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Abstract

We introduce the concept of a convex set in universal algebra. It
is shown that convex sets generalize some well-known concepts like con-
gruence class or convex sublattice. We study some natural properties of
convex sets and outline some problems connected with the new concept.
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1 The concept of convex set

Several special subsets play special roles in classical algebras. For example,
subgroups, normal subgroups or cosets of groups, ideals in rings and lattices
etc. A considerable part of universal algebra deals with general approaches to
various subsets of algebras like those above. Typical examples are subalgebras
or congruence classes. In the following we are going to propose a definition of
another type of subset of a general algebra. These subsets will be called convex
sets.

As we will see, the concept of convex set generalizes some important special
subsets. For example: (1) each congruence class is a convex set (thus, e.g. cosets
of groups are convex sets); (2) moreover, in permutable varieties, the concepts
of a convex set and that of a congruence class coincide (thus, e.g. each convex

*Supported by project Aktion 30p4 “Dependence and algebraic properties of congruence
classes.” .
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set of a group is, conversely, a coset); (3) in case of lattices, convex subsets are
precisely convex sublattices.

We will deal with terms whose variables will be divided into two groups. We
will handle this by writing p(z1,.-.,%n,¥1,---,¥m), denoting the variables of
the first group by z; and the variables of the second group by y;. We will also
use the abbreviations x and y for (z;,...,z,) (or z1,...,2z,) and (y1,-..,Ym)
(or y1,...,Ym), respectively (if n and m are obvious from context).

Definition 1 Let K be a class of algebras of the same type. An (n + m)-ary
term p(x1, ..., Tny Y1y -, Ym) (n,m > 0) is called a K-convez term inyi, ..., Ym
if the identity p(z1,...,Zn,y,...,y) & y holdsin K. For A € K, asubset C C A
is called a K-convez set (in A) if for each term p(z1,..., 20,91, .., Ym) which
is a K-convex term in yi,...,y, and every aj,...,an € A, ¢1,...,¢y € C, it
holds p(a1,...,an,c1,...,cm) € C.

Remark 1 (1) If K is obvious from context (or is not important), we omit the
prefix “K-" (e.g. we use only “convex term” instead of “K-convex term”). In
similar way we omit any subscripts, superscripts, etc. referring to K.

(2) Note that the fact that p(z1,...,Zn,9,...,y) ~ y holds in K means that
for each A € K and every ay,...,an,c € Ait holds p(ay,...,an,¢,...,c) =c. If
for every ay,...,an € A, ¢1,...,cm € C, it holds p(ay,...,an,c1,...,cm) € C,
we say that C' is y-closed under p. Therefore, convex sets are just sets which
are y-closed under all convex terms.

(3) The set of all K-convex terms in ¥i,...,ym will be denoted by
CTk(y1,---,ym). The set of all K-convex sets in A € K will be denoted by
CSk(A). If there is no danger of confusion we write only CTx instead of
CTk(y1,---,Ym). Thus e.g. p(x,y) € CTx means that p is a convex term in y.
Also, CTx will denote the set of all K-convex terms.

(4) The notions of a convex term and a convex set are inspired by the notions
of an ideal term and an ideal (see e.g. [1, 2, 8]): Let the class K contain an
equationally definable constant 0. A term p(x,y) is called a K-ideal term in 'y if
p(x,0,...,0) =~ 0 holds in K. For A € K, a subset I C A is called a K-ideal if it
is y-closed under all K-ideal terms. Symbols ITx (yy,...,ym) and Ix(A) denote
the set of all K-ideal terms in yy,...,ym, and the set of all K-ideals in A.

(5) Some remarks are now in order. First, the notion of an ideal is not
applicable in algebras without (equationally definable) constants. For example,
lattice ideals are defined without the need of existence of 0, they are therefore
not approachable via the universal algebraic notion of ideal. On the other hand,
as we will see, the notion of a convex set, when applied to lattices, yields the
notion of a convex (in the sense of order convexity) subuniverse. Therefore,
lattice ideals (since they are convex subuniverses) are special cases of convex
sets. In lattices with 0, however, a subset is a lattice ideal iff it is an ideal (in
the universal algebraic sense). In this case, lattice ideals are precisely convex
sets containing 0. Second, even in algebras with 0, other subsets than those
with 0 may exhibit behaviour similar to that of ideals. The notion of a convex
set seems appropriate in this respect. Moreover, although we come to convex
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terms by replacing “0” by “y” in the definition of ideal term, the constants 0
play usually some specific role in classical algebras. This leads to the fact that
not each ideal term is a convex term. In this respect, convex sets are to be
expected to behave as “ideals unaffected by the special role of 0”. Third, there
are points of departure from the line pursued in the study of ideals, i.e. there
are phenomena which do not exist in the case of ideals (we will see more on this
topic later).

As we will see, in several cases the condition “being y-closed under all convex
terms” is equivalent to “being y-closed under certain convex terms”. This leads
to the following definition.

Definition 2 A subset B C CTg is called a basis of CTx if for cach A € K
and any C' C A it holds that if C is y-closed under all terms of B then it is
K-convex.

2 Relations to other subsets and examples

First, we give some examples of convex terms.

Example 1

1. p(y) =y is a K-convex term (a trivial one) in y for any K.
2. If K is any class of lattices then
PyL,y2) =y Ve, pl@nynye) =y V(g2 Ax)
are K-convex terms (in y’s).
3. p(y1,y2,Y3) = Y195 'y3 is a K-convex term for any class K of groups.
Except for a trivial case, there is an infinite number of convex terms.

Proposition 1 CTx is closed under y-composition in that if p(T,y1,-..,Ym),
pj(xj,¥;5), for j =1,...,m, are from CTx then

p(X,M (Xlzyl)y cee apm(xm, Ym)) € CTk.

Therefore, if CTx contains at least one non-trivial term (i.e. different from y)
then CTx is infinite.

Proof Lety; = (y,...,y) (forall j =1,...,m). Then p;(Z;,y;) ~ y holds in
K and since also p(x,y,...,y) =y holds in K, we have that

p(xypl (X] 7y1) cee >pm(xm,ym)) %]7(3(,7 P ,y) =Y

holds in K. The rest is clear. O
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Proposition 2 For any K and each A € K, 0, {a} (for anya € A), and A are
convez sets.

Proof The fact that @ is a convex set follows directly from the definition
(this is easier seen if the condition to be satisfied by convex sets is rewrit-
ten as (Va,c)(a € A% c € C™ = p(a,c) € C)). Any {a} is convex since
plai,...,an,a,...,a) = a € {a} holds for every convex term p (by definition).
The last statement is clear. a

Recall that an algebra A of type (F, o) is called idempotent if f(z,...,z) =z
holds in A for each f € F. A class K of algebras is idempotent if each A € K
has this property.

Proposition 3 Let K be a nonempty class of algebras of the same type. Then
K is idempotent iff CSi(A) C Sub(A) for each A € K.

Proof Let K be idempotent, A € K,C € CSx(A). Idempotency of K yields
that for each f € F ({(F,o) denotes the type), f(y1,-..,ym) is a convex term.
As a convex set, C is, by definition, closed under f. Thus, C € Sub(A).
Conversely, if CSx(A) C Sub(A), then since {a} € CSk(A), we have {a} €
Sub(A). Therefore, for each f € F, f(a,...,a) € {a}, ie. f(a,...,a) = a, thus
f(z,...,z) = z holds in each A € K which means that K is idempotent. ]

Remark 2 In general, neither CSxg(A) C Sub(A) nor Sub(A) C CSk(A)
holds. Groups serve as a counterexample: As we will see later on, in the case
of groups, convex sets coincide with congruence classes. Now, neither each
subgroup is a congruence class, nor each congruence class is a subgroup.

Let 6 be a binary relation on a set A. For any C' C A we put
C% ={a€ A {a,c) € 6 for some c € C}

and call C? a -closure of C. If C = {c}, C? is usually denoted by [c]s and
called the class of 8 determined by c.

Proposition 4 Let 6 be a reflexive compatible binary relation on an algebra
A € K. For any C € CSk(A), C% € CSk(A). In particular, each relational
class [a]p is a convez set.

Proof Let p(z1,--.,Zn,Y1,---,Ym) € CTk, a1,...,an € 4, c1,...,cm € C7.
Then there are ¢; € C such that (cj,c}) € 8 (j = 1,...,m). Reflexivity and
compatibility of 8 yields (p(ay,...,an,c1...,¢m),p(a1,...,an, ¢} ...,ch)) € 6.
Furthermore, p(ai,...,an,c1...,¢n) € C by convexity of C.  Hence,
play,...,an, ¢y ... ch) € C? proving the convexity of C?. The rest follows

by Proposition 2. O
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Next we describe the basic relation to ideals.

Proposition 5 Let K have an equationally definable constant 0. Then each

convez term is an ideal term, i.e. CTx C ITk, and each ideal is a convex set,
i.e. Ix(A) C CSk(A).

Proof Clearly, validity of p(z1,...,Zn,y,...,y) =~ y implies validity of
p(z1,...,2n,0,...,0) = 0. The rest is obvious. O

The converse to Proposition 5 (i.e. each ideal term is a convex term, and
each convex set containing 0 is an ideal) does not hold. The following is a
counterexample.

Example 2 Let F' = {0, g} where 0 is nullary and g is unary. Consider an
algebra A = (A, F'), where A = {0,a,b} and g is given by

>R O
L o O

and put £ = {A}. The terms are of the form ¢*(y) or g*(0) for k = 0,1,2,3,. ..
(where ¢°(y) = y). Clearly, each g¥(y) is an ideal term in y (¢*(0) ~ 0 holds in
A). A moment reflection shows that g*(y) is a convex term in y iff k is even.
Therefore, ITx € CTx. Moreover, {0,a} is a convex set containing 0 which is
not an ideal (in fact, g(a) = b ¢ {0,a}, i.e. {0,a} is not closed under the ideal
term g).

Convex sets in “classical algebras” We are now going to show examples
of convex sets in some classical algebras.

The first interesting case is that of algebras from permutable varieties: con-
vex sets coincide with congruence classes in algebras from permutable varieties.
We will see this (and more) in Section 3.

Let us focus on lattices. Denote by £ the variety of all lattices. If L =
(L, A, V) is a lattice, a subset C' C L will be called o-convez if for every ¢;,cy € C
and each a € L we have a € C whenever ¢; < a < ¢y. Denote

p1(21,91,92) = 1 V (y2 A 21) (1)
P2(y1,y2) = y1 A ya. , (2)

Clearly, both p; and p, are L-convex terms.

Proposition 6 Let L be a lattice, C C L. Then C is an L-convez set iff C is
an o-convex subuniverse. Moreover, terms (1) and (2) form a basis of CT.

Proof First, we prove (*): a subset C' C L is an o-convex subuniverse of L iff
it is y-closed under (1) and (2).
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Let C be an o-convex subuniverse, a € L, ¢;,c2 € C. Since C is a sub-
universe, we have ¢; Acy € C, ¢;Ves € C. Clearly, ¢;Aca < pi(a,c1,c2),p2(c1,c2)
and pi(a,c1,c),pa(c1,02) < ¢ V e o-convexity of C then yields
p1(a,c1,c),pa(ct, ca) € C. Thus, C is y-closed under both p; and ps.

Let, on the other hand, C be y-closed under p; and py. Putting z; = y2, we
get that C is y-closed under p;(y2,y1,y2). Since p1(y2,y1,¥2) = y1 V y2 holds
in £ and p2(y1,y2) = y1 A y2 we get that C is a subuniverse. Now, let a € L,
c1,¢c2 € C be such that ¢; < a < ¢3. Then since C' is y-closed under p,, we get
a=pi(a,cy,c2) € C,ie. C is o-convex, provin (*).

Now, let C be an L-convex subset. By definition, it is y-closed under all
L-convex terms, thus also under (1) and (2). By (*), C is an o-convex sub-
universe.

Conversely, let C be an o-convex subuniverse. Let p(Z1,...,ZTn, Y1, -, Ym)
be an L-convex term. Take any ai,...,a, € L, ¢1,...,¢m € C. Put ¢ =
1A Aem, ¢ = c1V---Vey,. Since C is a subuniverse, we have ¢, ¢¥ € C. Fur-
thermore, since pis L-convexin yi, ..., ym we have p(ay, ..., an,c",...,c") =
and p(ay,...,a,,cY,...,cY) = c¥. It is well-known that each term function in
a lattice is monotonic, we get from ¢ < c¢;,...,¢n and c1,...,cpm < ¥ that

p(a‘lr"van:CA""ch) Sp(ala"~,an>clv-“7c7n) Sp(ala"'aan7cva"'7cv)'

Since C is o-convex, we finally get p(ai,...,an,c1,...,cm) € C, ie. C is an
L-convex set. m]

Remark 3 (1) A direct consequence of Proposition 4 and Proposition 6 is the
well-known fact that each congruence class in a lattice is an o-convex sublattice.

(2) We will see later on that in the case of algebras from permutable and
regular varieties there is always a finite basis of convex terms. Note that the
variety of all lattices is neither permutable nor regular.

(3) Recall that an ideal in a lattice L is a (nonempty) subset I C L such that
i1 Vis € I for any iy,i2 € I, and a € I whenever a < i for some i € I. Clearly,
each lattice ideal is an o-convex subuniverse of L, hence by Proposition 6, an
L-convex set. It is also clear that if L has the least element 0 then lattice ideals
in L are precisely £-convex sets containing 0.

3 Convex sets in permutable and regular varieties

Since each congruence class is a convex set, it is natural to ask about the con-
verse: Under what conditions is each convex set a class of at least one congru-
ence? It will turn out that a sufficient condition is that the algebra in question
is from a so-called permutable variety. Recall that an algebra A is called per-
mutable (or congruence permutable) if

Bop=c¢ob

holds for all #,¢ € Con(A). A variety V is called permutable if each A €
V is permutable. The following characterization of permutable varieties was
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obtained by Mal’cev [6]: A variety V is permutable iff there is a ternary term
p(z,y,z) such that  ~ p(z,z,z) and p(z,z,z) =~ z hold in V. The term p is
called a Mal’cev term of V. The following is another result from [6]: A nonempty
subset C' C A of an algebra A is a congruence class of A (i.e. there are § €
Con(A) and a € A such that C' = [a]p) iff for each unary algebraic function 7
it holds 7(C) C C or 7(C)NC = 0.

Denote by CC(A) the system of all congruence classes of the algebra A plus
the empty set, i.e.

CC(A) ={0tU{lalp | a € A, 6 € Con(A)}.
For term t(zy,...,2n,y) and a Mal’cev term p of a permutable variety V, put

Pt(-’llw .. -,-'1711>y17y2,113) = P(?/ht(mlw . ',wnay‘z)?t(zl) cee 751311,'93))

and
B = {pi("cla"')x7l7yl7y27y3) | t(l’],...,.’tn,yg) is a‘term}'

Lemma 7 Let V be a permutable variety, A € V, and ) # C C A. Then C is
a congruence class of A iff it is y-closed under all terms of B.

Proof Let C be y-closed under the terms of B. To prove that C' is a congruence
class, we use the above Mal’cev characterization of congeuence classes. Let
7(z) = t(a1,-..,an,z) be a unary algebraic function, ¢ € C, and 7(c) € C. We
have to check that for any d € C it holds 7(d) € C. Since C is y-closed under
P, we get T(d) = p(T(C), T(C)7 T(d)) = pt(ala <oy Qny, T(C),C, d) eC.

Conversely, if C is a congruence class then it is, by Proposition 4, y-closed
under all V-convex terms. A moment reflection shows that all terms of B are
V-convex in y. The conclusion therefore follows. ]

Proposition 8 Let V be a permutable variety. Then B is a basis of CTy and
each V-convez set of any algebra A € V is a congruence class.

Proof If a subset C' of an algebra A € V is y-closed under all terms from
B, then, by Lemma 7, it is a congruence class and thus, by Proposition 4, a
V-convex set. Therefore, B is a basis of CTy. The rest immediately follows.

O

Another question we ask is: Under what conditions is each convex set a
class of at most one congruence? A sufficient condition is that of regularity.
Recall that an algebra A is called regular if [a]p = [a]s implies 8 = ¢ for all
f,¢6 € Con(A) and each a € A, i.e. two congruences are the same whenever
they have a common class. A variety V is called regular if each A € V is regular.
The following claim is immediate.

Proposition 9 An algebra A is regular iff each convex set in A is a class of
at most one congruence of A.
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A combination of the two above questions is: Under what conditions is each
non-empty convex set a class of ezactly one congruence? We say that an algebra
A has congruences determined by convez sets (CDCS for short) , if each non-
empty convex set of A is a class of exactly one congruence of A. A variety V
has CDCS if each A € V has CDCS.

If A has CDCS, then we denote the congruence determined by a convex set
C by O¢c (i-e. 8¢ is the unique congruence satisfying [c]g, = C for some ¢ € C).
For a fixed a € A we denote by CS®(A) the set of all convex sets of a given
algebra A, i.e.

CS*(A) ={C e CS(A) |a € C}.
Lemma 10 If A has CDCS, then CS*(A) and Con(A) are (under set inclu-
sion) isomorphic algebraic lattices for any a € A.

Proof Since A has CDCS, the mapping sending C' to ¢ is clearly bijective.
Furthermore, it is also order-preserving, i.e. C C D implies 8¢ C 6p. Indeed,
suppose 0c € 6p. Put § = 0c Nfp. Then C is a class of @ (since C is both
a class of f¢ and a subset of D which is a class of 6p), but 6 # - (since
we assumed 8¢ € 0p). Therefore, C' is a class of two different congruences, a
contradiction to CDCS. O

Proposition 11 Any algebra with CDCS is permutable.

Proof Let 6,¢ € Con(A), A be an algebra with CDCS. We have to show that
Bogp = ¢ob,ie. that ({a}?)? = ({a}?)? for any a € A. Since {a}?,{a}? C
({a}?)?, we have {a}? v {a}? C ({a}’)?. Conversely, if b € ({a}’)? then for
some ¢ € {a}? it holds (b,c) € ¢ = b(ap¢ C bO(ajov{a}e (we use Lemma 10),
ie. be {c}'@ v = {a}? v {a}’. To sum up, ({a}?)? = {a}? Vv {a}?.
We therefore infer ({a}?)? = {a}? vV {a}? = {a}? V {a}? = ({a}?)?, ie. Ais
permutable. O

Proposition 12 A wvariety V has CDCS iff V is both permutable and regular.

Proof If V has CDCS then it is permutable (by Proposition 11) and regular
(by Proposition 9). Conversely, permutability and regularity of V implies (by
Proposition 8 and Proposition 9) CDCS. ]

By well-known Mal’cev type characterizations of permutability and regular-
ity [4, 6, 9] we get the following corollary.

Corollary 13 For a variety V, the following conditions are equivalent:
(1) V has CDCS.

(2) There ezist a ternary term p, an integern > 1, and ternary termsty, ..., tp,
such that

p(z,z,2) =z, pz,r,2)~2
[tl(x,y,z)%z,...,tn(z,y,z)%z] lﬁ x%y

are valid in V.
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(8) There exist an integer n > 1, a (8+n)-ary term q, and ternary terms
t1,...,tn, such that

t1(z,2,2) = z,...,th(z,2,2) & 2
= q($»y727t1($71 72)) v 5t71(xay$z))
y%(I(m7y’z7z7"'az)

are valid in V.

The following proposition has been obtained in [3] (t1,...,t,,¢q denote the
terms of Proposition 13 (3)).

Proposition 14 LetV be a regqular and permutable variety, let A = (A, F) € V
and § # C C A. Then C is a congruence class of some 6 € Con(A) if and only
if C is y-closed under the following terms:

((l) ti(f(q(z]hxllay)yll» e 7yln)a e 7Q(x‘m7x;n7y)y77ll7 .. 7ymn));
f(mll)7' "7"E’Il7l)7y)
for each m-ary f € F and everyi =1,...,n;

®) a(z,y,9" 91, -, Yn)
(C) Ti(ylay2) = ti(yl)yQ,yQ) fOT‘ 1= 1) ETELT
As a corollary, we get that the following.

Proposition 15 if V is a reqular and permutable variety of a finite type then
the terms in (a)-(c) of Proposition 14 form a finite basis of CT.

Proof Clearly, the terms of Proposition 14 are V-convex in y’s. Each V-convex
set is therefore y-closed under those terms. Conversely, every subset y-closed
under those terms is, by Proposition 14 a congruence class, and therefore, by
Proposition 4 a V-convex set. O

&

4 Some further properties and directions

The lattice of convex sets
Proposition 16 For any class K of algebras of the same type and any A € K

(1) CSk(A) is an algebraic closure system, the closure operator (sending X
to [X]) is given by

[X] = {p(a,c) | p(x,y) € CTk(y),a€ A,c € X}.

(2) CSk(A) is under set inclusion an atomic algebraic lattice. The least and
the greatest elements are § and A, the atoms are just the singletons {a}

(a€ A).
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Proof (1) It is routine to check that CSx(A) is closed under arbitrary inter-
sections, and hence, that it is a closure system. Take any X C A and denote

(X) = {p(a,c) | p(x,y) € CTk(y), a€ A,c € X}.

Since p(y) = y is a convex term, it holds X C (X). Clearly, any convex set in A
which contains X contains also (X). Furthermore, (X) itself is a convex set. In-

deed, if p(z1,...,2n,91,.-.,ym) IS a convex term, ai,...,a, € A, ¢1,...,Cm €
(X), i.e. ¢; = pi(ay, ;) for some convex term p;, and some a; € A, ¢; € X (i =
1,...,m), then since p(z1, ..., Zn,P1 (X1,¥1)s - s Pm (Xm, ¥Ym)) is a convex term

(by Proposition 1), we get p(a1, ..., an,c1,...,¢m) = p(ar,...,an,p1(as,c1),. ..,
Pm(@m, cm)) € (X), i.e. (X) is y-closed under convex terms. To sum up, (X) is
the least convex set containing X, i.e. [X] = (X). Algebraicity follows directly
from the description of the closure operator []: each element ¢ € [X] is in the
form ¢ = p(ay,-..,an,c1,-..,cm) (p aconvex term, ay,...,a, € A, c1,...,cm €
X), hence ¢ € [{c1,. .., cm}], therefore [X] = [J{[X'] | X' C X, X' finite} which
means algebraicity of [ ].

(2) Follows directly from (1) and Proposition 2. m]

Remark 4 Although CC(A) (the system of all congruence classes plus ) is a
subset of CS(A), it is in general not a sublattice. For example, take the five
element lattice L called diamond (i.e. one of the prototypical non-distributive
lattices), denote its elements by 0,a,b,c,1 (0 < a,b,c < 1, every two of a, b,
and c are non-comparable). Now, {a},{b} € CC(L) C CS(L). Since {0,a,b,1}
is an o-convex subuniverse, we get by Proposition 6 that {a}V {b} = {0,q,b,1}
in CS(L). However, {0,a,b,1} is not a congruence class: in CC(L) we have
{a} v {b} ={0,a,b,c,1}.

Closure operators offer a general approach to geometry (the following is due
to Maeda, see e.g. [9]): The primitive notions are the set of points and the
operator assigning to each set of points a subspace of points determined by the
set. A geometry is a pair (G, C) where

(1) G is a nonempty set (of so called points),
(2) C is a closure operator on G,

(3) C({p}) = {p} for each p € G (a subspace determined by a point consists
just of the point),

(4) C(0) =0,
(5) C(X) = U{C(Y) | Y is a finite subset of X} (the closure operator is
algebraic).

As one may easily see, CC(A) (precisely: A as the set of points and the clo-
sure operator induced by CC(A)) forms a geometry in the above sense. This
geometry has been investigated by Wille in [9] (Wille calls it “Kongruenzklassen-
geometrie”, i.e. the geometry of congruence classes). The following proposition
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which is a direct corollary of Proposition 16 shows that convex sets offer a more
general approach.

Corollary 17 For any class K of algebras of the same type and any A € K,
(A,[]) (where [] is the closure operator induced by CSx(A)) is a geometry.

Therefore, the geometry of congruence classes is a special case of the “geom-
etry of convex sets”. It seems to be an interesting problem to ask whether the
converse is true: is each geometry a geometry of convex sets of some algebra?
For the case of geometry of congruence classes the answer is negative [9, p. 28].

Convex equivalences

Definition 3 Let A be an algebra of a class K of algebras of the same type, 8
be an equivalence on A. 6 is called a K-conver equivalence on A if each class
of § is a K-convex set, i.e. [alyg € CSk(A) for any a € A.

Remark 5 (1) We denote by CEqvi(A) the set of all K-convex equivalences
on A.

(2) Since each congruence class is a convex set, each congruence is a convex
equivalence, i.e. Con(A) C CEqvy(A).

(3) Clearly, there is no counterpart of the notion of convex equivalence in
the theory of ideals. Namely, each ideal contains 0, so ideals are located by
around 0.

Example 3 Lattices provide non-trivial examples of convex equivalences that
are not congruences. By Proposition 6, an equivalence on a lattice is convex
iff each of its classes is an o-convex subuniverse. Therefore, the equivalence on
a four-element Boolean lattice with precisely one non-singleton class contain-
ing one atom and the least element 0 is a convex equivalence which is not a
congruence.

Proposition 18 For any K and A € K, CEqv,(A) is under set inclusion a
complete lattice with the least element w (identity) and the greatest element 1
(the full relation A x A).

Proof Consider the intersection of any family of convex equivalences. Each
class of the intersection (the intersection is an equivalence) is an intersection of
classes of the equivalence relations of the family, thus, an intersection of convex
sets. The claim therefore follows from Proposition 16. O

Although Con(A) is a sublattice of Eqv(A4), CEqv(A) is not. The following
is a counterexample.

Example 4 Let L be the four-element Boolean lattice, i.e. L = {0,a,b,1},
0 < a,b< 1, aand b are mutually non-comparable. The partitions

m = {{0,a}, {0}, {1}} and m = {{0},{b},{a,1}}
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represent convex equivalences 6, , 0, from CEqv(L). Clearly, the join ., V0r,
in Eqv(L) is represented by {{0,a,1},{b}}. However, in CEqv(L), the join is
the full relation L x L.

However, the following is true.
Proposition 19 For any A, Con(A) is a (complete) sublattice of CEqv(A).

Proof The join V;¢;0; in Con(A) of 8; € Con(A) coincides with the join in
Eqv(A). Since \/;c;0; € CEqv(A), the conclusion follows. m]

The concepts of a convex set and a convex equivalence naturally generate
problems studied for congruence classes and congruence relations. As an exam-
ple, we focus on the problem of direct decomposability.

Let K be a class of algebras of the same type. It is easy to see that if Cy
and Cp are K-convex sets in A € K and B € K, respectively, then C4 x Cp
is a K-convex set in A x B. Therefore, if 4 and 6p are K-convex equivalences
on algebras A and B from K, respectively, then the relation 4 x g on A x B
defined by <<a1,b1),((12,b2)) € 04 x Op iff (al,ag) € 04 and (bl,b2> € 0p, is
a convex equivalence. We say that a class K of algebras has directly decom-
posable convez equivalences (DDCE) if for any A,B € K, the algebra A x B
has DDCE in that for any § € CEqvi (A x B) there are 84 € CEqvg(A) and
0p € CEqvi(B) such that § = 84 x 6p. Unlike direct decomposability of con-
gruences (see [5]), DDCE is too strong for varieties: no variety V except for
the trivial one given by the identity z =~ y has DDCE (in fact, we may re-
place “variety” by “class closed w.r.t. direct products”). Indeed, let A € V,
|A] > 1, and take a € A. The equivalence on A x A given by the partition
{{a} x A} U {(b,c) | b # a} is convex but cannot be decomposed into a direct
product of convex equivalences on A. Hence ) does not have DDCE.

However, there is a weaker condition: We say that a class K of algebras
has directly decomposable convez sets (DDCS) if for any A, B € K, the algebra
A x B has DDCS, i.e. each C € CSk(A x B) is of the form C = C4 x Cp for
some Cy4 € CSk(A) and Cp € CSk(B).

Proposition 20 The following conditions are equivalent for any variety V:
1. (1) V has DDCS.

2. (2) There is an (n+2)-ary term p and binary terms 1,81, ...,Tpn, Sy Such
that

Yy = P(wl,---aﬂin,y,y)
z = p(ri(z,y),---,ma(@,9),2,y)
y= p(Sl(J?,y),. .- 7311(1:),1/)3‘7;7?/)

holds in V.
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Proof Observe first the following Claim: For algebras A,B € Vand C C Ax B,
C'is directly decomposable iff (a,b) € C implies (a,b’) € C for any 0’ € prg(C).

“(1) = (2)” Take Fy(z,y) (the free algebra in V generated by z and
y) and consider the V-convex set [(z,z), (y,y)] generated by {(z,z),(y,y)} in
Fy(z,y) x Fy(z,y). By Claim we have (z,y) € [(z,z),(y,y)]. Therefore, by
Proposition 16 we infer that there is a V-convex term p(z1,...,Zn,Yy1,y2) and
elements (r;, s;) = (ri(z,y), si(z,y)) € Fy(z,y) x Fy(z,y) such that (z,y) =
p((r1,81), -+, (Tn,Sa), (T, ), (y,y)). Rewriting this identity coordinatewise and
the fact that p is V-convex yields (2).

“(2) = (1) Let A,B €V, C € CSy(A x B). By Claim, we have to prove
that if (a,b), (a’,b') € C then (a,V') € C. By (2) and the fact that C is V-convex
we have (a,b') = p((r1(a,a’),s1(b,0")),...,{(rn(a,a’),s,(b,0)),{a,b),(a’,b')) €
C, completing the proof. O

Example 5 (1) Rings with unit have DDCS: Put n = 1, p(z1,y1,¥2) = y2 +

Ty (yl - y2)> Tl(myy) = 17 31(x1y) =0.
(2) Lattices have DDCS: Put n = 1, p(z1,v1,¥2) = (11 A (y2 V 2)) V (y2 A

(¥ V), r1(z,y) =z, s1(z,y) = y.
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