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Abstract

The aim of this paper is to generalize the results of Farwig, Novotny
and Pokorny presented in [3]. We consider certain class of modifications
to the Oseen problem and show that the fundamental solution to the
(modified) Oseen problem admits similar asymptotic properties as the
fundamental solution to the (classical) Oseen problem.
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1 Introduction

Let us consider the following problem

A(w) + 2282 +Vp =1 P
V-u=0 = ’

u=u, at 8Q (if @ #RY),

*Milan Pokorny was supported by grant No. 3110 3006 of UP Olomouc and by Council of
Czech Governement J14/98:153100011.
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170 Milan POKORNY, Petr TROJEK

with © an unbounded domain in RV, N =2, 3 and A an elliptic operator given
by
A=-A+ 4. (1.2)

The operator Ay is defined as follows

Ay = Ol =—— (1.3)
k,l;kgl x40z,

ar € Rfor k,l =1,...,N, k <1; moreover, because of the ellipticity, agr < 1
for k =1,...N (further conditions for ay; will be stated later).

It is well known (cf. e.g. [1]) that many properties of solution to (1.1)
are connected with the asymptotic properties of the fundamental solution to
this system, see (1.4) below. Similar problem with A(u) = —Au + a%}‘% was
studied in [3] and in [6], where the authors took full advantage of the fact that
the asymptotic behaviour of the derivative of the Oseen fundamental tensor
with respect to the first variable is substantially better than with respect to
other variables. These results were applied to studies of asymptotic properties
of solutions describing steady flow of viscoelastic fluid in exterior plane and
three-dimensional domains, see [4], [5].

Now we will be concerned with the study of the fundamental solution to
system (1.1). As for notation, the symbols O and e with the components O
and ej, 4,5 = 1,..., N denote the fundamental solution to (1.1). Let us consider
inRY, N=2,3

AOF)(%:20) + 2252 0% (%3 2X) + 52 (x) = 6;;6(x)

1.4)
80 (
S22 (x;20) =0
in the sense of &', i.e. the dual to the Schwartz class of functions, and with
4(-) the Dirac delta distribution having support at 0. The basic idea how to
construct the fundamental solution to (1.1), similarly as in [3], is to search the
solution in the form

O%(x;2)) = O(x;2)) + E%(x;2)), (1.5)

where O is the fundamental solution to the classical Oseen problem, i.e. system
(1.1) with ay = 0.

2 Notation, basic properties

Throughout this paper are vectors, vector— and tensor—valued functions printed
boldfaced. Let © ¢ RN be a domain. We use also the standard summation
convention, i.e. we sum over twice repeated indices, from 1 to N. Further
the Lebesgue spaces are denoted by LP(f2), the Sobolev spaces are denoted by
W*P (), both equipped with the standard norms || - ||, and || - ||x,p, respectively.



Some notes to certain modification of the Oseen problem 171

Let D(Q) denote the space of compactly supported smooth functions which
is equipped with the standard topology; its dual space called the space of dis-
tributions we denote by D'(Q?). Let T, G € D'(Q2). The distributional derivative
will be denoted by DT, the direct product of distributions by 7' x G and the
convolution of distributions by T * G, see e.g. [9] for further details.

Let us consider the Schwartz class S(R") defined by

S(RY) = {p € C®°(RN); Va,B € NV : sup |x’D(x)| = Cop < 00} .
xERN

The dual space called the space of tempered distributions is denoted by S’. The
derivative, the direct product and the convolution of tempered distributions are
denoted identically as for distributions. We recall well known theorem about the
convolution f g of the functions f and g belonging to certain LI(R™) spaces.

Lemma 2.1 (Young)
Let f € LP(RY), g € LYR"), 1< p< 00,1 <g< o0, L+1 >1. Then
fxge L"(RN), where % :%+%—1 and

ILf = gllr <117 lellgllq -

Proof Seeeg([7]. O
Let us also recall some known facts about the fundamental solution to the
classical Oseen problem, given by

(= + 225804 (x2X) + 52 (%) = 6;58(x)

. (2.1)
%%’-(x; 2)) =0.
The fundamental pressure e can be taken in the form
0 .
ej(x)=—E(x|) j=1,...,N, (2.2)

6$j

where £ denotes the fundamental solution to the Laplace operator.
As for the explicit form of O, see [1]. Let us only note that O is a symmetric
tensor—valued function which is smooth outside th: origin.
Denote
s(x) = |x| —z; and x' = (z2,...zN).

It can be proved that

(i) for 21 > 0/it holds 1 2F < s(x) < <L 03
(if) for z; < 0 it holds |x| < s(x) < 2|x]. :

Finally we mention the homogeneity and asymptotic properties of the fun-
damental Oseen tensor. For the proofs we refer the reader to [1].

Lemma 2.2 Let O be the fundamental Oseen tensor in RY. Then

0i;(x;20) = 20V 720;;(20x;1) 4,5 =1,...,N.
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Lemma 2.3 Let N = 2.
(i) Let 0 < |x| < ¢, € sufficiently small. Then there exists C = C(g) such that

|012(x;1)] < C
[O11(x;1)], |O22(x;1)] < C|ln|x]|
IVFO5 ()| < (G k21, 0,5=1,2.

(it) Let |x| > R with R sufficiently large. Then there exists C = C(R) such that
a* c
2 0u(x1)| € —e e k>0
9k 1u(x;1)| < |1¥ (115 )1% 2

[Tk O;j(x; 1)|<——rc——— k>0,147=1,2,
|72 (1+5)2

where V¥Oy; contains all derivatives of the k-th order of O except of %%l,
2

Let us note that in the case (i7) we could get in some cases better uniform
behaviour; nonetheless, in applications, it usually does not play any role and
thus we skip it.

Lemma 2.4 Let N = 3.
(i) Let 0 < |x| < €, € sufficiently small. Then there exists C = C(€) such that

C

IVEO;(x;1)] < —— e

£>0,4,j=123.

(it) Let |x| > R with R sufficiently large. Then there exists C = C(R) such that

91kl Hx™ Oij (x1)] < 12kilim 2titm
1075013 |x|=7 2 (1+s)" 2

k,l,m>0.

3 Main results .

Using the definition of the fundamental solution to the Oseen problem (see (2.1))
and identity (1.5) we can rewrite (1.4) into

[A — Ag— 2A3%] B2 (x;2)) = Ag0y;(x;2))

3E§(x,2)\) -0
oz; - V-

(3.1)

It is obvious that e; can be taken in the same form as for the classical Oseen
problem, see (2.2). Our next goal is to determine the fundamental solution E*
to (3.1)1, it means the solution to the problem

[A — Ao — 2AB%]E*(X; 2)) = §(x). (3.2)

The construction of E* is based on the knowledge of the solution to another
problem in RN

[A - uai] F*(x;2)) = §(x) . (3.3)
Z1
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Lemma 3.1 The solution to (3.3) can be taken in the following form

N

Fr(x2)) = - > 0i(x;2)), (3.4)

i=1
where O(x;2]) is the fundamental solution to the Oseen problem.

Precof It is a special case of Lemma 2.1 in [3]. O

Now we need to change the variables so that operator A — Ag — 2)\(—9%- acting
on the x-variables becomes the operator A — 2)\5% acting on new X-variables.
We choose linear change of variables and using the standard procedure we can
get the desired relation.

To shorten notation, let us denote

fr=1-an fo=1-ayp fs3=1-as;
Ay =4B2B3 —a3; By =2B3a12 + a1z Cr = 2Bsaq3 + ar2aas

o2 o2 (3.5)
Ky =4p - 32 Ks=p— 33
K> = (a33 — 4B285) (B30, + faads + Bra3; + cnaaizans — 4815203) -
Lemma 3.2 Let the following equations hold
(i) for N =2
X = —2—m1+ —2_ o,
VK1 B2VEKL
X, = __;_z_ ! (3.6)
‘ VB2
(it) for N =3
X, = j—Ké.’L‘l—f- 7——1——124‘ \/C——
X = \/——1'2'}‘ —‘23—\/}—(;-’133 (37)
Xs = V-

Then the operator A given by (1.2) and (1.8) becomes the Laplace operator
acting on the X-variables.

Remark 3.1 Note that we obtain additional conditions for ay, k, 0l =1,...,N,
k <1, namely K; >0, j =1,2,3 (see (3.6) and (3.7)). It is obvious that these

conditions are fulfilled if and only if the operator A is elliptic.

Let us denote for N = 2

%= 22X
VK,

and for N =3
3= Al
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Lemma 3.3 Let N =2,3. Then E* defined by

E*(x;2\) = — CA(IN

) N o3
] ;On(xﬂx\) (3.8)

verifies equality (3.2), equality (3.8) is taken in the sense of ', variables x and
X are connected by equations (3.6) or (3.7). The constants C(2,a) and C(3,a)
are determined by the following equalities

C2,a) = 2
CE3 ;_ e (3.9)
Q) = TRV B
Proof Let N =2. We put
2 -
E*(x;2)) = ————F*(X(x);2)), 3.10
(x;2X) TR TR (X(x);2X) (3.10)

where F™* is the solution to (3.3) and variables x and X are connected by (3.6).
Then

((Ax = 2X55)F*(X;20), (X)) = (F*(X;20), (Ax + 25 )«p(X)>

= 2 \/B_<F*(X(x) 2X), (Ax — Ao + 2252 )p (x)>
= (B*(x:2)), (Ax — 4o + 2252 )0())

for all ¢ € S(R?). In virtue of Lemma 3.1, it is seen that E* defined by (3.8)
verifies (3.2). The proof for N = 3 is analogous. O

Let us mention two important consequences of change of variables stated
above.

Lemma 3.4 Let (3.6) and (3.7) hold. Then there exist L;(N) >0, i=1,2 so
that
Li(N)[X] < [x| < Ly (N)|X]. (3.11)

Proof The proof comes easily applying the Young inequality. O

Lemma 3.5 Let (3.6) and (8.7) hold. Then there exist constants M;(N) > 0,
i1=1,...,8, so that the following estimates hold.

() Let X1 >0 and 1 > 0. Then M1(N)s(X) < s(x) < Ma(N)s(X)
(i7) Let X1 <0 and z; < 0. Then M3(N)s(X) < s(x) < My(N)s(X)
(253) Let X1 >0 and 1 < 0. Then M5(N)s(X) < s(x) < Mg(N)s(X)
(iv) Let X1 <0 and z; > 0. Then M;(N)s(X) < s(x) < Mg(N)s(X),

where s(x) = |x| — z1 (see also Section 2).
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Proof Let N = 2. We show for instance the case (iii).
Obviously (|x'| = |z2|) |72| = | X2|v/B2- We have

x| s(x
s(X)<lX|<l|_()
Li = Ly
For showing the inverse inequality we need to prove that there exists a constant

C > 0so that |X|? < C|X2|%. The equations of change of variables (3.6) can be
rewritten into

Iy = \/éTle ‘—]"LX

2vB2 (3.12)
Ty = \/_)&2 .
As X; > 0 and z; < 0, we see that
\/_
0< LX) < % 2\/—
X? < %‘%X?'
Hence ) K.
o + K102
X2 4 x2 < 22T y2
! *=  Kips ?

The rest of the proof is straightforward

s |12
s(x) < 2|x| < 2Lo|X| < 2L20“?;l| <4L,Cs(X).

The proof for N = 3 is entirely analogous. 0O

Remark 3.2 The importance of two preliminary lemmas is in the fact that the
asymptotic properties estimated in the variable X hold in the variable x too.

Now we shall formulate the lemma connected with the fundamental solution
0 (3.2). For the proof we refer the reader to [1].

Lemma 3.6 (a) Let N = 2. Then
(i) Oy € LP(R?) for p € (3,00)
(i) Oy € LP(R?) for p € (2,00), i+j >3
(iii) 921 € LP(R®) forp € (3,2)
(iv) (VO except of Q%';l) € LP(R?) for p € (1,2).
(b) Let N = 3. Then
(i) O € LP(R?) forp € (2,3), i,§=1,2,3
(i) G2 € LP(R®) forpe (1,3), i,j=1,2,3
(4i1) 5 Qg’- € LP(R®) for p € (3,5 ,j=1,2,3 and k =2, 3.
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Corollary 3.1 (a) Let N =2. Then

E* € LP(R?) for p € (3,00)
% € L”(R2) forpe (1,2)
%%2— € LP(IR{Q) forpe (%,2).

(b) Let N =3. Then

E* € LP(R®) for p € (2,3)
95" ¢ LP(R®) forp € (1,3)

95 € LP(R®) forp e (4,3), k=23,

Proof It is the consequence of Lemmas 3.3 and 3.6. m}

We are now in a position to show the explicit formula for Ef}.

Theorem 3.1 Let N =2,3. Then the solution to (3.1),, E®, can be expressed
in the form

N
{07 p— a * . a L. .
EZ(x;2)) = E gl /RN E E*(x —y;2)) Em Oi;(y;2\)dy,  (3.13)

k=1 k<l

i,j = 1,..., N, the convolutions on the right-hand side are taken in sense of
convolution in LP spaces.

Proof Combining the Young theorem (see Theorem 2.1) with Lemma 3.6 and
with Corollary 3.1 we obtain that for N = 2, E® defined by (3.13) belongs to
LP(R?) for p € (3,00) and for N = 3, E belongs to LP(R?) for p € (2,3), hence
it is obvious that the convolutions in (3.13) are well defined in the sense of S'.
We proceed to show that E* defined by (3.13) satisfies (3.1); in the sense of
S'. Let us fix arbitrary ¢ € S(RY) and let 5, € D(RY) be arbitrary sequence
tending to 1 in the sense of the space C*(R").! Throughout the proof, Ax and
A’ denote the operator Ay — Ag + 2/\8;21, and Ay — Ag — 2/\3;21, respectively,

1We say that um; — 0 in C®°(RY) if Du;m = 0 Va € NV on each compact subdomain of
RN, cf. [9].
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acting on the x-variables. Then
(4B (0,0(x)) = (B3 (), Axp(x) )
N

= lim Y an(55 B 62N x 05 (320, (x,¥) (Axplx +¥)) )

k=1 k<l
N
= n}gnoo Z akl<E*(x 2X) x O45(y; 2N), 6zk6y1 [A (nm x,y)e(x+y) )]>
k=1 k<l
N
= dim 3T aw(BT(623) x 04 (3;2), 85 [0+ ¥) (Axim (x,9))] )
k=1 k<l
N
= nil—r»noo Z (au<A' E*(x;2)) x O4(y; 2X), ax;ﬁy: (nm(x Y)ex+y )>
k=1 k<l

—an (3% B (52) X 3504 (v3 20, 0(x +3) (1 (%,¥) + Axtin (x,3)) )
+akl<%E* (x;2X) X 25: 03 (5 2X), 0(x + ¥)1m (%, y)>)
N
= > akl<37i2—y,0ij(y;2>\),¢(y)>-
k=1 k<l

Thus E* defined by (3.13) satisfies (3.1);. The proof is complete. O

3.1 Behaviour of Efj(x) for large [x|
For simplicity we put 2A = 1; this is enabled due to the following lemma.
Lemma 3.7 Let E® be given by (3.18). Then
E%(x;2)) = 2NV 2EY(2)x;1).
Proof It is a consequence of Lemma 2.2. O

Theorem 3.2 Let N = 2 and let |x| > 1. Then for every k > 0, E(x)
satisfies the estimate

c
VEES (%;1)| € — i,j=1,2. 3.14
v o] < ey .

Proof Using the asymptotic structure of the Oseen fundamental tensor we get
that for |x| large®

0 0
k po k. * (e (v
VPES (x;1) ~V [an /R? 8$2E (x-y; l)ayZOU(y, 1) dy].

2Here and in what follows, f ~ g for |x| 3> 1 means that there exist R,C;,C> > 0 such
that for |x| > R we have C1|f(x)| < |g(x)| < Ca|f(x)|.
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Let k = 0. Let x with |x| > 1 be arbitrary but fixed point. Then

B (x:1) ~ 022 ([, o) 2 " (% = 3 1) s O (33 1) dy
+ 300 595 BT (x — 3 1) 552035 (y; 1) dy
* . e} .
+ Joo\ 5y (0)\ By (x) Bz B (X~ ¥3 1) 555 0is (3 1) d)')
= L(x) + I(x) + I3(x).

We start to estimate I (x). Using Lemma 2.3 and Remark 3.2 we obtain

L)1 < C fp, o) == b1 9
1 1 c 1 c
< C Jpy0) mvTarte=sn v ¥ S w0 Jo o) b1 W S e -
Analogously we can proceed with I,(x) to get the same estimate. The term
I3(x) can be estimated by
1 1

Lx)|<C /

BON<C f ey + st~ y) I+ 5)
The estimates of convolutions of this type were studied by several authors in
the past, recently these results have been extended to any dimension N > 2
by Kra¢mar, Novotny and Pokorny (see [2]). Since these calculations are quite
technical, we can not deal with them here and we present only final estimate.
For technical details see [2] and [8].

dy .

C
o —
x|z (1 + s(x))
Our next concern will be the behaviour of the derivative of Ef; for |x| suffi-

ciently large.
We begin to give an estimate for 3—‘2;11 (x), 2 =1,2. We have

[13(

Zh ()] < C fp, 0l s B (x = i Dl 5 O (yi 1) dy

< 1 L dy < c .
<Cp Ix—y| % (1+s(x—y))F V] dy < x1% (1+5(x)) 3

As for Ir(x), first we change variables and we obtain

'£T fBl(O) %E*(z; 1)—52;0,'j(x —z;1) dz
1 c

< L dz < .
<Cloio —al® (o) E = eE (s

%Iz(xw <

To estimate the last term 5‘2—:[3 (x) is more difficult. Similarly as above we will
not deal with it and we present the final estimate, for technical details see [3],
[6] and [8].

0 C
52509 < e sy

for i = 1,2 and |x| sufficiently large.
For k > 1 we can proceed analogously. The proof is complete.
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Theorem 3.3 Let N = 3 and let |x| > 1. Then for every k > 0, Ef(x)
satisfies the estimate

C
x5 (1 + s(x) 5"

;vkEg. (x; 1)} < (3.15)

Proof The proof can be done by analogy with the proof in two dimensions.
a

3.2 Behaviour of Ef(x) around zero

For |x| large is the behaviour of the derivative of the fundamental Oseen tensor
with respect to the first variable different from the behaviour of the derivative
with respect to the other variables and we used this fact in the previous part.
For |x| small the situation is different, because the asymptotic behaviour of
52—1(9,-]- (x) is the same as the asymptotic behaviour of —£—k0ij (x), k =2,3. The
convolution %E* * 3%10,-]- was studied in [3] and for this reason we have not
to deal with this case. We only give the theorem, which was proved in [3].

Theorem 3.4 Let |x| < 2. Then Ef(x;1) satisfies the estimates
(a) for N =2
EX(x;1)| < C|In|x
|E5( )I_,c | 1n ||| (3.16)
IVFEZ(x;1)] < Clx|™* for0<k<2,
(b) for N =3
IVEEZ (x;1)| < Clx|™* for0<k<2. (3.17)
Moreover,
E%(x,1) = L(x) + L(x),

where |V2I3(x)| < ];l%j for |x| < 2 and I1(x), representing the singular part
of the second gradient of Ef;(x;1), has the following property:

([ h=»D*5(y) dy)© =m@F (1)),

|B] = 2 and m(&) represents the LP-Fourier multiplier, 1 < p < co. Therefore
the integral operator T,

7769 = [ 1Gx-¥IDF(y) dy

maps for |B| = 2 the space Cg"(IKN) into L”(IRN), 1 <p< oo and

1T fllp R < C|lfllpr™
1T fllp.9) v < ClIfllp,(9)rN
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for all g, weights from the Muckenhoupt class® Ap.

Now we are left with the task of verifying that Ef}(x) has zero divergence, it

means that B—an =0in &'. It is not possible to verify this equality directly,

since we are not able to verify the assumptions for interchanging of the derivative
and the integral. We can not also follow the approach used in [6], because now
in contradiction to the situation in [6], the assumptions for Hausdorff-Young
inequality (see e.g. [7]) are not fulfilled as Ef; ¢ LP(RM) for p € (1,2). Hence,
we have to employ another technique. Nevertheless, we can also here show?*

Theorem 3.5 Let N =2,3. Then

23

OEZ(x; 1) n S
6:3,

Proof We show the theorem only for N = 2, from the following technique will

be seen that the same proof works also for N = 3.

Let x # 0 be an arbitrary but fixed point in R%. The idea of the proof is to
divide R? into several subdomains and to modify each of terms from definition of
E% in such a way that we will be able to verify the assumptions for interchanging
of the derivative and the integral over each of subdomain for arbitrary but fixed
point in R?, different from the origin.

We choose ¢ > 0 sufficiently small and R > 0 sufficiently large, so that

1. x € BE(0) and X € BE(0)
2.VzeR®,|z|<e,(x—2|>dand [X —Z| >6) forsomed >0 (3.18)
3.VzeR%|z| >R, (jx—z| > 1and | X - Z| > 1).

We shall study 83 Ef(x), for 52— E"‘(x) and 7 +j > 2 we can proceed
analogously. We have

2

Efi(x1) = Z Ckl sz B%E*(x =Y 1)5%;(911(3'; 1)dy
k=1 k<l
= Ji(x) + Ja(x) + J3(x).

Similarly as in the proof of Theorem 3.1, it is sufficient to concern with J(x).
First, we make the change of variables and divide the convolution into three

3The non-negative weight g belongs to the Muckenhoupt class Ap, 1 < p < +00, if there
is a constant C such that

ey o) i f o) s

The supremum is taken over all cubes Q in R". Moreover, |]f]|p ()RN = ||fg ||p RN -
4Note that, with some modifications, we could also employ the technique used in [3].
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parts
Ja(x) = a2 foo 52 E*(x = ¥31) 52=On(y; 1) dy
= —0‘22(fo(0) %E*(z; l)gz—z-ou(x —z;1) dz
+fBR(0) a—i-E*(z; 1)8%2011()( —z;1) dz
Lo B B (3 1) g On(x — ;1) dz) .

Now we apply the Gauss theorem, except of the integral over B:(0). Let us
note that due to the asymptotic properties of E* and (0;; we have that

lim —B—E* (Z; 1)011(z)n2d.5' =0.
T—00 8Br(0) 622

Then
(%) = a2 ([ 0) 2 B (5 1)Ous (x — ;1) d
+ fBR(O) a%ng*(Z? 1)011(x — z;1) dz
—J.(0) 5 B (2:1) 55011 (x — 2;1) dz

+ Jop.(0) 35 B (2100 (x — 7 1)na(2) d,5)
= ag(J21(x) + Jo2(x) — Jas(x) + J24(x)),

where no denotes the second component of the vector of the unit outer normal
to the ball with the radius €.

Now we have to verify the assumptions for interchanging of the derivative
and the integral separately for each Js;, i = 1,2,3,4. We consider only Jo; (x),
i.e. the most difficult term. Here we have to distinguish two cases, first |x| large
and then |x| small.

(i) x| >1

Due to the assumptions (3.18), the domain B?(0) can be divided into 2 subdo-
mains BE(0) = B.(x)U(BZ(0)\ B.(x)). It is sufficient to verify the assumptions
on B.(x). But

Jo.0 23 B (@ )00 (x - 2 1)dz = [ o) Zzb* (x ~y; DOn (y; Dy
< CfBe(O) [Inly|| dy < Cy

0 (8% px(y,. —Z " 1

0z (@E (2;1)On(x — z; U)I = l2l 2 (14+s(z) 7 *~2

and the function on the right hand-side is evidently integrable over B (x).
(il) x| < 2
It suffices to study the Ja3(x) over B, (x), where o < min(e, |x| — ¢).

2 2
fB,(x) %gE*(z; 1)0n(x—2;1) dz = fB,(o) %gE*(x —y;1)011(y;1) dy
< CfB,(O) |ln |Y||§12' dy <C
2
2 (& B (3 1)0u(x - 2 1))| < Oty
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Similarly we proceed with Ja2(x), Jo3(x) and Ja24(x) and finally we can con-
clude that we verify the assumptions for interchanging of the derivative and the

integral for x # 0; hence we have proved that %—Ex‘;ﬁ(x; 1) =0 ae. in R%
In order to show the equality in the sense of S', we fix arbitrarily p € S(R?)
and

|<6E° (%3 1) (x)>| _ l lim ZIBE(O) (x; 1)3¢(x) dx l

e—0+t
. BEZ; (x;1)
= | tim (fpe(0) e p(x) dx + 5 Jo.0) B8 (6 Dpx)mi (x) S ) |

=1
< Clim fop, (o) IInfx]| dxS =0,

where n = (n1,n2) denotes the vector of the unit outer normal to the ball with
the radius €. The theorem is shown. ]

The results proved in this paper are summarized in the following theorem.

Theorem 3.6 Let N = 2,3. Then the solution to (1.4) can be expressed in the
form
O%(x;2)) = O(x;2)) + E%(x;2)),

where O is the fundamental Oseen tensor and the remainder E® is given by
(8.18) and has the asymptotic properties established in Theorems 3.2-3.4. More-
over,

E%(x;2)) = 2A)V 2E¥(2)x; 1) .
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