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Abstract

We state the definition of lu?-minimal set-valued maps and we use it
to the characterization of maximal monotonicity for minimal cusco. As
a consequence we give a characterization for locally Lipschitz functions
which possess a minimal subdifferential.
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Introduction

The research of nonsmooth analysis is closely connected with the study of the
set-valued maps. Since maximal monotone operators on an open sets in Banach
spaces are minimal cuscos, the structure of minimal cuscos has been studied

very deeply since 1987 (see e.g. [2], (3], [4], [6], (8], [9]). Special attention has

been devoted to the case when the cusco is the generalized gradient of a locally
Lipschitz function. We note that a convex function on an open subset of a
Banach space is locally Lipschitz, and that its convex subdifferential is maximal

monotone operators.
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186 Karel PASTOR, Dusan BEDNARIK

It seems that it is possible to derive some important properties of a minimal
cusco only on the base of the properties of some selection of a considered minimal
cusco. In [4] was discussed the problem: when can a given (minimal) weak*
cusco be represented as the Clarke subdifferential mapping of a real-valued
locally Lipschitz function?

Theorem 1.1 Assume that X is a Banach space and A is a nonempty con-
nected open subset of X. Let ® : A — 2% be a locally bounded minimal weak*
cusco. Suppose ® possesses a selection o : A — X* such that

?{Ca(z)dz <0

for every closed polygonal path C' in A. Then there is some locally Lipschitz
function f on A such that ® = 0f.

In Section 2, we give the definition of some other notion of minimality of the
set-valued map—we call it [u®-minimality. We discuss its properties and we compare
lu®-minimal maps with minimal cusco maps.

In Section 3, we use lu®-minimality for the following main results:

Theorem 3.1: Let X be a Banach space, A a nonempty open subset of X, K > 0,
and F : X — 2% a minimal w*-cusco. If F possesses a densely defined selection s
such that diam(R(s)) = K, then diam(R(F)) = K.

Theorem 3.2: Let X be a Banach space, A be a nonempty open subset of X and
F be a set-valued map from A into subsets of X* which is a minimal w*-cusco. If F'
possesses a densely defined monotone selection, then F' is monotone.

Section 3 provides also several consequences of main results, among others we give
a characterization of convexity for locally Lipschitz functions which possess a minimal
subdifferential.

Throughout this paper we denote the effective domain and the range of the
set-valued map F : X — 2Y, respectively, by D(F), R(F). It means

D(F) = {z € X, F(z) # 0} R(F)= |J F(=).

z€D(F)

X* denotes the topological dual of X, and by (X*, w*) we mean topological
space X* in its weak™ topology. diam A stands for the diametr of the set A.
A real-valued function f defined on a nonempty open subset A of a Banach
space X is said to be locally Lipschitz on A, if for each g € A there exist a
K > 0 and § > 0 such that

[f(z) = f(y)| < K||lz —y| for all z,y € B(zo,d) N A.

The Clarke generalized directional derivative at z € A in the direction v € X

is given by,
fo(xav) = limsup w

)
y—zx, t—=04+ t
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and the Clarke generalized gradient of f at z is defined by,
0f(z) = {z* € X*,(z",v) < f°(z,v) for each v € X}.

Proposition 1.1 [5, Proposition 2.2.7] Let X be a Banach space, and let f
be a real-valued convexr function on an open convexr subset A of X, z € A.
Then the Clarke subdifferential 8f(z) agrees with subdifferential in the sense of
convez analysis.

A set-valued map F : A — 2% is said to be monotone on A provided
(" -y z-y) 20

whenever z,y € A and z* € F(z),y* € F(y). Moreover F is said to be maxi-
mal monotone if its graph is not strictly contained in the graph of some other
monotone map on A.

Proposition 1.2 [5, Proposition 2.2.9] Let A be an open convez set, and let
f be a real-valued locally Lipschitz function on A. Then f is convez if and only
if the map x — 0f(z) s monotone.

A set-valued map F from topological space A into subsets of a linear topo-
logical space Y is called an usco (cusco) if it is compact valued (convex and com-
pact) and upper semicontinuous. It is called a minimal usco (minimal cusco) if
it is an usco (cusco) whose graph is minimal with respect to set containment
among uscos (cuscos). If Y = X*, saying that an usco (cusco) F from A into
2% is w*-usco (cusco) means that we are taking Y to be X* in its weak* topo-
logy. When 0f(z) is a minimal w*-cusco, we will say f possesses a minimal
subdifferential.

Proposition 1.3 [3, Proposition 1.4] Let G be densely set-valued map from a
topological space A into subsets of a separated locally convex topological space
Y. If the graph of G is contained in the graph of a cusco map F, then there
ezxists a unique smallest cusco containing G, denoted CSC(G) given by

CSC(G)(z) = N{eoG(V) : V is an open neighbourhood of x}.

Theorem 1.2 [4, Theorem 3.7] Let F be a cusco map from a topological
space A into subsets of a separated locally convex topological space Y. Then
F is a minimal cusco if and only if for every densely defined selection f of F,
CSC(f)=F.

Theorem 1.3 [6, Theorem 4.3] Let F be a cusco map from a topological space
A into subsets of a locally convex linear topological space Y. Then the following
are equivalent.

(i) F is a minimal cusco;

(i) y* o F is a minimal cusco for each y* € Y*.
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2  [y4-minimal maps
We can define the lower hull and the upper hull of the functions (see for example
(7).

Definition 2.1 Let A be a topological space and f : A — R a function. Then
a function

I(f) = max{h € R*: (h < f)and h is lower semicontinuous}
is called the lower hull of f, and a function
u(f) = min{h € R (h > f)and h is upper semicontinuous}
is called the upper hull of f.
It is natural to consider the following minimality of the set-valued maps:

Definition 2.2 Suppose that A is a topological space, and suppose that F :
A — R is a set-valued map. We say that F is lu-minimal if and only if for
arbitrary selections f; and fo of F,

(i) i(fr) = Uf2)-

(i) u(f1) = u(f2)-

Definition 2.3 Let X be a Banach space, A C X and let F: A — (X*,w*) be
a set-valued map. We say that F' is lu-minimal if and only if for each y € Sx
the set-valued map,

Fy: A—= R: Fy(z) = {(z*,y) : z* € F(z)}
is lu-minimal.

It is possible to modify Definition 2.1 for densely defined functions. Then
we can modify also Definition 2.2 and Definition 2.3.

Definition 2.4 Let A be a topological space and f is a densely defined function
from A into R. By the lower hull I(f) of f we mean the lower hull of a function
[ for which

oo/ _ | f(z) for x € Dom(f)
17 (@) = { +00 otherwice.

By the upper hull u(f) of f we mean the upper hull of a function fs for which
foolz) = {f(x) for z € Dom(f)

—oo otherwice.
Definition 2.5 Let A be a topological space and F : A — R a set-valued
map. We say that F' is lu-minimal if and only if for arbitrary densely defined
selections f; and f2 of F,
(i) U(f1) = U(f2)-
(i) u(f1) = u(f2):
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Definition 2.6 Suppose that X is a Banach space, A C X, and suppose that
F: A — (X*,w*) is a set-valued map. We say that F' is lu®-minimal if and
only if for each y € Sx the set-valued map

Fy: A= R:Fy(z) ={(z",y): 2" € F(z)}
is {u4-minimal.

It follows immediately from definitions that lu®-minimal set-valued map from
a subset A of a Banach space X into subsets of X* is lu-minimal. The converse
is not true since for example the Dirichlet function is lu-minimal, but it is not
lud-minimal.

In the case when the set-valued map is upper semicontinuous, the two notions
coincide:

Proposition 2.1 Let A be a topological space and suppose that F : A — R s
an upper semicontinuous set-valued map. Then F is lu-minimal if and only if
F is lu®-minimal.

Proof Let us assume that F is not lu%-minimal. There exist two densely defined
selections f; and f, of F and z¢ € A such that either I(f1)(zo) # I(f2)(z0) or

u(f1)(@o) # u(f2)(zo)-
Let us assume for example that I(f2)(zo) > I(f1)(z0). We can take c € R
and € > 0 such that

l(fl)(l‘o) <c—e<ct+e< l(fz)(xo)
Then there exists a neighbourhood U of z( such that

Vz € (UN Dom(f2)) : fa(z) > c+e. (1)
There is also a net {z; }icr, T; — Zo, such that
Viel: fi(z:)) <c—e. (2)

Since F is upper semicontinuous and (1) is true, for every y € U there exists
zy € F(y) such that 2z, > ¢+ €. Let us consider the selections f 1 f2 of F;
f2(y) = z, whenever y € U, f(z) = f1(z;) whenever z = z; for some 4 € I, and
fY(z) = f*(z) in otherwise. It follows immediately from (2) that I(f*)(zq) >
1(f*)(zo), so F' is not lu-minimal.

If u(f1)(zo) # u(f2)(xo), then we can proceed in an analogous way. O

Theorem 2.1 Suppose that X is a Banach space, A C X and suppose that
F : A — (X*,w*) be an upper semicontinuous set-valued map. Then F is
lu-minimal if and only if F' is lu®-minimal.

Proof The composition of two upper semicontinuous set-valued maps is again
upper semicontinuous (see for example [1]), then the proof follows immediately
from Proposition 2.1. O

It could be useful to compare the two concepts of minimality of the set-valued
maps.
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Lemma 2.1 Let A be a topological space and let F : A — R be a cusco.
Suppose that zo € A and f is any densely defined selection of F. Then

CSC(f)(wo) = [L(f) (o), u(f)(0)]- (3)
Proof For any ¢ > 0 there exists a neighbourhood U of zy such that
vz € (UND(f)) : 1(f)(zo) —e < U(f)(z) < f(z) < ulf)(z) < u(f)(zo) +e.
Hence, from Proposition 1.3,
CSC(f)(wo) C [1(f) (o), u(f)(zo)]-
Let us assume that for example I(f)(z0) & CSC(f)(zo). We can take c € R,
1(f)(xo) < ¢ <minCSC(f)(zo)- (4)

From the construction of CSC(f) it follows that there exists a neighbourhood
V of zg such that
Ve € (VND(f)): f(z) > ¢,

but it is a contradiction with the first inequalities in (4). Analogously we can
proceed when u(f)(zo) € CSC(f)(zo). Therefore (3) is true. O

Lemma 2.2 Suppose that A is a topological space, F : A — R a cusco.
Then F is the minimal cusco if and only if F is lu®-minimal.

Proof As a consequence of Theorem 1.2, F' is a minimal cusco if and only if for
any two densely defined selections f; and f of F it holds CSC(f1) = CSC(f2).
The rest of the proof now follows directly from the previous lemma. o

Proposition 2.2 Let X be a Banach space, A an open subset of X, and let
f:A— R be alocally Lipschitz function. Then the set-valued map z — 0f(z)
is the minimal w*-cusco if and only if it is lu®-minimal.

Proof The proof follows immediately from Theorem 1.3 and Lemma 2.2. O

Corollary 2.1 Let X be a Banach space, A an open subset of X, and let f :
A — R be a continuous convez function. Then the set-valued map x — Jf(x)
is lud-minimal.

3 Applications of [u%-minimality

In this section we give some applications of lu%-minimality. We derive some
properties of a minimal w*-cusco only on the base of such properties of an
arbitrary selection of F'.
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Theorem 3.1 Let X be a Banach space, A a nonempty open subset of X,
K >0, and F: X = 2% a minimal w*-cusco. If F possesses a densely defined
selection s such that diam(R(s)) = K, then diam(R(F)) = K.

Proof Clearly
diam(R(F)) > K.
Now let us assume that diam(R(F)) > K, i.e. thereare z,y € A, z* € F(z),y* €
F(y),e >0, and h € Sx such that
(z* —y*,h) > K +e¢.

Hence

(—y*,h) > K +¢—(z*,h) (5)
Let us consider two sequences {z,} C AN D(s) and {y.} C AN D(s) such that

lim z, =z and (s(zn), h) = limsup(s(z), h),
zZ—T

lim

n—oo n—oo

lim y, =y and lim (s(y,), h) = liminf(s(z), h).
n—o0 n—00 z—y

From assumptions,
(s(zn) = s(yn), h) < K.
Hence

(s(yn), h) = =K + (s(zn), h)- (6)
Adding inequalities (5), (6) and letting n — co we derive

liminf(s(2), h) — (y*,h) > limsup(s(z),h) — (z*,h) +¢€
zy z—x

> limsup(s(z), h) — (z*, h).
zZ—T

Now consider the case when limsup,_,,(s(2),h) — (z*,h) < 0 and define a
selection ¢ of F' as follows
Hz) = { s(z) if z € D(s) — {z},

z* ifz=u=.

Then
u((s(-), h))(z) < (2%, ) = u((t(), 1) (),
which is a contradiction with Proposition 2.2. Finally assume that
limsup,_,,(s(2), h)—(z*, h) > 0, then liminf,,,(s(2), h)~(y*, h) > 0. Consider
a selection t’' of F' given by
#(z) = { s(z) if z € D(s) — {y},

*

y* ifz=uy.

Then
W(s() h) () > (y™ h) = L((E'(), M) (),

which is again a contradiction with [u%-minimality of F' by Proposition 2.2. O

For the proof of Theorem 3.2 we use the following lemma.
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Lemma 3.1 (11, Lemma 5.1.2] Let X be a Banach space, A be an open
nonempty subset of X, F be a w*-cusco from A into subsets of X*. Then
F is locally bounded on A.

Theorem 3.2 Let X be a Banach space, A be a nonempty open subset of X and
F be a set-valued map from A into subsets of X* which is a minimal w*-cusco.
If F possesses a densely defined monotone selection, then F' is monotone.

Proof Assume that F : A — 2% is a minimal w*-cusco and that s is its
densely defined monotone selection. Now let us assume that F' is not monotone
on A, i.e. there are elements z,y € A and z* € F(z),y* € F(y) such that

(y*—z",y—=z) <0,

Then setting h = y — z, we see that there are ¢ > 0, and a ball B(h,d) such
that

(y* —z*, k') < —¢€ Vh' € B(h,$).
Let us consider two sequences {z,} C AN D(s) and {y,} C AN D(s) such that

nan;o Tn, =z and nll)n;o(s(xn),h) = limsup(s(z), h),

zZ—T
nll)n;o Yn =y and T}Ln;o(s(yn),h) = 11?1)1;1‘5(3(2),’1).

We observe that Ay := y, — £, — h and that for almost every n € N, it holds
hn = yn — z € B(h,§). Thus from this and from monotonicity of s we derive

(—y* hn) > (—z*,hy) + €, for almost every n € N,
(8(yn)s hn) > (s(zn), hn), Vn € N.

Adding up these last two inequalities we get for almost every n € N that
(s(yn) = ¥* hn) > (s(@n) — %, hy) + €.
From this it follows that for almost every n € N, it holds

(8(yn) = y"  hn — h) + (s(yn), h) = <y*,h>
> (s(zyn) — 2%, hn — B) + (s(zn), k) — (z*,h) €.

Letting n — oo and using Lemma 3.1 we derive

liminf(s(2),h) — (y*,h) > limsup(s(z),h) ~ (z*, k) +¢€
z—y z—z
> limsup(s(z), k) ~ (z*,h).
zZ—T
Now consider the case when limsup,_(s5(2),h) — (;c*,h) < 0 and define a
selection t of F' as follows

s(z) if z€ D(s) — {z
o= {20 12200~

= w* ifz—_—z.
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Then
u((s(-), M) (z) < (&7, k) = u((t(), h))(z),

which is a contradiction with Proposition 2.2. Finally assume that

limsup(s(z), h) — (z*,h) > 0,
Z—T
then
liminf(s(z), h) — (y¥*,h) > 0.

z—y

Comsider a selection t’ of F' given by

£(2) = { SSZ) if 2 € D(s) — {y},

y* ifz=y.

Then
W(s() () > (y™, h) = L({E'(), h)) (w),

which is again a contradiction with lu¢-minimality of F' by Proposition 2.2. O

Corollary 3.1 Let X be a Banach space, A be an open nonempty subset of
X, F be a set-valued map from A into subsets of X* which possesses densely
defined monotone selection. Then the following are equivalent,

(i) F is a mazimal monotone map,

(i) F is a minimal w*-cusco.

Proof The implication (i) = (ii) follows from [10, Theorem 7.9]. The converse
is a consequence of Theorem 3.2 and [10, Lemma 7.7]. ]

Corollary 3.2 Let X be a Banach space, A be a nonempty open convex subset
of X, f be a locally Lipschitz function such that its Clarke subdifferential is a
minimal w*-cusco. Then f is convez on A if and only if the map z — 0f(z)
possesses a densely defined monotone selection.

Proof The proof follows immediately from Theorem 3.2 and Proposition 1.2.
O

We will provide still another one-dimensional example.

Example 3.1 Let I be an open interval in R and F : I — 2R be a minimal
cusco map on I given by F(z) = [a(z),B(z)]. If we suppose that there is a
densely defined and non-decreasing function s on I satisfying a(z) < s(z) <
B(z) for every x € D(s), then F' can be represented as a subdifferential of some
continuous convex function on I.

Proof It suffices to use Corollary 3.1 and the fact that each maximal monotone
map on the real line is subdifferential of some lsc convex function. 0
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