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Abstract

In this paper we give some relationship between the initial problem
and the Hasc¢ak’s boundary value problems for linear differential equation
of neutral type.
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1 Introduction

Boundary value problems (BVP-s) for ordinary differential equations have been
studied in many papers under various types of boundary conditions. However,
the corresponding theory for differential equations with delays has not yet been
built up. The main problem is the formulation of BVP for these equations.
Some very interesting formulations of BVP appear in the last time (see [2]-[5],
[9]-[12]). The purpose of this paper is to give some relationship between the
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100 S Viktor PIRC

initial value problem and the Hasc¢adk’s BVP-s for linear differential equation of
neutral type ([3], [4]).

Consider the following n-th order differential equation with delay of neutral
type

2™(t) + a(t)e™(t - Lo(t)) + iibij(t)x(”‘i)(t —Lj(t)) =0, n 21 (1)

i=1j=1

with continuous coefficients a(t), b;;(¢), ¢ = 1,2,...,n; j = 1,2,...,m and
delays Ag(t) > 0, A;(t) > 0 on interval (a, b).
Moreover let
la@I<A<1,  |bij(8)] < Byj @)

for all ¢ in a compact interval I = (a,b) ¢t =1,...,n; j=1,...,m.
Define the function x by

n in: B;;
x(h) =Y ;-[—%h 3)

The initial value problem (IVP) for (1) is defined as follows: Let ¢y € (a, b)
and let a continuous initial vector function ®(t) = (¢o(t), ¢1(t), ..., ¢n(t)) be

given on the initial set
n m

By, =|JJEIVE],
i=1j=1
where N
E;i = {t - A,‘j(t) tt— A,’j(t) < to, t € (to,d)} U {to},
i1=1,2,...,m;3=1,2,...,mand
Ep i={t— Do(t): t—Do(t) <to, t € (to,b)} U {to}.
We have to find the solution z(t) of the equation (1) defined on interval (Zo, b)
which satisfies the conditions
e®)(tg) = dr(to), k=0,1,...,n—1,
e®(t — Ay (1)) = dr(t — Dij(t))  if t — Aj(t) < o, (4)
i=1,...,m; j=1,....m; k=0,1,...,n—1,
=(M(to) = ¢n(to),
Mt~ Do(1)) = dnlt — Do(t)) if t — Do(t) < to. (5)
Paper [5] presents following theorem:
Theorem 1 Let the coefficients a(t), b;;(t), i =1,2,...,n;7=1,2,...,m and
the delays No(t) > 0, Aij(t) > 0 of (1) be continuous on (to,b) and let the

initial vector function ®(t) be continuous and bounded on Fi,. Then the initial
value problem (1), (4), (5) has ezactly one solution on the interval (to,b).
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We shall now introduce some definitions and notations which will be needed
on the sequel:

A vector function ® is called admissible if it is continuous and bounded on
its domain of definition.

Let tp € (a,b), let an admissible vector function

®(t) = (¢o(t), 41(t), .- ., ¢n(t))
defined on Ey, be given and let 7o € {0,1...,n}. Then
H(to, ®,70) := {{do(t), -, bro—1(), dro(t) + co,- -, In(t) + Cn-rg) :
c €R,i=0,1,...,n—rp}.

Let z(t) be a solution of (1). Then we shall write € H (to, ®, 7o) iff there
are constants ¢g,C1,...,%n—r, € R such that z(¢) is determined by initial vector
function (¢o(t), ..., Pro—1(2), Pro(t) + oy - - -, Pn(t) + Cnro)-

Following BVP for (1) is formulated in papers [5], [6]:

Let J C (a,b) be interval, let

T0, T, .. Tp €J, <n<...<7n (p<n),
TOE{O,I,...,TZ}, rl)'-‘rrpEN: T0+T1+"'+7’p:n+1
and let
1 r
(g)v"'lﬂérl)))"') 51))"~yﬂ§ 1))"'1 ;(,1);~--w3,(,r")ER>

B(t) = (¢o(t), $1(t),- .., ¢n(t)) be an admissible function defined on E}, such
that ]
dii(ro) =B, i=1,... r.

The problem is to find a solution of (1), which satisfies the conditions
x("‘"l)(fk) = ﬂ,(cl"), he=1,...,7%; k=1,...,p; z€H(m,®,r). (6)

Definition 1 (Ha3éék [5]) Equation (1) is strictly disconjugate on the inter-
val J, iff each its nontrivial solution which is determined by initial point 79 € J
and constant initial vector function has at most n zero point (including multi-
plicity).

Following theorems are concerning with BVP for (1). Theorem 2 is some
reformulation of Theorem 7 of [5] and Theorem 3 is a consequence of Theorem

3 of [6].

Theorem 2 FEquation (1) is strictly disconjugate on the interval J iff each BVP
for (1) has ezactly one solution.

Theorem 3 Let function a(t), bi;(t) satisfies assumption (2) and
x(b—a)<1-A (7
Then the differential equation (1) is strictly disconjugate on {a,b).
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The purpose of this note is to show a relation between the initial value
problem (1), (4), (5) and BVP (1), (6).

Now we shall introduce some notation which will be needed in the sequel.

Let a function f(¢) in the interval (a,b) be given. Consider the points

a<T<n<...<mH; <b

Denote
Bi=f(r), i=0,1,....n
By difference quotient of the n-th order we shall understand (see {1] p. 17)

D™ (10, 103 Boy - -, Bn) = [0y -5 Tn Zﬂz]___[ ._7-)

i#]

If the function f has continuous derivatives to the n-th order (including the
n-th order) in (a, b), then there are numbers &, k =0, ..., n, such that

70 < & < Th41

and 10
DM (1o, ki Bo, -, Br) = (5), E=0,1,...,n (8)
holds.
Theorem 4 Let
x(b—a) <1-A4, (9)

to € (a,b) and let admissible function ®(t) defined on E;, be given.
Let the boundary conditions

Tw0s Tuly -+ -5 Tun; ﬂvOyﬁvly‘--)ﬂvn; 1):1,2,.,, ('Fu;,BU)

be such that
T < Tw1 < ... <Tyn, v=12,..,

lim ryi =tp, i=1,...,n (10)
Y—00 -
and
t
vl_i;n DY (10, .y Tok; Buoy - - -, Buk) = ¢k]‘(710), k=0,1,...,n. (11)

Then the sequence p(t;FU,BU), v = 1,2,... of solutions of the boundary value
problem (1), (6) and the sequence ¢*)(;7,,8,), k =1,...,n; v = 1,2,... of
their derivatives converge uniformly to the solution o(¢; 1o, <I>) of the mztzal value
problem (1), (4), (5) resp. to its derivatives ©®) (81, ®), k=1,...,n on (to,b)
as v — 00.
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Proof Without loss of generality, we shall assume, that

0<7i—to<h<min{b—ty,1,4}, i=0,1,...,n; v=1,2,...,

» nmL

where L = max{4, Bi1,..., Bam} [see (10)].

From (11) we conclude that D¥*1(ryq, ..., Tok; Bvo, - .-, Buk), k=10,1,...,n
v =1,2,...are bounded and there is a posmve number M such that
In!D"‘H(rw,...,r,,k;ﬂug,...,ﬁ,,k)|SM, k=0,...,n; v=12,... (12)

By (8) there are numbers

Eor(Tv0y - - s Tuk; Buoy - - -, Buk) € (Tvo, Ton), v=1,2,.. (13)
such that
DFY (10, Tk Boo, - - -1 Buk) = fﬁéﬂ%;—@—’@, (14)
k= 01, n;, v=12,...

(14) we have
“P(k)(to; ‘FU!IBU) - d’k(tO)‘ < |Qo(k)(t0; Tu, Bu) - So(k)(ka; Ty, Bv)'

+Ik!Dk+1(TUOy'"yTvk;ﬂU07‘“;ﬂuk)_¢k(t0)|1 k:()))ny 1):1,2,...

from where by Mean Value Theorem we have

W2 B _ G+ 7 G
I‘P (t07 Tu;ﬂu) ¢k(t0)| S (Tvn tO) te(gl,?o):-h) I‘P ( y'rv:ﬁv)l

+[kID* (y0, . Tk Booy - s Buk) — dr(to), (15)

k=0,....,n=-1v=12... ~
Further, by Theorems 1-3 for each (7, 8y), v = 1,2, ... there is unique func-

tion 1/}1/ E H(toy(pyro)) ¢v = (¢UO; .. ~)¢vn) such tha't' <P(tat0)l¢)ll) = V’(ty i‘va[}v)»
t € (to,b), v=1,2,...1.e. there are constants cyx, k = 0,1,...,n; v =1,2,...
such that

Yok (t) = d(t) +cok, tE€FEy,, k=0,1,...,n; v=12... (16)
Thus the equality
Yor(to) = ¢rlto) + ok, k=0,1,...,n; v=12,... (17)
holds. By (15), (16), (17) we get
- - _ _ k+) (.7 3
[uelt) = )] = Whue(te) = dulto)] < (7 — o) _ max [+t 7, )]

+ ]k!Dk+1(Tv0y . ~1Tvk;ﬂv0; cen )ﬂvk) - ¢k(t0)lv te Eto) (18)
k=0,...,n—-1;,v=1,2,...
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To show that ¥uk(t), ¥ =0,1,...,n —1; v=1,2,... uniformly converge to
éx(t) on E;, as v — oo it suffices to show that there is a real constants C' which
is not dependent on 7y, 8y such that

(R B) = max e (5, By) — wD(t: :
pi(fu, Bo) = max @ (67, o) — 9 (tito, 9) < € (19)

i=0,1,...,n; v=1,2,... By (14) we have
‘w(")(t;ﬁ,ﬁu) - w(k)(t;to,¢)| <
< \[ﬁo(k)(t§ 7, Bo) = ¢®) (t5t0, ®)] = [0 (Eur; 7o, Bu) — So(k)(ﬁuk;to,@)]l

+ |KIDFY (100, . Toki Bua, - - Buk) | + |‘P(k)(§vk§t0;¢)| ) (20)

k=0,1,...,n— 1. Further by (12) there are constants M, Mj such that
[KLD* (0, - - Tuk; Buos - - Buk)| < M,
™ (t:t0, @) < My, 1€ (to,t0+h).
Thus by (19), (20) we get
pe(F, o) < K + hpis1 (7, By), k=0,1,...,n—1 (21)

where K = M + max{Mo, My, ..., M,_,}. From (21) we get

Pi(Tos Bu) < K(L+h+ . AR5 L 2 5p (7, B,) < nK +hpa (7o, B) (22)

and
n—1

Y Pr(Fos Bo) < Kn? + nhpo (7, Bu). (23)

k=0
On the other hand (t; 7, Bu), ¢(t;to, ®) are solutions of (1). By (1) we have
[ (6570, Bo) =™ (10, D+ a0 (1= Ao(t); 7o, fo) =™ (= Lo(t); 0, B))
7 m
== D b = (1) 7, B) — (= D ()i to, ®)).
i=1j=1 N

By (11), (19) we have

n-~1 '
(1= A)pa(T, B) SMLY " py(7, B), v=1,2,... (24)
k=0

Thus by (23) we get

n—1 _ K n-!
(0 Y g B) = S < (1= 7L Y e )

k=0 k=0
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and

n—1 21
_ = _ n*K(1-A4)
2 () < C=

From this and (24) we conclude that

Pe(T,B) <C, k=0,1,...,n—-1; v=1,2,...,

pn (7, By) < CmL(1— A)~L.

By Theorems 1-3 for each (For, Bu), L = 1,2, .. there is unique solution of
BVP ¢(t; 7, fv,) and solution of IVP

(t;to, ¥y,) = @(t;to, dolt) + iy -, In-1(t) + cin—1, u(t) + cin)

such that SD(t, 7‘"vHB’Ul) = SD(t,to, ¢0(t) + co, ..., ¢n—-l(t) + Clin—1, q)n(t) + Cln),
t € (to,to + h). We proved that

11_1}([;10 Sa(k)(tOy ’FU') Bv:) = (lo(k)(t()a tUa ¢0(t0)7 sy ¢n-—1(t0), ¢n(t0) + C’n)y
k=1,...,n—1. Further for (7,,08s), { = 1,2,..5 ¢ (t; 70, Bu,), L = 1,2, ...
are equicontinuous and uniformly bounded on (to,%o + h). From Arzel-Ascoli
Theorem functions ©™(t; 7,,, By,), | = 1,2, ... uniformly converge on (Zo, to+h).
By (11), (14) we have

¢n(t0) = n' hm Dn+1(7-v101 M ] Tmn; /811101 tey IB‘UH'L) = hm So(”)(fvl ) 7—;!); ) B’Ul)
l—o0 =00

= o™ (to;t0, do(to), - - -, Pr-1(to), dn(to) + ¢a) = bn(to) + cn.

From this we have ¢, = 0. Thus ¥y, (t) uniformly converge to ¢x(t) on E;, for

k=0,1,...,n as v = co. From this fact by theorem on continuous dependents
of solutions on initial conditions we have that ¢*)(t;7,,8,), k = 0,1,...,n
uniformly converge to ¢¥)(¢; 15, ®) on (tg, ).
The proof of theorem is complete. (]
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