Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Bohumil Krajc

A note on existence of bounded solutions of an n-th order ODE on the real line

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 37 (1998), No.
1, 57--67

Persistent URL: http://dml.cz/dmlcz/120383

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1998

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120383
http://project.dml.cz

Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 37 (1998) 57-67

A Note on Existence of Bounded
Solutions of an n-th Order ODE on the
Real Line

Borumi, KRAJC

Department of Applied Mathematics, Fac. of Electrical Eng. and Informatics,
Technical University of Ostrava, 17. listopadu, 708 33 Ostrava—Poruba,
Czech Republic
e-mail bohumil. krajc@usb.cz

(Received November 26, 1997)

Abstract

The criteria for entirely bounded, periodic and antiperiodic weak so-
lutions of a scalar quasi-linear differential equation of an n-th order are
developed via an asymptotic boundary value problem. The estimates of
entirely bounded solutions (and their derivatives) of associated linearized
equations are employed for this purpose.
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1 Introduction

In this paper, we deal with the scalar differential equation of the n-th order in
the form

n
2™ +Zajx("_j) = f(t,z,...,2™"V), 1)
ij=1
where ay,...,a, are real constants and f : R"*' — R is a given function.
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By a weak solution of the equation (1) we mean any function which has
(n — 1)-st locally absolutely continuous derivative and satisfies (1) a.e. in R.
We say that a function ¢ : R — R is entirely bounded if the inequality

sup p(t)| < +oo
teR

holds for ¢.

There are only few results concerning bounded solutions of higher-order dif-
ferential equations (see e.g. [2], [3] and the references therein). In the beginning
of this century, P. Bohl proved the boundedness theorem for systems of ODEs
(see e.g. [7]). From this theorem, one can immediately obtain the following
consequence for the equation (1):

Theorem 1 Assume that each root of the polynomial \™ + Z?zl ajA"~J has

a nonzero real part. Suppose that f is continuous on R**1 ie. f € C(R"H,R),
and satisfies the following conditions

(a) sup | f(t,0)] < 4o,
teR

(b) there exists a sufficiently small constant L such that, for everyt € R, the
inequality
[F(t,w) = F(t,v)] < L |lu— vl
holds for every u,v € R™.
Then the equation (1) admits at least one entirely bounded solution.

Note that the Lipschitz condition (b) indicates Banach’s contractive principle
as a main tool for proving the Bohl theorem. It is therefore natural to expect
that this condition can be weakened via results which are based on another fixed
point principles, e.g. the Tychonoff theorem. The main aim of our investigation
consists in presentation the more general conditions for the existence of an
entirely bounded weak solution of the equation (1) of that kind. Our results
can be directly deduced from the existence of appropriate a priori bounds of
the solutions of an associated linearized equation related to (1). Therefore, our
attention will be paid to the linear equation.

Let us remark that a similar approach related to systems of the first order
can be found in [4].

The following very special case of the result in [6] will be essential for our
aim.

Proposition 1 Consider the problem

n

x(")-}-Zajz(”‘j) = f(t,z,...,2"" ), zeS§, (2)
j=1
where ay,...,a, are real constants, f : R 3 Risa Carathéodory function

and S is a nonempty closed conver subset of the Fréchet space C(""l)(]R’ R)
which is bounded in C(R,R). Then problem (2) admits at least one entirely
bounded weak solution, provided the following conditions are satisfied:
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(i) for any q € S there exists a unique entirely bounded weak solution of the

linearized problem

2™ +3 " a;2" ) = f(t,q(t),..., "), z€S,
i=1

3)

(ii) there exists locally Lebesgue integrable function o : R — R such that the

inequality
It q(t),...,d" V@) < e(t), ae inR,

holds for every ¢ € S.

2 Estimates for bounded solutions of linear

equations

As we could see in Proposition 1, estimates of entirely bounded solutions (and
their derivatives) of the equation in (3) will be crucial. Consider therefore the
hyperbolic equation (i.e. the real parts of roots of the associated polynomial (6)

below are nonzero)
n
=M Z aje™=9) = p(t),
j=1
where p: R — R is a measurable function such that

ess sup |p(f)| =: P < +o0.
teR

Writing roots of the characteristic polynomial

A"+ i a; A"
Jj=1

4)

(5)

(6)

in the form A\j = @j + 183, a; €R, a;j # 0, fj € Rfor j = 1,...,n, we may

denote
Aj = (+o0)a;, j=1,...,n.

In the sequel, we proceed by the similar way as in [5].

Lemma 1 The function ¢ : R — R given by the formula

t t1 ta
o(t) =e*‘t/ e(’\"’—’\‘)"/ e(’\a"\z)h/
Ay A2 As

tn—2 tn—1
/ e(‘\""\“'l)t"“/ e~ Mnp(t,) diy, .. .dty

Ana n

represents a weak solution of the equation (4).
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Proof Obviously, ¢ has a locally absolutely continuous (n — 1)-st derivative.
By the straightforward computation, one can verify that for n = 1 the
function

t
(p(t) = eAlt/l; E_Alhp(tl) di]
1

satisfies the differential equation '+ a;z = p(t) (with the coefficient a; = —A;)
a.e. in R.

Now suppose that the assertion of Lemma 1 holds for n = k —1 > 1 and
show its validity for n = k.

It follows from the hypothesis that the function ¢ given by (7), for n = k,
and taking the form

t tr—2 th—1
» (p(t) = Mt / . / g~ Me-1te-1 (e)‘kt"‘l / e_)"‘t'“p(tk) dtk) dtg_q...dty,
Ay Ar—1 A

obeys the differential equation of the (k — 1)-st order

k-1 ¢
g1 4 Z bizk—1-9) = e’\"t/ e Mtk p(ty) diy (8)
Ay

Jj=1

with the coefficients uniquely determined by the relation
k-1 k-l
Nl 3 pak=1=i = TT (A= ). 9)
i=1 j=1

The function ¢*~1) is locally absolutely continuous. Therefore, ¢ satisfies the
equation

k-1 t
z®) 4+ Z bj:c(k‘j) = /\ke’\"‘/ e_)"‘t"p(tk) dty + p(t) (10)
j=t A

a.e. in R. Subtracting the A;x multiple of (8) from (10) we obtain that ¢ is a
weak solution of the differential equation

k—1
2®) 4 (b = Me)e* D+ D (b5 — Mbj-1)e T = Nebeor = p(1). (1)
ji=2

A trivial verification shows that

k-1 k
NF o (by = M)A Y (b — Aebj—) X = Apbeoy = [T (A= N)
ji=2 Jj=1

holds for the characteristic polynomial of (11), which completes the proof. 0O
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Lemma 2 The equation (4) has ezactly one entirely bounded solution. This
solution is given by the formula (7) and satisfies the inequality

P

su t)| < 7——.
cElglw( )< o ]

(12)

Proof Uniqueness follows immediately from the hyperbolicity of (4). Forn = 1,
we have

()] < ] { /A e8] [p(ty) dty

P .
< et lim |e-0:1t — e‘al’l =— teR. (13)
- |a1 8—)1\1

Now let (12) hold for n =k — 1 > 1. The function

t th-2 th—1
p(t) = 6)‘”/ .. / e~ Mk-1tk-1 (e’\"t"“‘ / e"\"t”p(tk) dtk> dtp_1...dt;
Ay Ap—_y Ag

is then an entirely bounded solution of the equation (8). Applying the inductive
assumption and (13), we can write '

t
Sup, g le"’“‘ I )“‘"‘p(tk)dtkl 1 P

su t) < - - < —
te]gl(p( )< lag ... ox_1] = ey ..ok-1] |ak]’

which is the desired estimate. [}

Consequence 1 If the characteristic polynomial (6) has only real nonzero
roots, then the estimate
P
sup |o(t)| < 7 (14)
teR lan|
holds for ¢ in (7).

Proof This result follows immediately from the Vieta formula
an=(-1)" [N o
i=1

Consequence 2 Assume that the forcing term p in the hyperbolic equation (4)
is a T-periodic function. Then (4) admits ezactly one T-periodic weak solution.
This solution is given by the formula (7). If p is a T-antiperiodic function, then
the function ¢ in (7) represents exactly one T-antiperiodic weak solution of the
equation (4).

Proof Consider the unique entirely bounded solution ¢ of (4). If p is a T-
periodic, then the function ¥, ¥(t) := ¢(¢ + T) represents also the entirely
bounded weak solution of (4), and we conclude that ¥ = ¢, i.e. T-periodicity
of . Writing x(t) := —¢(t + T'), we derive by the same manner the second
assertion. ]
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3 Estimates of derivatives

As we could see, there exists exactly one entirely bounded solution of the equa-
tion (4). Consequently, ¢ given by the formula (7) can take the form

t t i
o(t) = et / Pia=ra)n / " ehisAn)e / o
A A A

3 iz i3

tn—2 tn-1
5 f N / e Nintnp(tn) diy .. dts | (15)
Aipy in
where (i1,%,...,1,) is any permutation of (1,2,...,n). Denoting briefly the

right-hand side of (15) by [i1, 2, ...,is], we can write (12) in the form
P

< —— 16
< levi,, @iy, - - ., i, | (16)

sup |[¢1, 22, .. ., n]
teR

Lemma 3

di :/\;l[il,iz,...,’in]+[i2,...,in]. (17)

Proof The formula (17) follows from the rule for derivating the product. O

Lemma 4

d™([L,2,...,n])

m
e :[m+1,m+2,...,n]+Zx\cl[cl,m+1,m+2,...,n]

c1=1

m
+ Z AesAesfcrsco,m+1,m+2,... . n]+---
c1,c3=1
c1<eg

m

P
+ Z (H/\cj)[cl,CZ,...,cp,m—i—1,m+2,...,n]+---

€1,62,..ycp=1 j:l
c1<cg<...<cp

+ ([[)L2,....0), m=1,..,n-1. (18)
Jj=1

Proof We will proceed by the mathematical induction method. Since form =1
the assertion follows from Lemma 3 (see (17)), we want to show its validity for
m =k, provided it is true for m=k -1 ((n—2) > (k—1) > 1).

Hence,

d*([1,2,...,n]) d (d"‘l([l,Q,...,n])

= == = ):([k+1,k+2,...,n])

k-1
+ (Ak[k,k+1...,n]+ Z/\cl[cl,k+l,k+2...,n])

c1=1
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k-1
+ E/\cl,\k[cl,k,k+1,.,.,n]+-~-
c1=1
k-1 p—1
+ Y (I e)lersea,ovepor b+ 1,k +2,... 0]
€1,€2,-+56p_1=1 j=1

e1<eg<..<epy

k-1 p—1
+ S (T re)Melensear o epmn b k41,00,

c1ie2,mep1 =1 j=1
c1<ea<. . <epy

k—1

P
+ Z (H/\cj)[cl,c2,...,cp,k+1,...,n]

c1,¢2,.-00p=1 j=1
cy <cz<...<cp

k-1

P
+ Z (H)\cj))\k[cl,cz,...,cp,k,...,n]-{-~--

c1.e2,--0ep=1 j=1
c1<e2<...<cp

k-1

+ ((H /\cj),\k[l,z,...,n]) =[k+1,k+2,...,n]

i=1
k

+ Z AC1[Clyk‘l’]-,k"l‘2,‘..,7?.]—{—---

c1=1
k

)4
+ Y ([ 2re)levea,epk+1,k+2,. . 0]+ -

e1,62,nep=1 =1
cl<c2<.”<cp

k
+ (J])0,2,....n]. a

j=1

Lemma 5 If the characteristic polynomial (6) has only real nonzero roots, then
the derivatives of ¢ in (7) satisfy the estimates

d™e(t)
dim

2mP
<a—n|jI_Il|aj}, m=1,...,n—1. (19)

sup
teR

Proof At first, we can estimate each term in (18) (see (16))

|4
( acj)[cl,cz,...,cp,m+1,m+2,...,n] <
j=1
P m
P P P
< a ) = = — a-l.
= (H ) MG e ol ~ immpr a7l ~ Tanl 1L

Now we can sum these 2™ estimates to establish the desired formula. 0
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Remark 1 Independence of the estimate (19), under the permutation of the
roots, is evident and so we have

am mp
#(t) 2 H| a |, m=1,...,n—1 (20)

SR | Tam | = }a

teR

Lemma 6 Let all roots of the characteristic polynomial (6) be negative and
denote ag := 1. Then

sup m=0,...,n—1. (21)

teR

d"p(t)| _ 2"anP
dtm | = (R)an

Proof Consequence 1 ensures the validity of (21) for m = 0. Fix m €
{1,...,n — 1}. Then the inequality in (20) can be written in the form

am (t) < Ha1, (22)

sup aim

teR

We have () choices of the roots @, e, . ..a;,, for n roots of (6). Sum the ()
inequalities of the type (22) and divide by (T';) Now, to verify the lemma, it is
sufficient to apply the Vieta formula

n

Yo )" [[ e =am. o
j=1

C1yeemCm=1

c1<...<cm
Lemma 7 Consider the sequence of the “shifted polynomials”

n—p
A""’+Zaj)\”"’_j, p=0,1,...,n—1
ji=1

and assume that each of them has only real nonzero roots. Then the estimate

t)’

sup m=0,...,n—1 (23)

teR

holds for ¢ in (7).

dt'”

- ‘an m]

Proof As we could see, the derivatives of the sclution ¢ of (4), up to the
(n—1)-th order, are entirely bounded. Substituting y = 2/, we get the equation

n—-1

¥ 4 3 a5y 19 = p(t) — anp(t) (24)
j=1

with exactly one entirely bounded solution ¢’. Applying (14), we obtain

sup

P
so(t)‘ < SuPrer [P(t) —anp(®)| _ Ptlonliy 2P
teR -

lan-1] - lan-1] " an-al”
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Writing z = 3/, we have the equation

n-2

207D 43 " ay ) = p(t) - anp(t) — an-1¢'(2)
Jj=1

with exactly one entirely bounded solution ¢”. Applying (14) again, we get

lan|P | 2|an_1|P

sup |p(t) — an@(t) = an-1¢'(t)] < P+ + — 4P,
teR [aﬂl |an—1|
and consequently
d*p(t)| _ 4P
su ’
tE]g di2 |~ |an_s

by the same reason as above. Proceeding by the same way, till the substitution
w = (=1 leading to

on-1p
< )
= Jai]

d*~lo(t)
din—1

sup
teR

we get successively all the estimates in (23), which proves the theorem. o

Remark 2 It can be proved for m # 0 that the estimate in (23) is better than
the one in (21) (see [5]).

4 Main results

Using Proposition 1, Lemma 6 and Consequence 2, we are ready to establish

Theorem 2 Let all roots of the characteristic polynomial (6) be negative. Put
a9 := 1 and assume the ezistence of real nonnegative numbers Cy,...,Cph_1
such that the inequalities

Ap,
2™ a,,

€ss sup ]f(t,wg,...,xn_1)|§(:;> Cn, m=0,...,n—1 (25)

teR, |z;|<c;
i=0,..., n—1

hold for f. Then the equation (1} admits an entirely bounded weak solution.
If, additionally, f is T-periodic in t, then there exists at least one weak
T-periodic solution of the equation (1).
At last, under the assumption (25), the equation (1) admits a weak T-
antiperiodic solution provided the equality

f(t + T) —Zo, —T1,.. ';'—xn—l) = —.f(ty Zo,T1,. - -)rn—l)

holds for every (t, g, ..., zn_1) € R 1,
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Proof Define (the evidently nonempty, closed, convex and bounded subset of
the Fréchet space C(*~1)(R, R)):

S:={ge CPVMRR):|¢g"({t)| < Cm, t ER, m=0,...,n— 1}.
Choose any ¢ € S and put
p(t) = f(t,q(t),-..,¢" V@), teR.

Using the inequalities (25), we obtain from (21) the uniqueness and solvability
for the problem (3). Since (25) immediately ensures also the validity of the
condition (ii) in Proposition 1, we proved the existence of an entirely bounded
weak solution of the equation (1).

Defining

Si:=8N{ge C(R,R): q(t) =¢q(t+T), t € R}

and using, additionally, Consequence 2 we get by the same way the existence of
a T-periodic weak solution of (1).
To prove the third assertion we put

Sy:=SN{g e CR,R):q(t) = —qt+7T), t € R}
and repeat the previous procedure. 0

Theorem 3 Consider the sequence of the “shifted polynomials”
n—p ’
ATTP 4 Zaj)\”’"p"] , p=0,1,...,n—-1
j=1
and assume that each of them has only real nonzero roots. Moreover, let there
ezist real nonnegative numbers Dy, ..., Dy_1 such that the function f satisfies
the following inequalities

Qn
ess sup }f(t,xo,.‘.,mn_l)lgl—é—mfm—le, m=0,...,n—1. (26)

teR, |z;1<D;
3=0,...,n—1

Then the same assertions as in Theorem 1 holds for the equation (1).

Proof Using the estimates (23) instead of (21), we can repeat the method of
the previous proof. ]

Remark 3 The periodicity assertions in the last two theorems complete several
former results due to the other authors like e.g. [1], [2], [8], [9], [10], [11].

Remark 4 Clearly, a theorem analogous to Theorem 2 can be given (see Con-
sequence 1 and Lemma 5). In this way, (25) can be replaced by

lan|
esssup |f(t,zo,...,2n-1)| < —=m———C, m=0,...n—1
teR, |1j|£cj' G50, Zn s 2mH;’n=1 lajl m U ’
3=0,...,n—1

where Hg___l loj| == 1.
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