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Abstract

The problem of projections of tensor spaces is studied in this paper. It
is shown that projections of tensor spaces of symmetric tensors are either
the identity mapping or its coefficients are equal zero or its coefficients
are linear combination of the Kronecker’s tensors.
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1 Introduction

Let T{IR™ be the vector space of tensors of type (r, k) on IR™. This space has
a canonical basis. Denote ;7272 ™" components of any tensor ( € TR" with
respect to this basis.

Let L} be the first differential group and let v: L} x TTR™ — T;R"
be the action of L}, on TyR™. The mapping f : TyR™ — T{R" is called
L} -equivariant if the next equation is true:

fov=vof.
Every equivariant mapping ® : T; R™ — T IR" is expressed by the equation
mime-Mm, q)mlmz"'mrmpz“'Pk . Csl §2°°-8p
>q192-qk q192--"qrxS182°"Sr PiP2° Pk

where &y, 572 "or P2 P* are components of the absolute invariant tensor.
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The absolute invariant tensor we define by the next way. Let GL(IR") is
the general linear group. For any element A € GL(IR"™) we define an action
p: GL(R™) x T{IR® = T, R™ of GL(IR™) on TIR" by the formula

Tensor ¢ € T{IR" is called an absolute invariant if for each element A €
GL(IR™), A-¢ = (. Components of absolute invariant tensor do not depend on
the basis. It is easy to check if 7 # k then the tensor ( € T]IR™ is the absolute
invariant if and only if ( =0 [2].

We will define L!-equivariant projection of tensor spaces. The mapping
m: T{R"™ — T{R" is said to be an L. -equivariant projection if it is L,-equi-
variant and the equation 7 o m = 7 is true.

Now we can describe projections of the tensor space R" @ S*R"™*. Let
R" @ S¥IR™ denote the subspace of T} R™ of tensors symmetric in subscripts.

For these projections the following theorem holds. This theorem is men-
tioned in [2].

Theorem 1 Each L), -equivariant projection w : R" @ S*R™— R" @ S* R™
is expressed by the equation

gm = ¢MP1P2 Pk, 58
9192 "Gk ‘q192°"qk 8 P1P2" Pk
where
| . 4Mmp1P2 Pk — m S§p1 P2 v.. Pk P1gm p2 ... Pk
k! toigz-qus A§ :55 6(1«“)5%(2) 600(k) +B(§ :65 5‘]«1“)6(10(2) 5:1.7(,”
o o

+Z(5£25p1 §m  §P3  ...4§Pk +,,.+E(5§k5m §P2  ...§Pk-1  gm ),
o o

9oy o(z) "9o® To k) Ioq) "oz To(k-1) 97 (k)

o denote permutations of the set {1,2,...,k} and the coefficients A,B € R
obey one of the following four possibilities:

a) A=0, B=0;

b) A= 0, B = ﬂ—}m;

c) A=1, B=0;

d A=1, B= E_Fl——l

The next part of this paper deals with the generalization of this theorem.

2 Projections of the space S"R"® S*IR™

Let ¢gram2, me be a tensor of type (7, k). Then we will denote ¢’ I contraction

of this tensor. If we will contract this tensor twice we will this double contraction
denote C]J:]]f, etc.

Let STIR™ ® S*IR™ denote the subspace of T} IR™ of tensors symmetric in
superscripts and subscripts.

The following theorem is the generalization of the theorem 1.
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Theorem 2 FEach L},-equivariant projection v : STR™ ® S*R™ — S"TR" ® S*R"™
r < k, is expressed by the equation

i = b o T (1)
where
rlk!. tminzqk':fsz'm P — (2)
= 4o Z Z 6;:: )6?"122) ’ 5;7:; )55;(1)6‘]’):(2) h .6qp:m
+ A (Z 263'%1)5?;? o 5?/:: )6‘;"1’:1)55:(2) ; .5‘1’):%)
+ Z s"m ;2:2, . 52‘:: )55;(1)6‘7;2(12)65;3) a .55:(k)
+ Z gf( )5;:(2°> . 5;’;(’”55’;(”5{1’:(2) '--65:(;‘_1)(5;2‘(1“
+ }: :‘nf’:l) g:(")ég?s) . 6;’:('r)6;2f1)5{1’3(2) "'Jqp:m
" 2;; o 62:1)655(2)6?;(35) - 6;7:(rr 6{’2(1)6‘7’2?2)65‘3(3) .”65:&)
R LA AR I IR L Fio
+ % A A KA L AR
+ Z Z 6;7;(11) 52?2) o J;nr_l”‘”"’dgfm 65‘:0) 5;7;:2) 6‘1;:(3) o 5'1;:<k>
+ z z 63»(1) ?lfz) N .5?:::—10 65”:(1') 65‘1(1)65‘3(2) h -635(_'“1—1) (531’::“)
* AZ (Z Z 59"(1) 553(2) 6‘?::3) o 6‘27:(:) 6‘7::1) 6’;2?2) 553(3) o (sg:(k)
+ Z Z st gfm 6;::?3) ‘ ”6;7’(:) 5‘7;:1)653(2) 6‘;2?3) (5‘17):(4) B '5‘17):(1:)
+ E g’l’u) f:m(s;:(aa) “'6;2(1)6‘7’2?1)65‘30) ,’;:(;‘_1)6;’:?“
+ Z E LN O A L AL SN Vo
+ Z Z ;T:(ll) a 6;7;::—22) 52@-1) 5‘1;:(r) 6‘7‘1:;)15‘2:2} 6";:(3) o 65":(&')
+ Z Z o 0GR O OB Gaa) 002 O Oty T O, T
+ E Z 8;:(1) ' 5?:: -22)62:(»—”555(” 6";::1—)16‘?:@) ”'65’:(_'*1—1)622;\

+226m‘ mp—z f)k—l RNEY LY 21 6Pk 2 6771«1‘—1 smr )+

Sp(1) s"( q"(r~1) Se(r) q"(l) 9o (ke—2) 97 (—1) oy

T(zzgm §P2 ... gPr §m1 §ma ...§me §Pr1 L sph

Se1) %e(2) Sp(ry oy 972y 9o(py 97(rt1) 9o (k)
Dk—rtl §Pk—r+2 spr  §p1 §P2 ... §Pk-r  gm S gme )
+Zp:§cr:6s”“> 68"(?) Se(r) o1y doq2) 1o (—r) “9o(mrtr) 9oy )’

o and p are permutation of the sets {1,2,...k} and {1,2,...7} respectively.
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The coefficients Ao, Ap; (h =1,2,...,1) are obey one of the following pos-
sibilities:

1) Ap=A1 = =4, =0;
2 A=A =---=A;_, =9, (i=12,...,7),
An = ARG =i L)
or
3) Ag=1, A = =4,=0
4) Ap=1, Ay =--=A;1 =0; (i=2,3,...,7),

— (=D i) (i42) - (h—1)-h! =1,1
A = e ey, (h=dhit 1. ),

wherex =n+k+r.

Proof Let m:S"R"Q® S*R™ — STIR" @ S*R™ be an L) -equivariant pro-
jection expressed by the equation (1). Tensor ¢ has expression (2). From the
equality m o 7 = 7 we obtain following equation

gmame - Mep1P2 Pk .t5132"‘3v-i}i?"'i)f — MMz Mmpiyizeik (3)
q192°°'qkS182°*'8r Pip2--PrJj1J2°Ir q192°-"9kJ1J2"""Jr

Now we substitute ¢ in (3) from (2) and we obtain difficulty equation. After
some computation and when we compare left-hand side and right-hand side we
get following system of equations. For h even we have

A% = Ao; (4)

2A0Ah+#(w— ~1)(x—h—-2)---(x—2h)A?

2 2 i
E-F] i e = h =Dl h=2) (o= 204
+2Zﬁiﬁ—‘l.~§é’ﬂl(z— ~)(@—h—=2)(z—h—i)AiAs

2 2 R .
+ 22 h (h=1) ,(f,”;)).(ff,]] 1}3)| (b l+l)($ —h-1)(z-h-2)--(z—1i “‘])AiAJ'

2 h-1 2 —~1)2...(3 2
+ ( ')')(2+1) A?f’1+2 Z h !h(’ll_! i)!iz-#l! Ah—iAizAh

i=[5]+1

_Ji=2,...,h-1 B B
*_{i:17"‘)h—27 l<],2+]>h, x—n+k+r’h_1’2""?r

For h odd we have
A} = Ag; (5)



Projections of tensor spaces 91

2A0Ap + zlj(z—h—1)(z—h~2)---(m-—2h)Ai
h—1

+ Z
i[]
+2z —h-M,,—il— —h=1)(x—h—=2)--(z—h—1i)A; A4

(a2

2 h—i . .
+22h (h-1)” ,(g+;,),(gg S g —h - 1) (- h—2) - (=i - ) A4

ho1 TS
+2 X uh—[(h),—,-)!](zl#LAhﬁAi:Ah

—1)(x—-h=-2)--(z—2)A?

i=[5]+1
— J:2’ah‘_1 _ _
*_{izl,---,h—2, i<jitj>h z=n+k+r, h=12,..,r

And to prove the converse we must check that each of the mappings expressed
by the equation (2) where coefficients Ay, Ay, ... A, are defined by (4) or (5), is
an Ll-equivariant projection.

Equations (4) and (5) have a trivial solution and coefficients of the identity
mapping are also the solution of these equations. These two solutions give
mappings which are obviously Ll-equivariant projections. Now from the first
equation we get Ag is 0 or 1. For these two coefficients we get mappings which
sums will be the identity mapping. Therefore we now compute only mapping
for which 49 = 0.

We take the mapping which is given by the equation

g = g ©
(ZZ s,,“) BT BTG G O S o 4
+ Z Rt R ERL L N Vot tREY VA SO ANNELRL YA
’ Z Z 65:(1:“ B 65:“" 6;::.’:” a '5‘22(2)65‘:(1) . 55:(:-')‘6;3:“1) o '6‘7::'&) + .-
+ Z Zarm R SRR I VANERE v A 5;2:“)]
= Z An (Z DT AT S
+ZZ HARIRERL 5‘;::;11?,‘,32 .

Mr_htl  sm, | gMij1oJhme
+ Z: z 6(10(1) 6‘]:1(,,) §Q01 It Qe +
p o
Me—htt  sm, | gM1jireJheme
* Z;(sq"(k—rﬂ) 5q”(k) Eqn"'fl”'f’l'“q"k)

where h = i,i+1,...,r;1 =1,...,h. To prove that this mapping is a projection
we must check if

_mlmgmm,. _ Emlmg»--m,
41929k 9192 qk
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Contracting equation (6) we obtain

£_7n1m2"'mr—ij1j2"'ji _ €m1m2~'~mr—ij1j2j-ji
0192 qr—ij1j2-Ji T Sq142-qk—ijidzecJi

2) 3 —21) 2)(z 3)--(z—2i-1) Map—ioy i
(A (z—i— (I(l_l )--(x—24 + A (z—i— (:+1)| )5 qk_,-_ljl-‘lvj,-il-H
1)(z—i—3)(z—i—4)--(z—2i) i(x—i—3)(z—i—4)-(z—2i—1)
+ (A i(i—1)(z— )'a; i z—21) + Ai+1 i(x—i )(z(i:,”! z—2i

o (z—i=3)(xz—i—4)--(x—2i—2) emiMe_i—1j1 it
+ Aiyo (i+2)! € 1 Qk—i—1J1Jit2 +

+ (Aiil-,+Ai+1 ie=2icl) | 4. G0 )'2(11+3))'@ 2i-2) | .,

G+1)!
o i(i=1)(z—=2i—1)(x—24—2)--(z—3i—2) o x—=2i=1)(x—2i—=2)---(z—=3i+1
+ Aziz . 21(27—2)! - + Azi (2i-1)! :
(z—2i—1)(x—2i—2)---(=37) | _ gm1-Mr_i1j1°Joi
+ A (23)! ) €Q1~-'<1k i-1J1 " J2i
+ (Ai+1(,+11 CF Aiyo z+1?lgi2)z'z ) (H»l)z(z2'2(zz+:2§))$z 2-3) .
(1+1)z(1 2i—2)(x—2i—3)---(z—3i—1) (+1)(z—2i—-2)(z—2i—3)--- (=33
+ Azi eol 2

+ A2 21(2:—1)!

(z 2i—2)(2—2i—=3)---(2—=3i=1) \  emi-Mr_i—1j1J2it1 | |
+ Aziy (2i+1)! ét]z"'qk-i—ﬁ'l"'.‘i2i+1 +

. h—i)(z—h—1
+ (Ah—i(h—l»y + Ah—z’+1%ﬂfﬂ—).)

(h i)(h—i—1)(x—h—=1)(x—h— 2)

+ Ap-i 21(h—i+2)!
(h i)(h—i—1)(z— h H(z—h=2)---(x—h—i42)
+ Ap- TTh=3)]
h—i)(z—h—1)(z—h-2)---(x—h—i+1)
+Ah—1 (h—1)!

(z—h=1)(z—h=2)---(2—h—i) \  gmi-Mr_i1j1-"Jn
An h! é(Il"'Qk—i—-ljl"‘jh

where: =1,...,h.
If 7 is the projection then m o = m, i.e.

Ernxmz---mr-;j1j2~--j.' _ £m1m2'”mr'—ij1j2‘“ji (7)
q192-Qr—ij1j2"Ji T 5¢192-qr—ij1J2 g

We can see that the equation (7) is true if next equations hold.

A; (z—i— 2)(@;1 zl)?) (z—2i) + A (a:—i—2)(1—(:;13))!...(1_%_1) ~0,
A (i—1)(z—i— 3)2('3’ i—4)---(x—2i) A, z(z—i—ﬂ(z(—i:—_li%“.(z_%_l)
+ Aia (z—i— 3)(x(:+24))' (2—2i-2) _ =0,

AL +Az+11_z(l+_2lz)'_1_+Ai+2i(i—l)(z;?(ilggz—zi—z) .

+ -421'-21(1 1)(z—2i—12)!§;i:gzi)72)---(z—3i—gl

+ Agi i(z—?i—1)(9:(;;21‘;)2')...(1_3,-_}_1)

—2i—1)( 2¢—-2 3
F Ap 2N asi)
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] (i) (z—2i-2 ()i —2i—2)(z—2i—3)
A (i+11)! + Aig2 ™ 21‘12)!1 : +At+3(1+ s xz!(li+3))§1 e

+A%_I(i+1)i(r—‘2i—2)(w—2i—3)~-(w—3i—1) _+_A‘z'(i+1)(:c—2i—2)(m—2i—3)-~(m—3i2

(Zio1)T i i
(2—2i—2)(z—2i—3)-(x—3i—1
+ A'ZH—I Lt )(1(21:_1)? (z=3i-1) = Oa
h—i)(z—h—1 h—i){(h—i—1){z—h—1)(z—h—2
Ah_i’(hi_i)! + Ap—ip (;)—(f+ 3]l L Apyp B 12!(31\31'-:2)! Heot =B oo
hei)(h—i—1)(&—h—1)(z—h—2)--(z—h —i+2
+ Ah—2( i)(h—i—1)(x 2!(h)i‘tz)! )o(z i+2)
(h—8)(x—h—1)(c—h—2)---(x—h—i+1)
+ An-a (h=1)!

+ A, (z—h——l)(z—I,Ll!—2)-<~(;r:——h~i) —0

For Ag = Ay =--- = A;—; = 0 we can compute A;. From equations (4) we get
one nonzero solution
4 7!
T a—i-)(z-i-2)-(x—2i) ()
When we know A; we compute A, for h =1+ 1,1+ 2,...,7:
DG+ DG +2)---(h—1)- W
A4, - CDG 4142 (b 1) -

h—)(z—i-1)z—-i-2)(z—i—h)
Solutions (8) and (9) we can write in the next form

(=1)h=ii(i + 1)(i+2) - (h— 1) - !

An = h—i)(z—i-1)(z—i-2)-(s—i-h)

(h=1,a4+1,...,7).

We obtain solutions which are also solutions of the system of equations (4) and
the proof is complete.
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