+q (n+q)(r—1g(nz+1;r)
2
+1 nr+1 nr+1+r
A (g =<m ) + + :
n ) n+gq (n+1)2 (n+q)2(r — ) g(nz + 1;7)

g ((nz + 1)ed/ (n+a); 1)
g(nz +1;7)

An (e%5q,m52) = ear/(n+a), (10)

An (te®;q,m;2) =
eq/(n+q)An (eqt; qr .7:) 1

_ nx+1 N
(n+¢q)(r — D!g(nz + 1;7)

ed7/(ntq)
n+q ’

2

A, (tzeqt;q,r;z) = {(%eql(nntq)) + (nﬂ'%ed(nﬂ)}fln (eqt; a7 :c)
n+q

(nz + 1)eq/(n+q) 47

> edr/(nt+q)
(n+q)2(r — 1) g(nz + 1;7)

Moreover
1—-gzx + 1
n+q (m+q)(r—1'gnz+1;r)’

An (t —x39,m52) =

A, ((t - z)2;q,r; z) =

=(1—qw)2 nz+1 N l—-nz—2qx+r a1
n+gq (n+1)?*  (n+93(r-Dlgnz+1;r)’
A ((t—z)%e%q,m52) =
n +1 2 nr41
- g1/ (nta) _ 4L g/(nta) } A, (g
{(n+q ’ +(n+q)2 n (g miz) ‘
(nz + 1)e?/("+a) _ 2z(n + q) + T ar/(n+a), (12)

(n+q)2(r —1)!g(nz + 1;7)
forx € Ry andn € N.
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Now we shall prove two fundamental lemmas.

Lemma 2 For every fized ¢ > 0 and 7 € N there ezists a positive constant
M;(q,r), depending only on the parameters ¢ and r, such that

|An(1/vg(t); q,75)lq < M3(g,7), mn € N. (13)
Moreover for every function f € Cyq we have
[An(f;a 7 )llg < Ms(g,7)[| fllg,  neN. (14)

The formulas (4)-(5) and the inequality (14) show that A,(f;q,7;-), n € N, is
a positive linear operator on C,.

Proof From (2), (4), (5) and (10) we have for all z € Ry, n € N

g ((nz + 1)e?/ (49, 1)

V(%) An(1/v4(t); g, 73 2) = g(nz + 1;7)

ed7/(n+a)—qz

and
g ((nz + 1)ed/(n+a); r)

g(nz +1;7)
r=1 ((nz:+1)e"/(”+") )j
e(na:+1)(e"/("+‘1) —1)+nz+1 20 g
= + = e—ar/(n+a)
enz+l _ Z (”$+1)J enz+1 _ E (nz+1)’

Using the inequality

we get by (5)

r—1 ;

1+ — (nz+1)?

enz+ q/n_e qz z AL
3=0

vg(2) An(1/v4(t); ¢, 75 ) < e :
(nz+1)?
enz+l _ J;) j!

ed/m <eM+1 _rf M) + (e8/n — ema) Z (ret1)
£ J:
Jj=0

r—1
enz+1l _ E (nz+1)?
7!

=0

Z (m':+1)J Z (nx+1)J

<el|l1+ =ef

enatl _ Z (m+1)] g (nx + 1, ) (nz +1)"
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for z € Ry, n € N. From (5) we also get

1
— <! .
9 S r! fort € Ry (15)

Hence we can write
vq(x)An(l/vq(t)§ q’ T; .'E) S M3(q7 T)7

which implies (13).
The formula (4) and (3) yield

[ An(f(t); a5 )l < I fllallAn(1/vg(8); 5735 )llg, m € N, T €N,

for every f € Cy. Applying (13), we obtain (14). This completes the proof of
Lemma 2. O

Lemma 3 For fized ¢ > 0 and r € N there ezists a positive constant My(q,T)
such that

1\? 1
T+ > +z+ (16)

vg(2)An ((¢ = 2)° /vg(t); ¢, 75 2) < Ma(g,7) [(n+q n+q

forallz € Ry and n € N.
Proof From (2) and (12) it follows that
vg(2)An ((t = 2)*/vq(t); ¢, 73 7) =

nr+1 S |
= UQ(x)An (l/vq(t); q,T; -”E) |:<—‘_'n p eq/(n+q) - .27) + W€Q/(n+q)]

(nx +1)e?/ v+ — 2x(n +q) + 7
(n+q)2(r — 1)lg(nz + 1;7)
for x € Ry, n,r € N. Observe that

2 2 2
<Z’_‘”_L18q/(n+q> _g) <ofretl (eq/(n+q) _ 1)) sorEtl_ x)
n+q n+gq n+gq
for z € Ry, n € N. By the inequality e* — 1 < tet for t € Ry, we get
1 2 2 B 2 2
(nx+ eq/(n+q)_w> 5262q2 .’E+1) _'_2(1 q.’l,‘) SMs(q) <I+1 ’
n+q n+gq n+q n+gq
n € N. Applying (15) and the inequality te~* < a~! for a > 0 and t € Ry, we
obtain

e/ (n+a)—qz

(nz + 1)e?/ "+ — 23(n + ) + T ear/(nt+a)—gz <
(n+q)?2(r — 1)lg(nz + 1;7) -
< (n/q+1)e?/(n+0) L 2 (n +q) /g + " etr/(n+a) < Me(q,T)
B (n+4q)? T n+g
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for * € Ry, n € N. Using the above inequalities and (13), we get

$+1)2+x+1
n+q n+q

vg(z)Ap ((t — x)2/vq(t);q, T z) < My(gq,T) [(

This ends the proof of (16). ]
2.2 Now we shall give approximation theorems for A,.

Theorem 1 For every fized ¢ > 0 and v € N there ezists a positive constant

M(g,r) such that for every f € C; we have
x+1 +a:+1
n+gq n+gq
z€ Ry, nEN.

Proof Let z € Ry be a fixed point. For f € C1 we have

1/2
, (1)

vq(2)|An(f;4,752) = f(2)] < Ma(q,7)I1f'llq

ft) - fz) = /f )du, te Ro.

From this and by (4) and (9) we get

A (F(8):q,7i2) — () = ( / Pdngr), new,

But by (2) and (3) we have

/f <17l (5

This implies that

1

0 v

))|t——.’13|, t € Ry.

Uq(-r)'An(f;qa T .13) - f($)| <
SUf'llg {An (It = zl34,737) + vg(x) An (|t — 2l /v9(t); g, 5 2)}  (18)
for n € N. By the Holder inequality, (9) and Lemmas 1-3, we obtain

An ([t = 230,752) < {An ((t = 2)%¢,737) An (1 g,752)}
1/2
(x+1)2+ r+1 /
n+q n+gq

v(I(I)An (Jt - z|/“q(t)§% r;z) <
< vg(®@) {An ((t — 2% /0g(0);0,7:2) }'/* {An (1/0g(8); 4,75 2)} /2

w1\ z4+1]"?
SM9(¢1,7‘)[(I )+z

S MS(q7 T)

and

, m€EN.
n+q n+q

From this and by (18) we immediately obtain (17). ]
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Theorem 2 Suppose that ¢ > 0, 7 € N are fired numbers and f € C,;. Then
there ezists a positive constant Mio(g,r) such that

2 1/2
vq(x)lAn(f;q,r;w)—f(w)lSMIO(‘?’T)"’1<f;C";[(ZJ+r§> +%J )

(19)
for allz € Ry andn € N.
Proof We use Steklov function fi of f € C,
1 [k
fa() = E/ f@+t)dt, z€Ro h>0. (20)
0

From (20) we get
1 [k , 1
fr() — f(z) = E/o A f(z)dt, fr(z) = EAhf(x), z € Ry, h>0.

This implies that f, € C’; for f € Cq and h > 0. Moreover
I frn = fllg < w1 (f;Cq;h), (21)
[ fillg <A™ 1w (f;Cqih), (22)
for h > 0. Observe that
vg(@)|An(f;q,m52) — f(z)| <
< vg(2) [|An (f = fri @75 2)| + [An (fri g, 75 2) = fo(2)| + | fr(z) = f(2)]]
:= Ly(x) + La(z) + L3(z)

forz € Ry,n€ N, r e N and h > 0. From (14) and (21) we obtain
Lyi(z) < Ms(g;")|lfa = fllg £ Ms(g,m)w1 (f; Cqs h),
Li(z) w1 (f: Cqs h).
Using Theorem 1 and (22), we get

z+1 2 sl 1/2
Ly(z) §M7(q*r)’|ff,zll(1[< ) + ]

n+gq n+gq
\ N . 1/2
M7(q,r x z . .
My(g,r) | (Z+1Y" Cih).
< h n+gq n+q wi (£;Cqi )

Hence
vg(@)|An(f; g, 75 2) — f2)] <

< (1 + M;3(g,7) + M7(,f’r) [(H 1)2 + 27 1}1/2)‘01@; Cq; h)

n+gq n+gq
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forx € Ry, n € N, € N and h > 0. Setting
2
b= [(m+1> n z+1
n+q n+q

for fixed £ € Ry, n € N and g > 0, we obtain the assertion of Theorem 2.
From Theorem 1 and Theorem 2 and by (5) we obtain

1/2

’

Corollary If f € C,; with some ¢ >0 and r € N, then
Jim {An(f;q,mi2) = f(z)} =0 (23)

for all z € Ry. Moreover (23) holds uniformly on every interval [z1, 2], T2 >
Ty Z 0.

Remark It is easily verified that analogous approximation properties hold for
the following operators on Cj.

k (k+1+7)/(n+q)
Balf075) = Z o) o (recy)

(k+7r)/(n+q)

for fixed g > 0,x € Ry, n € N and r € N.
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