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Abstract

The main goal of this paper is to prove that singular integrals satisfying
Calderén-Zygmund conditions are well-defined on certain set of Orlicz
spaces. This fact enables us to decide upon the solvability of the problem
V-v = f on such spaces. This paper was inspired by similar results known
for the Riesz transform (see [4]).
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1 Introduction

The theory of singular integrals plays an important role in many parts of math-
ematics. We apply this theory to construct a solution to the problem

V-v=f inQ, (1.1)

v|oo = a, (1.2)

where ) is a bounded or unbounded domain. The problem (1.1), (1.2) was
studied for a function f such that f € LP(f2), with p € (1,00). Moreover,
the function f was assumed to satisfy a compatibility condition in the form
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162 Rostislav VODAK

Jofdz = [,qa -ndz when Q is a bounded domain. We refer the reader to
[2, pp. 117-139] for more details about this case. Another application of the
singular integrals stems from the fact that they form fundamental solutions to
the Laplace equation or the Stokes equations, and one can use them to obtain
appropriate interior estimates or estimates near the boundary. First results
about the singular integrals, published in [1], contain information about their
behaviour on LP-spaces. In [4, p. 97 fI.] these results are generalized to the
Riesz transform on Orlicz spaces.

In this paper we prove that the singular integrals are well-defined on ap-
propriate Orlicz spaces as well, obtaining thereby a generalization of the results
from [1]. We apply our results to singular integrals, which generate a solution to
the problem (1.1)—(1.2). This problem is of a remarkable importance, since, for
example, it provides a construction of appropriate test functions in the theory
of compressible Navier-Stokes equations.

2 Preliminaries

Forpe R™, p= (p1,...,pm), m € N, we denote by |p| the Euclidean norm

Ip| =

Using the definition of Young function ® and its cgmplementary function ¥ (see
[5, p. 134]) we adopt the usual notation, namely Le(£2) for the Orlicz class, i.e.

ue Le(Q) if plu; @) := /Qq)(u(x))dx < o0,

Lg(9) for the Orlicz space, which is the set of all measurable functions u with
llu|le < oo, where

lulls = sup / juv) dz,
v Q

with v € Ly(R) and p(v; ¥) < 1, and Eg(Q) for the closure of B() (the set of
bounded measurable functions) with respect to the Orlicz norm || - ||¢. There
exists an equivalent (Luxemburg) norm, given by

lullle = inf{A > 0; /Q<I><§) dr < 1}. 2.1)

We further denote by W¥* Lg(Q) the set of all functions u defined almost every-
where on 2 such that all distributional derivatives D®u, with |a| < k, belong
to Le(Q2), and by W Le() the closure of C§°(Q2) in the norm || - ||z,e, where

lulles = (3 D%l

le|<k
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D} Lg () means the closure of C§°(f) in the seminorm | - |14,
1
e = (3 HIDull3),
la]=1
and Hg’(b(aﬂ) stands for the closure of B(0f2) in the norm
llell oo = llulle + v ,

where

N _ [ o(1lul) —uly)l 1
[ule = mf{s > 0; /BQ /GQQ(E T )lz —, dz dy < 1}.

Here, 092 denotes the boundary of Q.
In a similar way, we can define vector-valued Orlicz spaces for G-function
G, where

u(z)

lull = inf{A > 0; / G(——) dr < 1}. (2.2)
Q A .
Here the G-function G is expressed in one of the following forms:
L Gi(t) = 2(]t]),
2. Go(t) = 2?;1 ®(t:),

where @ is a Young function and t = (¢1,...,tm). Ho,e(Q) stands for the closure
of C§°(Q) in the norm || - || i, , where

lallz, = llalle, + IV - ulle.

It will cause no confusion if we denote by || - |l1,# the norm of vector-valued
functions )
, 3
halle = (3 ID°ul, )
lal<1

for u € W§ Ly (Q2), because the Young function @ will be assumed to satisfy the
global Az-condition (see below for the definition) and hence the G-functions G;
are equivalent. For more details about the Orlicz spaces we refer the reader to
(3] and [5].

Now let us state basic definitions and assertions which will be useful in the
sequel.

Definition 2.1 A Young function ® satisfies the global A,-condition if
®(2t) < k®(t) forallt>0

and some constant k£ > 0.
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Proposition 2.2 [4, p. 17] Let ® be a Young function satisfying the global
As-condition. Then there exist p > 1 and b > 1 such that

(ty) < bd(t1)
=

0<t; <ty. (23)

Definition 2.3 The function @ is said to be quasiconvex if there exist a convex
function w and a constant ¢ > 0 such that

w(t) < ®(t) < awl(ct), te€[0,00).

The following proposition is generalization of the similar assertion for
u € WyP(9) (see [2, p. 48]).

Proposition 2.4 Let Q2 be a bounded domain, ® a Young function and u €
Wi Le(QY). Then

1. p(u, ®) < cp(cVu,Gy)

2. p(u’ (b) S Cp(CVU,G'l)J

where the G-functions G; are defined as above.

Proof Since 2 is bounded, we have Q C Ly = {z € RY; 0 < |z;] < d/2,i =
1,...,N}, and we can derive the estimate

2

d/2
lu(z)] < l/ /ZIVu[de

for u € C§°(Q2). Applying the function ® to this estimate and integrating over
) we obtain the estimate 1. In the second case it is enough to realize that the
following estimate holds:

N

1 /2 By
w@i<3Y [ |

=1 —d/2 Oz;

dz; . a

3 Singular integrals on Orlicz spaces

We will investigate singular integrals
Tf(z):= [ K(zz-y)f(y)dy,
RN

with the kernel kz.y)
x,y
K(z,y) := ,
(o) 3=y

where the function k(z,y) satisfies the Calderén-Zygmund conditions, i.e.
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1. for any z € Q, y € RV \ {0} and every > 0
k(z,y) = k(z, By) ,

2. for every = € Q, k(x,y) is integrable on the sphere |y| = 1 and
[ k=0,
lyl=1

3. for some ¢ > 1, there exists C > 0 such that

/ |k(z,y)|?dy < C, uniformly in z,
lyl=1

4. there exists a constant B > 0 such that

|k(z,y)| < B for every xz € Q.

Let us denote
Ao s = [Qasl,

where Qa7 := {z € RY; |f(z)| > a} and |Q4, 7| means the Lebesgue’s measure
of Qa,f. Set

K(z,2) |2] > ¢,
0 |z] <€

K (z,2) := {
and
L@ = [ Koz =)f)dy.

RN

Definition 3.1 An operator T is said to be of weak type (p,q) if
Allfllp

Aa, Tf) < (ML)", FeLPRN), a>0,

[0} /

with A independent of f. An operator T is said to be of weak type (®,®) if

()Mo, Tf) < A /RN ®(f(z))dz, feLa(RY), a>0,

with 4 independent of f.

Theorem 3.2 Let @ be a Young function satisfying the global As-condition.
Then there exists ¢ > 0 such that

S(a)A(a, T f) < c/ ®(f(z))dz

RN

for f € Le(RYN) and for all « € [0,0), with ¢ independent of e.
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Proof We can derive the following estimate

@A, T.f) < BN (5, Tefa) + D@ (5,T7)

with
foo @ @) <a
@ 0 if |f(z)| >«

and

Since ® is a convex function, we have

D(z) < a®(az2)

T ZTo

, a>1

for 0 < z; < zy. As T, f is of weak type (1, 1), we obtain

HA(3707) < 2 [ @l <a [ e,

For the remaining part of the proof we use Proposition 2.2 and the fact that
T.f is of weak type (p,p) with p > 1. Thus,

s(§.00) < 2D [ a@pdr<e [ ier ) de.

Theorem 3.3 Let ® be a Young function satisfying the global As-condition
and let ® be quasiconvez for some y € (0,1). Then

/ B(T.f(z)) de < c / B(f(2)) de (3.1)
RN

RN

for each € € (0,1), with ¢ independent of €. Moreover, lim_,o T f = T f emists
in Lo(R"N), and

/ B(Tf(x)) dz < / B(f(x)) dz. (3.2)
RN RN

Proof The key fact is T, being of weak type (p,p), p > L.
First, we obtain

/ (T, f(z))dz = /N Mo, T f) d®(a)
RN

0

g/Ooo)\<%,ch">d¢>(a)+/0°0)\(%,Tefa)dq’(04) =L +1.

Now, " is quasiconvex for some y € (0, 1), hence

¢
/ d®(u) < c®(et) fort >0, c>0
0

U t
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(see [4, p. 6]). We conclude that

nef T /MM £ ()] de) 4% ()

‘C/RNV(””)’(/O =) <o /RN F@I o

Let p be as in Proposition 2.2. Then we can verify that, for p; > p,
lim; 00 ?—,(,? =0, and

/t.oo d®(u) _ @(u)loo e /t‘x’ O (u) du

uPl upl t upl +1 .

Applying the above identity we obtain

o )
n<ef @) dr)d®(a)
o @ Vjj@)<a
®  dP
:c/ |f ()P (/ d (a))dz gc/ ®(f(2)) da.
RN @) o RN
As f € Le(R") and ® satisfies the global A,-condition, we have f = f; + fa
for some f; € C§°(RN) and fo with a sufficiently small norm || - ||¢. Hence the

estimate 1
I73f = Ty fllo < emax|VAIS( ) + cll flla

holds with 117 > L where 6(%) — 0 for n — +o00. Therefore, for every

m?
f € Ls(RYN), we have the fundamental and hence convergent sequence T'1 f in
Le(RYN). Thus,

1T flle < cllflle (3.3)

for f € Ly(RY), and at the same time we obtain
p(Tf, @) <cp(f,®). (34)
a

Theorem 3.4 Let us define the operator T by
Tf) = [ KG-)fw)dy,
RN
where K € L'(RYN). Then

ITflle < cllflla (3.5)

and _
p(Tf,®) <cp(f,®) (3.6)

for f € Le(RN), where ® is a Young function satisfying the global As-condition
and ®7 is quasiconvez for some y € (0,1).
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Proof By the Young theorem, we get
ITfllp < cllfllp, f € L"(BY), pe[1,00).

So, T is of type (p,p) for any p € [1,00) and the more so it is of weak type
(p,p). The rest of the proof is the same as that of Theorem 3.3. m]
4 The problem V-v = f on Orlicz spaces I.

Let  be a bounded domain in R, N > 2. We can formulate the following
problem: Given f € Lg(2) with

fdz =0, (4.1)
Q
find a vector field v : Q@ — R such that
V-ev=f inQ, ‘ (4.2)
v € Wi La (), (4.3)
and
IVilLe < cllflle- (4.4)

Theorem 4.1 Let Q be a bounded domain with Lipschitzian boundary. Let
® be a Young function satisfying the global As-condition and such that 7 s
quasiconvez for some v € (0,1). Then, for any f € Ly () satisfying (4.1), the
problem (4.2)-(4.4) has at least one solution v € WiLe(Q). If f € C§°(9),
then v € C§°(Q).

Proof Let f € C5°(Q) and [, fdz = 0. Using the fact that Q = Uy,
where Q; is a star-shaped domain with respect to an open ball B;, and the
decomposition f = E:ﬂ"’ ; with f; € C5°(£;) and fo fidz = 0 (for details see
[2, p. 127]), we reduce the problem to the case when  is a star-shaped domain
with respect to an open ball Br(zo). In such case we obtain the solution to
the problem (4.2)-(4.4) expressed as a sum of functions v;, ¢ = 1,...,m + v,
where v; is a solution to the problem (4.2)-(4.4) with f = f; in Q;. So, let us
suppose that Q is a star-shaped domain with respect to the open ball Br(zo)
and f € C§°(£2). The solution to the problem (4.1)-(4.4) which we are interested
in has the form

v = [ F[ 7=ty /ioo w(y+ =2 )€V de)ay,

|£II _y|N z—y| |.’E _yl

where f € C (), f and Q' respectively denote f and 2 after the change of
variables v
— o

R

z—z =
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Here w € C§°(R") is such that
e supp(w) C B(= B(0))
o [jwdr=1.

The formulae for derivatives of v can be derived in the same way as in [2, p. 119];
SO we can compute

5%1)::(-7?) = /Q Kij(z,x —y) f(y) dy + /Q Gij(x,y) f(y) dy

+f) [ BT g, =N,
Q [z =yl

where |Gy (2,y)] < FT;IN_:" x,y € Q, and I = Aljb(i—ijlzl/) with k;; satisfying
Calderén-Zygmund conditions. Then, using convexity, the global As-condition,
Theorem 3.3, Theorem 3.4 and Proposition 2.4 (returning to the original vari-
ables by z' — x) we get

[)(V,Gz) + p(vva 62) < Cp(f, (I)) )

where G,(t) = Zi] (t), t = (t,...,tn) and Gu(s) = th’jzlfb(s,;j),
N

s = (si]-)i)j:,. This inequality yields
IVile <clflle -

Since @ satisfies the global As-condition, we can associate to each f € L ()
a sequence {fm}0_1, fin € CG°(Y), such that [, fndz = 0 and f,, = f in
L4 (82). Denoting v, the solution of (4.2)-(4.4) with f = f,,,, we can verify that
{vm}%_, converges to v strongly in the space W!Lq(Q). This follows from
Theorems 3.3 and 3.4 and from the lincarity of singular and weakly singular
integrals which represent the solution v, and its derivatives. m}

Let © be a bounded domain in RN, N > 2. We can formulate the following
problem: Given a € Hg‘q)(c‘?ﬂ) and f € Lq¢ () with

/ fdx = / a-ndS, (4.5)
Ja Jao

find a vector field v : Q@ = R such that
V-v=f inQ, (4.6)

veW!'Ly(Q), Voo =a, (4.7)

and
IvilLe < c(llflle +llallyo0)- (4.8)
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Theorem 4.2 Let Q be a bounded domain with Lipschitzian boundary. Let
® be a Young function satisfying the global As-condition and such that ®7 is
quasiconvez for some v € (0,1). Then, for any f € La(Q) satisfying (4.5), the
problem (4.6)~(4.8) has at least one solution v € W1Lg(1).

Proof Letac€ Hg,‘(b((?ﬂ). Using the existence of a continuous linear operator
from HY"(89) onto W' La () (see [6]), there exists U € W' Lg () such that
Uloq = a in the sense of traces. We will seek the solution to our problem in the
form

v=u+U.

The problem then reduces to the question of finding some u such that
V~u:f-V-U:F, u|aQ:0

with [, F dz = 0. Theorem 4.1 then guarantees the existence of a solution u
satisfying the estimate

llallie < cllFlle -

Finally, we have

Ivilie < c(llflle + 1Ulhe) < c(llflle + llallo.0) - o

5 The problem V -v = f on Orlicz spaces II.
Assume that ® has the following properties:

1. @ is a Young function

oo
2 B(1) =S =eM(O)r, Vie0,00) .
p.
p=1

Theorem 5.1 Let Q be a bounded domain with Lipschitzian boundary. Let
f € Lo(9) is such that (4.1) holds. Suppose that, given py > 1, there exists p
such that p > po and ®®)(0) # 0. Assume that there exists a function M(t)
such that

> pp) -
M(t)SCZ (2:0()('))”, te Ry .

p=1

Then there exists a solution v € Wi Lg, () to the problem (4.2)-(4.4) such that

Ivllse, <clflle,

where @4 is a Young function which satisfies the inequality ®-(t) < M (t) for all
t € [0, 00).
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Proof Since f € Lp(ﬂ), there exists a solution of the problem (4.2)-(4.4) such
that v € W,"?(Q) for all p € [2,00) and

I£llp -

vihp <ep

By Fatou’s lemma and Lebesgue’s theorem we get, for G(t) = Zfil Dy (t;),
= N
t=(t1,...,tn) and G(s) = 3o oy P2(siy), s = (s,-j),’,\"j:],

p(v,G) + p(Vv,G) < cplcf, ®).

Using (2.1), we find

Ivilew, <cllflle o

6 The problem V-v =V g on Orlicz spaces
Given g € Ho o (Q) with
/V-gdwzo, (6.1)
Q

find a vector field w : Q — R such that

V-w=V-g inQ, (6.2)
w € Wi Lo (Q), (6.3)
wlli,e <cllV-glle, (6.4)
and
Iwllc, < cllglle,- (6.5)

Theorem 6.1 Let Q be a bounded domain with Lipschitzian boundary. Let ®
be a Young function and g € Hg 4(Q2), where ® is a Young function satisfying
the global As-condition such that ®7 is quasiconvex for some v € (0,1). Then
there exists at least one solution w € W L, () of the problem (6.2)-(6.4). In
particular, if V- g € C§°(2), then w € C§°(N2).

Proof Using a decomposition of Q2 analogous to the one in the proof of Theo-
rem 4.1 we show that it suffices to consider problem (4.2)-(4.3) and (6.3)-(6.4)
with f = V - g. However, the existence of a solution to this problem is guar-
anteed by Theorem 4.1. The estimates (6.3)-(6.4) follow from properties of
singular and weakly singular integrals. m}

Remark 6.2 Using the technique from the proof of Theorem 5.1, we can prove
analogous results as in Theorem 5.1 for f =V - g.
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7 The problem V v = f on exterior domains

Let © be an exterior domain in RV, N > 2. We can formulate the following
problem: Given f € Lg(Q), find a vector field v : Q — R such that

V-v=f inQ, (7.6)
v € DjLe(9), (7.7)

and
Ve < cllflla- (7.8)

Theorem 7.1 Let Q be a bounded domain with Lipschitzian boundary. Let ® be
a Young function satisfying the global Ay-condition such that &7 is quasiconvex
for some v € (0,1). Let f € Los(2). Then there exists a solution to the problem
(7.6)—(7.8).

Proof Let {fim}o—; C C§°(R2) be a sequence which converges to f in Lq ().
Set
Vi = Vi + Wy, meN,

where
Ad}m = fm in RN

and, for some R > 26(02¢) (here §(Q) := sup, ,eq |z — yl),
V-w, =0 inQpg, with Qp := QN Br(0),
Wi = =V, on aQ»
and
w,, =0 on dBR(0).
By the representation v, = &£ * f,,,, with & the fundamental solution of Laplace
equation, and by Theorems 3.3 and 3.4, we obtain

|1/)In|2,‘1’ <dlfmlle -
Moreover, since
Vi -ndS =0 forallme N,
Jaq
we deduce the existence of a solenoidal field w,, € W!Lg, () from Theorem
4.2 such that :
Wanllie < |V - (6VYm)lle

extending w,, by zero outside of 0y and for ¢ € C'(RY) such that ¢ = 1 if
lz| < %, ¢ =01if |z| > R. Using the representation of 1,, we obtain

”wmul.d’ S C||fm||‘l’ .

So we get that v,, is a solution of our problem for f = fp,. The rest of proof is
analogous to that of Theorem 4.1. O
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Remark 7.2 To prove the existence of a solution of the corresponding problem
with nonhomogeneous boundary condition v = a on 92 we can use the same
technique as in the proof of Theorem 4.2.

Acknowledgment I amn thankful to I. Straskraba for valuable remarks.
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