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Abstract

Three-component distributions of multidimensional affine space are
discussed. The geometrical objects, which determine the normal of the
first kind of the equipping hyperdistribution of affine space, are con-
structed in the differential neighbourhood of the second order. The fields
of the invariant osculating hyperquadrics are constructed in the different
differential neighbourhoods.
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1 Introduction

The real article applies to differential geometry of (n+1)-dimensional affine space
An+1‘

The three-component distributions (H (M (A))-distributions) of affine space
are discussed. The objects @, Q*, QP are introduced in the second differ-
ential neighbourhood. They determine the normal of the first kind of the H-
distribution—analog of the normal, which was constructed by E. D. Alshibaj [1]
for the hyperplane distribution of affine space. Their geometrical characteristics
are taken. The fields of the invariant osculating hyperquadrics are constructed
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94 Marina GREBENYUK

in the different differential neighbourhoods, which depend on choice of the nor-
mal of the first kind of the equipping H-distribution.

The fields of the invariant osculating hyperquadrics are constructed in the
first and in the third differential neighborhoods of the forming element of the
three-component distribution.

We found the conditions of the tangency of the second order of the osculating
hyperquadrics with the curves, which belong to the different distributions.

We use results, which we have got in the articles [2, 3].

During all summary indexes take following meanings:

o,p, 7 =1,m; pgr=1r; a,B,y=m+1,n;
Lihk=r+1,m; u,v,w=r+1,n; I,JJK=1n+1;
a,b,c=1,m,; u, 0, w=r+1,n+1; d,ﬁ,’y:m—{—l,n+l.

2 Definition of the three-component distribution

Let us consider (n+1)-dimensional affine space A1, which is taken to movable
frame R = {A,€;}. Differential equations of infinitesimal transference of frame
R look as follows:

dA = w'ey, dé;:wf(éx,
where wf( , w!
structure:

— invariant forms of affine group, which satisfy equations of the

dw’ = WX Awk, dwk = wiA¥.
Structural forms of current point X = A + z'€; of space A,+1 look as follows:
AXT = dz’ + 2¥wl + W'
Combination of current point X and point of frame A leads to the following
equation:
AXT =1,
Immobility condition of the point A is written down as follows: w! = 0. Let the

frame chosen by this way be called as frame R.
Let II.-r-dimensional plane in A,1, given by the following way:

I, = [A, L],

where L, = €, + Aley. ,
Let m-dimensional plane II,, was set by this following way:

IL, = [A’-M—a] )

where M, =€, + Mf‘éa.
And hyperplane II,, is set

where T, = €, + H1€, ;.
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The (n+1)-dimensional manifolds in spaces of notion {AA%, w'}, {AME, w'},
{AH?* w!}, which are determined by differential equations

ANE = Appw®,  AME = MEWS,  AHIT = HIPWE (1)

are called distributions of the first kind accordingly of: 7-dimensional linear
elements (A-distribution), m-dimensional linear elements (M-distribution) and
hyperplanes ( H-distribution). Equations of system (1) to each point A (center of
distribution) is set according to planes II,., I, IT,. Let consider, that manifolds
(1) are distributions of tangent elements: center A belongs to planes I, IL,,
I1,.

We demand, that in some area of space A,,+1 for any center A the following
condition take place:

Acll, cIl,, CII,.

The three of distributions of affine space A,+1, consisting of basic distri-
bution of the first kind r-dimensional linear elements II, = A (A-distribution),
equipping distribution of the first kind of m-dimensional linear elements II,, =
M (M-distribution) and equipping distribution of the first kind of hyperplane
elements II, = H (r < m < n) (H-distribution) with relation of incidence
of their corresponding elements in common center A of the following view:
A€ AC M C H are called H (M(A))-distribution.

Let us make the following canonization of frame R: we will place vectors ep
in the plane II,, vectors €;—in plane II,,, and vectors €,—in plane II,,. Such
frame will be called frame of the null order R°. This definition leads to the
following equations:

Al=0, MZ=0, Hrf'=0.
In frame R® H (M (A))-distribution is defined by the differential equations:
w;‘ = AngK, wf = M& Wk, whtl = grilwk.

It is possible partial zero-order frame R° canonization, where Mi’;“ =0,
HZH = 0. We will call it frame of the first order R'.

In the chosen frame R! manifold H (M (A)) 1s determined by the following
system of differential equations:

4 _ Al K n+l __ n+l, 4 a a K
wy = Apgw™, wp = MG wh, wi' = Mjgw™,

n+l __ gn+l 4 P _ AP K
wg = H}T w", wy = AL pw.

3 The normal ) of the H-distribution

The geometrical objects of the second order were constructed using results,
which we have got in the articles [2, 3]:

Q*=-q,,35, Q' =-(Q*¢¥+d5,)dk,

Q" = - (AQ +ALQ + Ay A2,



96 Marina GREBENYUK

The quasitensor of the second order {Q?} determines invariant equipment—the
normal of the first kind of the H-distribution, which innerly connected with
H (M (A))-distribution.

The theorem has been formulated, which generalized the corresponding the-
orem proved by E. D. Alshibaja [1] for the hyperplane elements.

Theorem 1 The normal L, where
L = LPe, + L"€y + Eny1,
moves parallel along the curves, which belong to distribution of the normal Q.
Really along the curves w® = Q°w™*! we have:
0L = ([Pup™ + Lo 4 i) T

Remarks

1. The normal of the first kind Q, introduced for the H (M (A))-distribution,
is analog the normal, which was constructed E. D. Alshibaja [1] for the
hyperplane distribution of affine space.

2. The field of the quasitensor {Q°} creates the field of the normals of the
first kind of the M-distribution, the field of the quasitensor {Q*} creates
the field of the normal of the first kind of the ®-distribution, the field of
the quasitensor {QP} creates the field of the normal of the first kind of the
A-distribution, and the field of the quasitensor {Q“} creates the field of the
normal of the first kind of the X-distribution.

4 The osculating hyperquadrics of the three-component
distribution

Let us construct sequentially systems of the values:

i __ i 1 a _ o _ «
M, = apq — a'ap,, Mgg = apy — a%apg,

9 — AP 479 _ §4.qP9 — ppt o _ 1pSasa
i =A0a a;aP9, b, = b as, b = bF° My,
R S J _ pPSArd
bi; = bfsb]-p, b = b; Mps.

For the tensor { M2} let us consider directed tensor of the first order {M2°},
which satisfies equations:

MEMP, = rsf, ME'MZ, = (n—m)d,
and satisfies differential equations:

rps _ aqps K
VME® = M pw™.
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Let us consider relative tensor of the second order {Q{}:

a”r

A - S
b= laire, Bodw, Q=T b
Will bring in the directed tensor {Q?} of the second order for the tensor {Q7}:
QxQf = Qf Qi =4}

With the help of the tensors {Q?} and {b;;} will determine the symmetric tensor
of the second order:

B;j = % (Qf{bxj + Qf-(bm) )
In the general case the tensor {B;;} is nondegenerated. The quasitensor {t¢}
and the tensor {B;;} give possibility to construct the object {Bjj, Bia, Bag},
where ) '
B;, = —Bijtl, B, = —Bmtlﬂ.
Let us consider the absolute tensor in the differential neighborhood of the second
order of the forming element of the three-component distribution :

bpg = a*'a" By, Bysq.

In the general case the tensor {bye} is nondegenerated, so making it possible to
bring in the absolute tensor {b9"}, which opposite to it:

bpgb®" = 6.
Then we will obtain subsequently the following tensors of the second order:
bp? = Mg.a™, £, = Bpgsb?®, Aop = lpda, Ny = Aapbg®.

The equation of the osculating hyperquadric relatively to the local reper looks
as follows:
AJKmJ$K+2AJ$J+A=O, Ajx = Aky.

Coeflicients of the field of the osculating hyperquadrics of the three-component
distribution may be captured by components of the sequence of fundamental
geometric objectives of distribution in different ways.

Following the work of A. Stoliarov [4], we have the following field of the
invariant osculating hyperquadrics:

apqxPx? + aijzizj + aa@za:cﬁ + 2Apixpxi + 2ApqzPz* + 2M;pztz®

= a,_ n+1 = +1 = n+1l,_ n+1 +1 __
+ 2pa,n+lz mn + 2pa,n+1mamn + pn+1,n+1x z - 21‘” - 07

where
Ppnt1 = — (apgV? = vp + Apa™ + Apil’i) )
Pini1 = — (@i’ + 3 Miqv® + s + Apir?)
Pant1 = — (aaBI/B + %Miaui + ao + Apal/”) ,

B — 9 (G + av™ a P P,
Pntintl = 2 (an + aaV® — vpuP + ApaVPv® + ApiPu ) + apgtPv

b V7 + g0+ M,
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This field of the osculating hyperquadrics is determined in the second differ-
ential neighbourhood of the forming element of the three-component distribu-
tion.

Differently from the captures are constructed in the work [4], where the
quasitensor {a*} is fixed, we apply quasitensor {v?, ¥*} designating liberally in
the internal invariant normal of first order X-distribution.

One more field of the osculating hyperquadrics will be obtained in similar
ways:

apqaPz? + aijaciz'j + aagmo‘mﬂ + 2Api:c”a:i + 2Ap02P2% + 2M; 0z 2™
+ 2P0, 412%™ + 2P0 01 2%2™ T + Brgg iz T2 — 227 =0, (2)

where

Ppmt1 = = (apgt? + Apar® + Aini) )
Pint1 = — (av? + Migv® + Apiv®)
Doyntl = — (aaﬁl/ﬂ + Miov' + Apat?)

Prtintl = 2 (Miaz/’uo‘ + ApaVPr* 4 Apiupu') + apgPv? + a7 + aaﬁu"‘uﬁ.

Will emphasize that the field of the invariant osculating hyperquadrics (2) is
determined in the first differential neighbourhood of the forming element of
the three-component distribution. Really, if the normal {L*} in the captures
Ppn+1s Pant1s Dint1 Will be taken as the normal {v*}, that the field of the
invariant osculating hyperquadrics (2) will be determined in the first differential
neighbourhood.

The constructed hyperquadrics by virtue of

Apg =apg,  Aij =aij,  Aap = aaps (3)

are the osculating ones not as regards to the A-distriburion only but to the
M A-distribution and the ®-distribution too.
The following theorems are proved:

Theorem 2 The hyperquadric Q, has the tangency of the second order with the
curves, which belong to the H-distribution, if and only if, when the conditions
(8) and following conditions

Api = Apa = Aiq = Aip = Agp = Aai =0,
are satisfied.

Remarks

1. If the hyperquadric @, has the tangency of the second order with the curves,
which belong to the H-distribution, that it is the tangency of the second
order with any curve of the A-distribution, of the M A-distribution, M-
distribution and ®-distribution;

2. If the hyperquadric @, has the tangency of the second order with the curves,
which belong to the M-distribution, that it is the tangency of the second
order with any curve of the A-disrtibution and M A-distribution.
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5 The condition that the zero subtenzor of tenzor
of inholonomicity of the basic distribution

Let us consider the values:

ij

i A
cpq_qu V' Apg,

a _ Aa _ ,«
Cpg = Dpg = V¥ Apg,

o a L« A
o = Mg — v M;

VJC%- =0,
V&c;)q =0,
Vscp, = 0.

Then we will obtain the following geometrical objects of the second order of
the three-component distribution of affine space:

bak - bczja‘]lﬁ

b = b,
1 ..
b6 = by,
. . P9

bj = b7,
1 .
baﬂ_-bjakbﬂ]’

babe =68,

15} s

a

bab'r —6"/’

i

tp = T 2apq,.a”q, Vstp = (a,,r + "

r

Vsbi, =0,

Vsbg = BRI,
Vs b8 = L,
Vbt = bty
Vs 112 ap =0,

VsbE = —bATI,
Vs = - bEMT,
Vsbi = —biIlnt],
VsBij = —ByIis,
VsBap = —Baglln1,

1 1
VJ B aff = — B aﬁHZi},
VsBa = Bagll?, |,
1
~ 1
V§ B a« =B aﬂng+1>
2
Vs B o= B03H£+1’
3 1
V& B a« =B aﬁﬂlz“,

VsBi = ByIl,,,

1 T
- 2aqsrqsam> o ;. (4)

Let us construct the values in the third differential neighbourhood of the
forming element of the three-component distribution.
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We have the differential equations:

Vipk — trApcwn gy — (aprlc -
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1 _fs qt 1 _ts
732Q" "AtfKAprTqsQ +T+2a TtsKGpr

1 1
+ maqsrqsamﬂ)wvrxﬂ + (am + Fﬁaqsrqsapr)AZ;chH = thCCWL,

which were obtained with the help of differentiation of the equations: (4)

Let us construct systems of the values of the third order on the condition that
the zero subtenzor {rqs} of the tenzor of inholonomicity of the basic distribution:

T = (tpg — tptq) aP9,

Th=L-B

> W

T
To= +—

a 2.,
Bal/ —‘Bilj,

On the conditions:

.A,'j

1

™)

3

)
)
)
4)

-Apn+1 =tp,
Apn+1 = tp:
Apni1 = tp,
Apni1 = tp,

0T = 2rt, 118 —

AL I+ TTI,

6Ty = ToIInt ] + 2B, I12 | + 2B;ITE | + 2¢, 117,

1

11 . L
6 To=To HZi} +2 B 1154, +2BiII5 4y + 26,107 4,

2
2 2 ~ ~ .
§ To=To 11 +2 By T2, + 2B;11E | + 2t 107,

3
3 3 ~ ~ .
§ To=To IIIT1 +2 Bo TS, +2B,1TE | + 2t 107 ;.

= Qij, AaB = Qap, Api =

Aint1 = B;,
Aint1 = B;,
Ains1 = B;,
Ains1 = B;,

Api7

-Aom+1 = Bou
1
-Aan+1 =B,
2
-Aan+1 :Bav
3
Aan-{—l =Bay

Apa = Apou Aia = Mion

An+1 n+1 = To;
1

Ani1nt1 =To;
2

Ant1ns1 =To;

3
-An+1 n+41 :TO;

we have four more fields of the osculating hyperquadrics of the three component

distribution.

6 The conditions of the tangency of the second order of
the hyperquadric with the curves

Let us consider the conditions of the tangency of the second order of the hyper-
quadric @, with the curves, which belong to the different distributions of the
three-component distribution:
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The distributions to which
belong the curves

The conditions of the tangency of the second
order of the hyperquadric with the curves

A-distribution Apg = Gpq,

M A-distribution Aij = a45,
M-distribution Apg = apg, Aij = aij, Api = Aip = 0,

X,,_m-distribution Aop = Gap,

H-distribution

Apg = apgs Aij = Gijy Aap = Gap,
-Api = Apa = Aia = Aip = Aap = -Aai =0
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